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Preface 


He reached a much higher plane of creativ- 
ity when he blacked out everything but a, 
an and the. That erected more dynamic 
intralinear tensions. 


J. HELLER, Catch-22 


This textbook is based on lecture courses originally given at: 


(1) Autonoma University of Madrid, Winter Semester of 1993; 
(2) Leipzig University, Winter Semester of 1995; 
(3) Moscow Physical and Technical Institute, Spring Semester of 1995; 


and then repeated with some modifications at several Universities, Schools 
of Physics, etc. 

My intention in these courses was to introduce graduate students to 
selected nonperturbative methods of contemporary gauge theory. The 
term “nonperturbative” means literally “beyond the scope of perturba- 
tion theory”. Therefore, it is assumed that the reader is familiar with 
quantum mechanics as well as with the standard methods of perturbative 
expansion in quantum field theory and, in particular, with the theory of 
renormalization. 

Another purpose was to make the courses useful for more experienced 
researchers (including those working in condensed-matter theory), as a 
survey of ideas, terminology and methods, which have been developed in 
Gauge Theory since the beginning of the 1970s. For this reason, these 
notes do not go into great detail, and so some subjects are only touched 
upon briefly. Correspondingly, the subjects which are usually covered by 
modern courses in string theory, such as two-dimensional conformal field 
theories, are not examined. It is assumed that such a course will follow 
this one. 

The main body of the book deals with lattice gauge theories, large- 
N methods, and reduced models. These three parts are preceded by 
Part 1, which is devoted to the method of path integrals. The path- 
integral approach is loosely used in quantum field theory and statistical 
mechanics. In Part 1, I shall pay most attention to aspects of the path 
integrals, which are then used in the next three parts. 


xi 


xii Preface 


At the beginning of each part, I try to stay as close to the original 
papers, where the methods were first proposed, as possible. The list of 
these papers includes: 


1. FEYNMAN R.P. ‘An operator calculus having applications in quantum 
electrodynamics’. Phys. Rev. 84 (1951) 108. 

2. WILSON K.G. ‘Confinement of quarks’. Phys. Rev. D10 (1974) 2445. 

3. ’T HOOFT G. ‘A planar diagram theory for strong interactions’. Nucl. 
Phys. B72 (1974) 461. 

4. Ecucut T. AND Kawal H. ‘Reduction of dynamical degrees of freedom 
in the large-N gauge theory’. Phys. Rev. Lett. 48 (1982) 1063. 


The lectures were followed by seminars where some more involved 
problems were solved on a blackboard. They are inserted in the text 
as problems, which may be omitted at first reading. Some more informa- 
tion is also added as remarks after the main text. Both of them contain 
some relevant references. 

The references, which are collected at the end of each part of the book, 
are usually given only to either a first paper (or papers) in a series or 
those containing a pedagogic presentation of the material. With the mod- 
ern electronic database at http: //www.slac.stanford.edu/spires/hep 
(SLAC), a list of subsequent papers can, in most cases, be retrieved by 
downloading citations of the first paper. 

The selection of the material for this book is, as usual, personal and 
dictated by the author’s research activity in the area of quantum field the- 
ory over the last almost 30 years. In fact, many important developments, 
in particular, in supersymmetric gauge theories are not included. 

I would like to thank my students for their attention, patience, and 
questions. I am grateful to Martin Giirtler for his help in preparing the 
lecture notes. I am also indebted to my colleagues — too numerous to 
be listed personally — for their invaluable comments, suggestions, and 
encouragement. 


Y.M. 


Part 1 
Path Integrals 


“Yossarian? What kind of a name is Yos- 
sarian?” 

He had the facts at his finger tips. “It’s 
Yossarian’s name,” he explained. 


J. HELLER, Catch-22 


The path integral is a method of quantization which is equivalent to the 
operator formalism. It recovers the operator formalism in quantum me- 
chanics and perturbation theory in quantum field theory (QFT). 

The approach based on path integrals has several advantages over the 
operator formalism. It provides a useful tool for nonperturbative studies 
including: 


(1) instantons, 
(2) analogy with statistical mechanics, 
(3) numerical methods. 


A standard way of deriving the path integral is from the operator for- 
malism: 


operator formalism => path integral 


We shall proceed in the opposite direction, following the original paper 
by Feynman [Fey51]. 


1 


Operator calculus 


The operator calculus developed by Feynman [Fey51] makes it possible to 
represent functions of (noncommuting) operators as path integrals, with 
the integrand being the path-ordered exponential of operators, the order 
of which is controlled by a parameter that varies along the trajectory. 
This procedure is termed Feynman disentangling. It is also applicable to 
functions of matrices (say, y-matrices which are associated with a spinor 
particle). When applied to the evolution operator, this procedure results 
in the standard path-integral representation of quantum mechanics. 

In this chapter we first demonstrate the general technique using the 
simplest example, a free propagator in Euclidean space, and then con- 
sider the path-integral representation of quantum mechanics, as well as 
propagators in an external electromagnetic field. 


1.1 Free propagator 


Let us first consider the simplest propagator of a free scalar field which is 
given in the operator formalism by the vacuum expectation value of the 
T-product* 


G(x —-y) = (0| T(x) p(y) |0) (1.1) 
with y being the field-operator. 
The T-product (1.1) obeys the equation 


(- —m?)Gie—-y) = i6%(@—-y), (1.2) 


where d = 4 is the dimension of space-time, however the formulas are 
applicable at any value of d. In the operator formalism, Eq. (1.2) is a 


* The ordered products of operators were introduced by Dyson [Dys49]. This paper 
and other classical papers on quantum electrodynamics are collected in the book 
edited by Schwinger [Sch58]. 


4 1 Operator calculus 


consequence of the free equations 


(—8 - m?) v(x)|0) = 0, 
(ICP) ole) =. ve 
and canonical equal-time commutators 
[ptt, £) P(t, y) = i-d (7 = y) , (1 4) 
[p(t, x) , p(t, ¥)| = 0. l 


The delta-function 5“ (xo — yo) emerges when (0/0x9)? is applied to the 
operator of the T-product in (1.1). 
Problem 1.1 Derive Eq. (1.2) in the operator formalism. 


Solution Let us apply the operator on the left-hand side (LHS) of Eq. (1.2) to 
the T-product which is defined by 


Te(z) p(y) = (xo — yo) plz) ply) + A(yYo — xo) ply) p(x) (1.5) 
with 
(zo — yo) { : a 3 7 $ l (1.6) 


Equation (1.3) implies a nonvanishing result to emerge only when (8/ôxo)? is 
applied to the operator of the T-product. One obtains 


(—0? — m?) (0| T(z) p(y) l0) = -= (0| T(x) p(y) |0) 
= ô™ (xo — yo) (0| [p (y) , p(2)] 10) 
id) (x — y), (1.7) 


where the canonical commutation relations (1.4) are used. 


The explicit solution to Eq. (1.2) for the free propagator is well-known 
and is most simply given by the Fourier transform: 


dP ip(e- È 
— — k g . I; 
oren i Or) Pm +ie oY 


An extra ie (with € — +0) in the denominator is due to the T-product in 
the definition (1.1) and unambiguously determines the integral over po. 
The propagator (1.8) is known as the Feynman propagator that respects 
causality. 


Problem 1.2 Perform the Fourier transformation of the free momentum-space 
propagator in the energy po: 


+oo 


dpo ino (t—t! i = 
Gule=vy = f Poem Page Ya VP tm (19) 


—Co 


1.1 Free propagator 5 


Solution The poles of the momentum-space propagator are at 


po = tw Fie. (1.10) 


For t >t’ (t < t’), the contour of integration can be closed in the upper (lower) 
half-plane which gives 


niw(t—t’) 


1 f. e 1 e 
Gult- t) Ht) —— te ) ay 
g iwlt—t'| 
= >. 1.11 
a (1.11) 
The Green function (1.11) obeys the equation 
oe =v )] Golt-t) = id%@=7) (1.12) 
at? sg 


and therefore coincides with the causal Green function for a harmonic oscillator 
with frequency w. 


Remark on operator notations 


In mathematical language, the Green function G(x — y) is termed the 
resolvent of the operator on the LHS of Eq. (1.2), and is often denoted 
as the matrix element of the inverse operator 


6625)" = (ila z): (1.13) 


The operators act in an infinite-dimensional Hilbert space, the elements 
of which in Dirac’s notation [Dir58] are the bra and ket vectors (g| and |f}, 


respectively. The coordinate representation emerges when these vectors 
are chosen to be the eigenstates of the position operator æq: 


Lule) = Bylo) (1.14) 


These basis vectors obey the completeness condition 
[ete era (1.15) 


while the wave functions, associated with (g| and |f), are given by 


(glz) = g(t), (lf) = fle). (1.16) 


These wave functions appear in the expansions 


if) = T dis f(æ)le), (gl = f dty g(y)yl. G17) 


6 1 Operator calculus 


The action of a linear operator O on the bra and ket vectors in Hilbert 
space is determined by its matrix element (y |O|«), which is also known 
as the kernel of the operator O and is denoted by 


(y|O|xz) = O(y,2). (1.18) 


Using the expansion (1.17), one obtains 


lof) = faz faygyowc)t@. a9 
Since the kernel of the unit operator is the delta-function, 
alia = (yz) = 5 (@-y), (1.20) 


the formula 
(y|O|z) = O06 (@—-y) (1.21) 


can also be written down as a direct consequence of Eq. (1.20), where the 
operator O on the right-hand side (RHS) acts on the variable x. 

Therefore, when the operator acts on a function f(x), the result is 
expressed via the kernel by the standard formula 


Of) = wlot) = ate Oly, 1) (2). (1.22) 


Equation (1.21) is obviously reproduced when f is substituted by a delta- 
function, while Eq. (1.19) takes the form 


(lOl f) = I dtz g(x) Of (x). (1.23) 


If space-time is approximated by a discrete set of points, then the op- 
erator O is approximated by a matrix with elements (y |O] x). 


1.2 Euclidean formulation 


Equation (1.8) can be obtained alternatively by inverting the operator 
on the LHS of Eq. (1.2). Before doing that, it is convenient to make an 
analytic continuation in the time-variable t, and to pass to the Euclidean 
formulation of quantum field theory (QFT) where one substitutes 


t = ing. (1.24) 


The four-momentum operator in Minkowski space reads as 


o 
ph = i, = (2g) — [Minkowsid space], (125) 


1.2 Euclidean formulation 7 


while its Euclidean counterpart is given by 


ð ð 
Ee SN 
PE id, = ( izp i) Euclidean space |. (1.26) 


These two formulas together with Eq. (1.24) yield 


E = Po = —ip4 (1.27) 


for the relation between energy and the fourth component of the Euclidean 
four-momentum. 

The passage to Euclidean space results in changing the Minkowski sig- 
nature of the metric gy to the Euclidean one:* 


(PSS) —> (++++) 
(1.28) 
Minkowski signature] —> | Euclidean signature]. 
As such, one finds 
PM =p p —> —-pR=—B?— pi. (1.29) 


The exponent in the Fourier transformation changes analogously: 
=p x" = -Et + pr — prh = pt + para. (1.30) 


This reproduces the standard Fourier transformation in Euclidean space 


fv) = | d're’? f(a), 
_ dtp ipx 
HG) = i atest. 


We shall use the same notation v¥ for a four-vector in Minkowski and 
Euclidean spaces: 


vi = (vo) Minkowski space |, 
(U, v4) Euclidean space |, 


* An older generation will be familiar with the Euclidean notation which is used 
throughout the book by Akhiezer and Berestetskii [AB69]. In contrast, the two canon- 
ical books on quantum field theory by Bogoliubov and Shirkov [BS76] and by Bjorken 
and Drell [BD65] use the Minkowskian notation instigated by Feynman. The modern 
generation of textbooks on quantum field theory includes those by Brown [Bro92] and 
Weinberg [Wei98]. 


(1.31) 


(1.32) 


H 
UB 
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O E = —ip4 


ae Euclidean 


space space 


Minkowski 
space 


Minkowski 
space 


(a) (b) 


Fig. 1.1. Direction of Wick’s rotation from Minkowski to Euclidean space (indi- 
cated by the arrows) for (a) time and (b) energy. The dots represent singularities 
of a free propagator in (a) coordinate and (b) momentum spaces. The contours 
of integration in Minkowski space are associated with causal Green functions. 
They can obviously be deformed in the directions of the arrows. 


with 
v = —iv4. (1.33) 


The only difference resides in the metric. We do not distinguish between 
upper and lower indices in Euclidean space. 

Using Eqs. (1.24) and (1.26), we see that in Euclidean space Eq. (1.2) 
takes the form 


(-0? + m?) G(x —y) = 56% (x — y) (1.34) 


with a positive sign in front of m?. 

The passage to the Euclidean formulation is justified in perturbation 
theory where it is associated with the Wick rotation. The direction in 
which the rotation is performed is unambiguously prescribed by the +ie 
term in Eq. (1.8), and is depicted in Fig. 1.1. The variable t = xg rotates 
through —7/2, while E = po rotates through 7/2. 

Figure 1.la explains the sign in Eq. (1.24). Figure 1.1b and Eq. (1.27) 
implies that the integration over p4 goes in the opposite direction, so that 


dp dp 
0 : 4 
Pa Lee 1.35 
2T ! 2m ( ) 


— 00 =00 


Thus when passing into Euclidean variables, Eq. (1.8) becomes 


d4p ip(y-—x 1 


1.2 Euclidean formulation 9 


Note that the RHS of Eq. (1.36) is nothing but the Fourier transform of 
the free momentum-space Euclidean propagator, and there is no need to 
retain an ic in the denominator since the integration prescription is now 
unambiguous. 

It is now clear why we keep the same notation for the coordinate-space 
Green functions: the Feynman propagator in Minkowski space and the 
Euclidean propagator. They are the same analytic function of the time- 
variable. 


Problem 1.3 Repeat the calculation of Problem 1.2 in Euclidean space. 


Solution According to Eq. (1.36) we need to calculate 


+00 
dp ipa(T'—T 1 
A NE f Zo EA (1.37) 


The integral on the RHS can be calculated for rT > 1’ (r < 1’) by closing the 
contour in the lower (upper) half-plane, and taking the residues at p4 = —iw 
(p4 = iw), respectively. This yields 


w(T'—T) ev(t—T') 


Gu(t—-7'/) = O(7r-7’) ze seer 


= —_~—. (1.38) 


The Euclidean Green function (1.38) can obviously be obtained from the 
Minkowskian one, Eq. (1.11), by the substitution 


, =it’ (1.39) 


and vice versa. Gu(T — T’) obeys the equation 


CA “hs a?) Golr=r) = (r-r) (1.40) 


and, therefore, is the Green function for a Euclidean harmonic oscillator with 
frequency w. 


As we shall see in a moment, the Euclidean formulation makes path in- 
tegrals well-defined, and allows nonperturbative investigations analogous 
to statistical mechanics to be carried out. There are no reasons, however, 
why Minkowski and Euclidean formulations should always be equivalent 
nonperturbatively. 


Remark on Euclidean y-matrices 


The y-matrices in Minkowski space satisfy 


Tpu} = 2g” 1, (1.41) 
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where I denotes the unit matrix. Therefore, yo is Hermitian while the 
Minkowskian spatial y-matrices are anti-Hermitian. 
Analogously, the Euclidean y-matrices satisfy 


{u Ww} = 2 Ou I, (1.42) 
so that all of them are Hermitian. We compose them from 2 x 2 matrices 
as 

I 0 
Ra FS oy 1S ( 0 -I ) (1.43) 
and 


_ (0 -ié 


where o are the usual Pauli matrices. Note that the Euclidean spatial 
y-matrices differ from the Minkowskian ones by a factor of i. 
The free Dirac equation in Euclidean space reads as 


(ô+m) y = 0, Ê= wd (1.45) 
or 
(p+m)y = 0 (1.46) 


with p given by Eq. (1.26). 


1.3 Path-ordering of operators 


There are no problems in defining a function of an operator A, say via 
the Taylor series. For instance, 


et = ZA", (1.47) 
However, it is more complicated to define a function of several noncom- 
muting operators (or matrices), e.g. A and B having 
[A,B] Æ 0, (1.48) 
since the order of operators is now essential. In particular, one has 
eth 4 efe, (1.49) 


so that the law of addition of exponents fails. Certainly, the exponen- 
tial on the LHS is a well-defined function of A + B, but since A and B 
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are intermixed in the Taylor expansion, this expansion is of little use in 
practice. We would like to have an expression where all Bs are written, 
say, to the right of all As. Generically, this is a problem of representing a 
symmetric ordering of operators via a normal ordering. 

This can be achieved by the following formal trick [Fey51]. 

Let us write 


1 M 
A+B _ : ay Kx 
e = im. h + m4 B)| 
= ii 1+ (A B) 1+ 1 (A+B) (1.50) 
a 
M times 


The structure of the product on the RHS prompts us to introduce an 
index i running from 1 to M and replace (A+ B) in each multiplier by 
(A; + Bi). Therefore, one writes 


eAtB 


II 
5 
er 

+ 
sl 
> 
+ 
w 


= im, h + Zm + Ban] vee h + Za + Bı)|, (1.51) 
where the index 7 controls the order of the operators which are all treated 
differently. The ordering is such that the larger i is, the later the operator 
with the index 7 acts. This order of operators is prescribed by quantum 
mechanics, where initial and final states are represented by ket and bra 
vectors, respectively. 

Equation (1.51) can be rewritten as 


M 
A+B — pi} P (A; Bi], 1.52 


where the symbol P denotes the ordering operation. There is no ambigu- 
ity on the RHS of Eq. (1.52) concerning ordering A; and B; with the same 
index 7, since such terms are O(M~?) and are negligible as M — ov. 

To describe the continuum limit as M — oo, one introduces the contin- 
uum variable ø = i/M which belongs to the interval [0, 1]. The continuum 
limit of Eq. (1.52) reads as 


e^tB = Pexp { j do [A(o) + B(o)]. (1.53) 
0 
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where A(i/M) = A; and B(i/M) = Bi, while the operator A(o) + B(c) 
acts at order ø. 

Equation (1.53) is, in fact, obvious since it only involves the operator 
A + B, which commutes with itself. For commuting operators there is 
no need for ordering so that A(o) + B(o) does not depend on ø in this 
case. The integral in the exponent on the RHS of Eq. (1.53) can then be 
performed, and reproduces the LHS. 

Equation (1.53) can however be manipulated as though A(c) and B(o) 
were just functions rather than operators since the order would be spec- 
ified automatically by the path-ordering operation. This is analogous to 
the well-known fact that operators can be written in an arbitrary order 
under the T-product. Therefore, we can rewrite Eq. (1.53) as 


eAtB = Peh do’ A(o’) ale do B(c) i (1.54) 
This is the operator analog of the law of addition of exponents. 


Problem 1.4 Calculate explicitly the first term of the expansion of exp (A + B) 
in B. 
Solution Expanding the RHS of Eq. (1.54) in B, one finds 


1 
e^tBE = eA [eo ole HA MBia ele WAO) 4... (1.55) 
0 
There is no need for a path-ordering sign in this formula, since the order of the 
operators A and B is written explicitly. There is also no ambiguity in defining 
the exponentials of the operator A as already explained. 


Since the order is explicit, one drops the formal dependence of A and B on 
the ordering parameter which gives 


1 
Me as et | doet 04Ber 4.0, (1.56) 
0 


Formulas (1.55) and (1.56) are known from time-dependent perturbation theory 
in quantum mechanics. 


Problem 1.5 Using Eq. (1.56), derive 


1 


1 
BE omen 1 
= (1.57) 


for small B. 
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Solution Exponentiating and using Eq. (1.56), we obtain 


Co 


1 farema 


0 


oe) 1 
= fare -r fagereABerr4 +e. (1.58) 
0 


II 


Introducing the new variables 
m =T(1-o), T2=T0, (1.59) 


we rewrite the RHS of Eq. (1.58) as 


Co 


1 
- fan op fame mA = 
0 


A Aese (1.60) 
0 


on ae 


which proves Eq. (1.57). 


1.4 Feynman disentangling 


The operator on the LHS of Eq. (1.34) can be inverted as follows: 


1 
—@?2 + m2 


1 OO 
= 5 | artEa- a) 
0 


G(x =y) 5 (x — y) 


_ 5 | are tr Pet Jo HOW 5D (q y), (1.61) 
0 


where we have formally labeled the derivatives using an ordering param- 
eter t € [0,7], which is an analog of o from the previous section. This is 
the general procedure upon which the Feynman disentangling is built. 

Since the operators ô, and 0, commute in the free case, we could man- 
age without introducing the t-dependence, however the operators do not 
commute in general. The simple example of the nonrelativistic Hamilto- 
nian and the propagator in an external electromagnetic field are consid- 
ered later in this chapter. Other cases where the disentangling is needed 
are related to inverting an operator which is also a matrix in some sym- 
metry space. 
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0 T 


Fig. 1.2. Trajectory z„(t). The operator 0,,(t) acts at the order t. 


Continuing with the disentangling, the RHS of Eq. (1.61) can be rewrit- 
ten as 


tT Bart 
G(x — y) = 3 farei / Dz,(t) angie dt 22 (t) 
o 2y(0)=2p 


x P eho HM) 64) (q y), (1.62) 


where the integration runs over all trajectories z,,(t) which begin at the 
point x, as depicted in Fig. 1.2. 

Since the operator 0,,(t) acts at the order t, these operators are or- 
dered along the trajectory z,(t) with P, in Eq. (1.62), denoting the path- 
ordering operator. Note, that 2,(t) and 0,,(¢) commute since 


BOLA = Soy = 0 (1.63) 


so that their order is not essential in Eq. (1.62). With these rules of 
manipulation, Eq. (1.62) can be proven by the “translation” 


zut > zt) = ult) + f wa) (1.64) 
0 


of the integration variable z„(t) in the Gaussian integral. 
The integral over the functions z„(t) in Eq. (1.62) is called a path inte- 
gral or a functional integral. 
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| 
| 
| 
0 T 


Fig. 1.3. Discretization of trajectory z„(t) (depicted for M = 6). 


The continual path integral can be approximated by a finite one. To 
this end, let us choose M points t; = ie, where € is the discretization step, 
and M = r/e. We then connect the points 


zo = xz, zi = z(ie) i=1,2,..., M (1.65) 


by straight lines. Such a discretization of the trajectory z„(t) is depicted 
in Fig. 1.3. The measure in Eq. (1.62) can then be discretized by 


i; Depli) -II fi ae ng (1.66) 


The explicit form of the operator 0, in Eq. (1.34) was not essential 
in deriving Eq. (1.62). If 0, in Eq. (1.34) is replaced by an arbitrary 
operator D,, with noncommuting components, then Eq. (1.62) holds with 
0,,(t) substituted by D,,(t). The discretized path-ordered exponential of 
a general operator D,,(t) is given by 


M 
Pel ## ODO — lim J[[1+ (zi — zi)“ D,(ie)]- (1.67) 
e—0 rae 
The order of multiplication here is the same as in Eq. (1.51). 
The explicit form of the operator ô, is essential when we calculate how 
it acts on the delta-function as prescribed by the RHS of Eq. (1.62). For 
the free case, when the t-dependence of 0,,(t) is not essential, one simply 
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finds 


Tay ð 
Pelo H# ORO — (7) — pl] 1.68 
ol exp d (27) — 2H] oh, (1.68) 
which is nothing but the shift operator. Applying the operator on the 
RHS of Eq. (1.68) to the delta-function, one obtains 


Polo U*O%O §D(g—y) = 6O(z(r) y). (1.69) 


Therefore, z,(7) has to coincide with y, owing to the delta-function, 
which disappears after the integration over z,(7) has been performed. 
Thus the final answer is 


OO 
1 pid 
Ge-» = 5 J dre-3tm? / Dz,(t)e-2 RO, (1.70) 
0 Zu (0)=£4 
Zp (T)=Yu 
This path integral goes over all trajectories z,,(t) that connect the initial 
point x, and the final point y,,. 


Problem 1.6 Derive Eqs. (1.62) and (1.70) by introducing a path integral over 
velocity v,(t) = 2,(t). 


Solution The operator on the RHS of Eq. (1.61) can be disentangled using the 
following Gaussian path integral: 


Pers HDi) — J Poos dt vii(t) P efo dto (©) Du (6). (1.71) 


This formula holds for an arbitrary operator D, and can be proven formally by 
calculating the Gaussian integral after shifting v, (t). 

Substituting D,(t) = 0,(t) and calculating the action of the path-ordered 
exponential on 6( (x — y), we obtain 


1 Co 3 T 
G(x- y) = 5 farei f Doeth dev O §(@) (e+ [aro -1). 
0 0 


(1.72) 
The integration over Dvu,,(t) in this formula has no restrictions. 
To derive Eq. (1.70) from Eq. (1.72), let us note that the discretized velocities 
read as 


w = aia (1.73) 
€ 
Since 
p M 
furw > e o, (1.74) 
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the measure 


M dy, 
JPod = If soa (1.75) 


obviously recovers Eq. (1.66) after calculating the Jacobian from the variables 
vi to the variables z;. Therefore, Eq. (1.72) reproduces Eq. (1.70) provided 


(t) = ot fav). (1.76) 


Remark on definition of the measure 


The discretized trajectory in Fig. 1.3 can be written analytically as the 
expansion 


M 
ees t) + 24(1—t/e)0(e— 2), (1.77) 


where the basis functions 
1+ (t/e — i) for t € [(i— 1)e, ie], 
fit) = ¢ 1-—(t/e— i) for t€ [te,(¢+1)e], (1.78) 
0 otherwise 
are nonvanishing only for the ith and (i+1)th intervals. The measure 
(1.66) is defined, therefore, via the coefficients z; as a multiple product of 


dzi. 
While the basis functions f;(t) are not orthogonal: 


ip 2. 1 1 
- fa AOH = z8 + ghg + gôg- (1.79) 
0 
the orthogonal set appears in the expansion of the velocity 


mH = S e =E o) (1.80) 


where 


1/e for t € [(i—1)e, ie], 
0 otherwise . 


gilt) = { 


This shows why the discretized velocities from Problem 1.6 are natural 
variables. 


(1.81) 
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One can choose, instead, another set of (orthogonal) basis functions 
and expand 


M 
A ED (1.82) 
n=1 


with some coefficients ch. Then the measure (1.66) takes the form 


M 
Dzul) x [ten (1.83) 
n=1 


modulo a c-independent Jacobian. Mathematically, this implies that one 
approximates the functional space by M-dimensional spaces. 


1.5 Calculation of the Gaussian path integral 


The Gaussian path integral (1.70) can be calculated easily using the fol- 
lowing trick.* Let us substitute the variable z,,(t) by a new variable €,,(t), 
which are related by the formula 


z(t) = MOTE t+ Ely. (1.84) 


The boundary conditions for the variable €(t) are determined by Eq. (1.84) 
to be 

CAO Sale) = 0. (1.85) 
On substituting Eq. (1.84) into the exponent in Eq. (1.70), one finds 


T 


fazo = om +28) Ferry — ¿(0)] + fue, (1.86) 
0 0 


The second term on the RHS vanishes owing to the boundary conditions 
(1.85) so that the propagator becomes 


G(x _ y) = 5 [ar igi? e7 (0—2)? /2r7 4 DE, se dt £2 (t). 
0 


Eu(0)=Eu(7)=0 
(1.87) 
The path integral over € on the RHS of Eq. (1.87) is a function solely 
of T: 


f Dé, 3l HRO = Fr). (1.88) 
Eu (0)=£u (T)=0 


* See, for example, the book by Feynman [Fey72], Chapter 3. 
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This expression is to be compared with the proper-time representation 
of the Euclidean free propagator which reads as 


d OO 
G(x — y) = Tp ape-y) 1 az 075 (p?+m?) 
(27) 2 
0 
I. tod ; : 
= =) dre 2t™ e7 (2-9) a 1.89 
: | (2rr)4/? (1:89) 


These two expressions coincide provided that 


1 
AY = SSS 1.90 
( ) (Qnr)4/2 ( ) 
Problem 1.7 Calculate F(T) from the discretized path integral. 
Solution The discretized version of the path integral in Eq. (1.70) is 


M-1 
-4 fate) _ dfz; -EM (aaa) 
l ROES L a (27 aoa | II (27€) Orgs pees ie 
Zp (0)=£ p 
Zu (T)=Yu (1.91) 


where zo = x and zm = y. The integral can be calculated using the well-known 
formula for the Gaussian integral 


[S oxp | 2)? V BN | ee? 

—— exp |-> —- >] = ——. exp |————_ ]. 

(2Q7)4/2 E 271 2T2 TET k 2(71 + 72) 
(1.92) 

After applying this formula M—1 times, one arrives at Eq. (1.90). Note that € 

cancels in the final answer. 

Problem 1.8 Which trajectories are essential in the path integral? 


Solution It is seen from the discretization on the RHS of Eq. (1.91) that only 
trajectories with 


eal &: ae (1.93) 


are essential as e — 0. Such trajectories are typical Brownian trajectories. They 
are continuous as € — 0 but not smooth (|z; — z;-1| ~ € for smooth trajectories). 
In mathematical language, these functions are said to belong to the Lipshitz 
class 1/2. 


Remark on mathematical structure 


The measure (1.66) for integration over functions is sometimes called the 
Lebesgue measure. It was introduced in mathematics by Wiener [Wie23] 
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in connection with the problem of Brownian motion. With the Gaus- 
sian factor incorporated, it is also known as the Wiener measure while 
the proper path integral is known as the Wiener integral.* The mea- 
sure (1.66) is defined on the space Lə (i.e. the space of functions whose 
square is integrable, in the sense of the Lebesgue integral, f dt z*(t) < 00). 
The integration on Ly goes over trajectories z,,(t), which are generically 
discontinuous. However, the extra weight factor exp[—3 Jj dt 4°(t)] re- 
stricts the trajectories in the above path integrals to be continuous. 


1.6 Transition amplitudes 


As is well-known in quantum mechanics, G(x — y) is the probability for 
a (scalar) particle to propagate from x to y. A convenient notation for a 
trajectory z,(t) that connects x, and yp is 


Pys = 12a 0 Se 2,(0) = oy, Ar) = Yay: (1.94) 


Note that Py, denotes a trajectory as a geometric object, while z,(t) is 
a function that describes a given trajectory in some parametrization t. 
This function (but not the geometric object itself) depends on the choice 
of parametrization and changes under the reparametrization transforma- 
tion 


a (1.95) 


t > o(t), Pria 


with o being a new parameter. 
A convenient parametrization is via the proper length of Tys which is 
given by 


s = fas, (1.96) 
Tys 


where 
ds = y2? (o)do (1.97) 
and ø € [09,01] is some parametrization. For obvious reasons the 
parametrization 
1 
t = —s 1.98 
~ (1.98) 


with s given by Eq. (1.96) is called the proper-time parametrization. Note 
that the dimension of t is [length]? according to Eq. (1.98). 


* See, for example, the books [Kac59, Sch81, Wie86, Roe94] for a description of the 
path-integral approach to Brownian motion. 
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Let us denote* 
1 +2 
ST yz] = + 5 dtż“(t). (1.99) 
0 


The sense of this notation is that the RHS coincides with the classical ac- 
tion of a relativistic free (scalar) particle in the proper-time parametriza- 
tion (1.98) when 


i dt? (t) = m f ds = m Length[T] (1.100) 
0 0 


since 


(2 = i (1.101) 


and mt = Length|T] by the definition of the proper time. 

Therefore, the path-integral representation (1.70) is nothing but the 
sum over trajectories with the weight being an exponential of (minus) the 
classical action: 


Ga@—y) = Yoel, (1.102) 
Dye 


This sum is split in Eq. (1.70) into the trajectories along which the particle 
propagates during the proper time 7 and the integral over T. 

Equation (1.102) implies that the transition amplitude in quantum me- 
chanics is a sum over all paths which connects x and y. In other words, 
a particle propagates from x to y along all paths Pyg, including the ones 
which are forbidden by the free classical equation of motion 


z(t) = 0. (1.103) 


Only the classical trajectory (1.103) survives the path integral in the 
classical limit A — 0. The reason for this is that if the dependence on 
Planck’s constant is restored, it appears in the exponent: 


Gia-—y) = x eS Eya]/h, (1.104) 
Tis 


As h — 0 the path integral is dominated by a saddle point, which is given 
in the free case by the classical equation of motion (1.103). 


* The notation S|[I] with square brackets means that S is a functional of I, while f(x) 
with parentheses stands for functions. 
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It is worth noting that the sum-over-path representation (1.102) is writ- 
ten entirely in terms of trajectories as geometric objects and does not refer 
to a concrete parametrization. For the free theory S{I’] is proportional to 
the length of the trajectory T: 


Streel] = m Length|T], (1.105) 


where the length is given for some parametrization o of the trajectory T 
by 


Denai = J NTO (1.106) 


T0 


The sum-over-path representation (1.102) with S[T] given by the clas- 
sical action (Eq. (1.105) in the free case) is often considered as a first 
principle of constructing quantum mechanics given the classical action 
SIE]. 


Problem 1.9 Represent the matrix element of the (Euclidean) evolution oper- 
ator (y|exp(—H7r)|«) for the nonrelativistic Hamiltonian 


H = -5z +V) (1.107) 


as a path integral. 


Solution The calculation is similar to that already done in Sect. 1.4. It is 
most convenient to use the path integral over velocity which was considered in 
Problem 1.6 on p. 16. The appropriate disentangling formula is given as 


(y [e27] 2) 
= f Due o dta? u(t) Per So dtv” (t)d,(t)— fo dt V(«;t) 8D (x — y). 
(1.108) 


Here the argument t in V(a;t) is just the ordering parameter, while the same 
formula holds when the potential is explicitly time-dependent. 

In contrast to Eq. (1.71), we have put the minus sign in front of the linear- 
in-v term in the exponent in Eq. (1.108), so that it agrees with Appendix B of 
Feynman’s paper [Fey51]. In fact, it does not matter what sign is used since 
the integral over v(t) is Gaussian, so only even powers of v survive after the 
integration. 

The path-ordered exponential in Eq. (1.108) reads explicitly as 


ne ð 
on Je touS VE) lim h — evf ggr 7 V (ate)] 
sy i=l 


(1.109) 


1.6 Transition amplitudes 23 


which can be rewritten as 


M 
Pe Jo tte" On )—fo dtV (at) — lim h — cut a [1 — eV (x; ie)] 
e044 * Oat f ; 
i=] (1.110) 
if terms which vanish as e — 0 are neglected, or equivalently as 
Pew h tu" Oa ()- fF dtV (ast) II h — dt woz] [1 — dt V (x; t)]. 
ggr 
= (1.111) 


There is no need to write down the t-dependence of ô, (t) in these formulas since 
the order of the operators is explicit. 
To disentangle the operator expression (1.111), let us note that 


[1 — dtv“(t)0,] = U~*(t+ dt) U(t) (1.112) 
with 


U(t) = sof farea] (1.113) 
0 


being the shift operator. It obviously obeys the differential equation 
—U (t) = v” (t)ð3 U(t). (1.114) 
Now since 
t 
U(t) [1 -dt V(x; H] UTH = |1- av(« + f arot; t) : (1.115) 
0 


the RHS of Eq. (1.111) can be written in the form 


T 


II h = ao [1 — dt V(x; t)] 


t=0 


= vn TT 1-aiv(e+ farms 
0 


t=0 
T t 
= U~'(r) exp - fav (os farae: , (1.116) 
0 0 


which is completely disentangled. 
The operator U~'(r) is now in the proper order to be applied to the variable 
y in the argument of the delta-function, which results in the shift 


T 


D(x- y) > 56 (e+ [aro -y); (1.117) 
0 


This will be explained in more detail in the next paragraphs. 
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Passing to the variable (1.76), we get finally 


(yje z) = f Paie aco, (1.118) 
Zu (0)=£ 
Zu(T)=Yu 
where 
M o 
L(t) = 74e) + V(2(t)) (1.119) 


is the Lagrangian associated with the Hamiltonian H. The unusual plus sign 
in this formula is due to the Euclidean-space formalism. It is clear from the 
derivation that Eq. (1.118) holds for time-dependent potentials as well. 

Notice that the path integral in Eq. (1.118) is now over trajectories along 
which the particle propagates in the fixed proper time 7 with no integration over 
T. 

A special comment about the operator U~'(r) in Eq. (1.116) is required. In 
the Schrodinger representation of quantum mechanics, one is interested in the 
matrix elements of the evolution operator between some vectors (g| and |f} in 
the Hilbert space. According to Eq. (1.23), in the coordinate representation one 
has 


(gl |g) = JERE NE; (1.120) 


Integrating by parts, the operator U~!(r) can then be applied to g(x) which 
results in the shift 


g(x) => U(r) g(z)U-\(r) = o(a+ favo) (1.121) 


Passing to the variable (1.76), Eq. (1.120) becomes 


(EA = f Da EEEO) (1.122) 


There are no restrictions on the initial and final points of the trajectories z,,(t) 
in this formula. 


Problem 1.10 Calculate the diagonal resolvent of the Schrodinger operator in 
the potential V(x): 


env = (2 


1 
ral) (1.123) 


in the limit G — 0 for d = 1. 
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Solution Using the formula of the type (1.118), we represent Ro (x, x; V) as 
the path integral 


i dr e737" i: Dz, (t) e77 Ao sz. )-Jo UVEO), 


0 Zu (=p 
Zp(T)=Cp (1.124) 


Rs(z,z; V) = 


As G — 0 this path integral is dominated by the t-independent saddle-point 
trajectory 


z(t) = z, (1.125) 


which is associated with a particle standing at the point x. Substituting V at this 
saddle point, i.e. replacing V(z(t)) by V(x), and calculating the Gaussian integral 
over quantum fluctuations around the trajectory (1.125) using Eqs. (1.88) and 
(1.90), one finds 


Ro(x, £z; V) = cae eee (1.126) 
24/w2 + V(x) 
ind=1. 
Equation (1.126) can be alternatively derived by applying the Gel’fand—Dikii 
technique [GD75] which says that R,,(a,x;V) obeys the third-order linear dif- 
ferential equation 


5 | £0° —aV(2) —V(a)d| Rolz, a; V) = WOR (EV). (1127) 


R(x, x; V) given by Eq. (1.126) obviously satisfies this equation as G — 0. 

One more way to derive Eq. (1.126) is to perform a semiclassical Wantzel— 
Kramers-Brillouin (WKB) expansion of Ro (x,y; V) in the parameter G. This is 
explained in Chapter 7 of the book [LL74]. 


Problem 1.11 Derive Eq. (1.127). 


Solution The resolvent 


1 
Rs(z,y; V) = (sz (1.128) 


obeys the equations 


[955 +e +v Reu) = 4 (ey), 
(1.129) 


95 w? Vw] Rola) = AO, 


It can be expressed via the two solutions f+(x) of the homogeneous equation 


oso +w? + vo) fala) = 0; (1.130) 
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where f} or f_ are regular at +00 or —o, respectively. Then the full solution 


with 
Wo = A@OML@-K@OL@ (1.132) 


being the Wronskian of these solutions. Applying 0/0x to Eq. (1.132), it is easy 
to show that W,, is an x-independent function of w. 
The simplest way to prove Eq. (1.127) is to differentiate 


f(a) f(a) 


Ru (z, x; V) CW. 


(1.133) 


using Eq. (1.130), in order to verify that it satisfies the nonlinear differential 
equation 


—2GR R! +G (R) +4(e?+V)R2 = 1. (1.134) 


One more differentiation of Eq. (1.134) with respect to x results in Eq. (1.127). 

It is worth noting that Eq. (1.134) is very convenient for calculating the semi- 
classical expansion of R(x, x; V) in G. In particular, the leading order (1.126) 
is obvious. 


Remark on parametric invariant representation 


The Green function G(x — y) can alternatively be calculated from the 
parametric invariant representation 


G(x- y) x f Dzlo)e ™ Jog ov 2*0) (1.135) 


2p(o0)=tp 
Zp (01)=Yp 


as prescribed by Eqs. (1.105) and (1.106). In contrast to (1.70), this 
path integral is not easy to calculate. The integration over Dz,(o) in 
Eq. (1.135) involves integration over the reparametrization group, which 
gives the proper group-volume factor since the exponent is parametric 
invariant. Eq. (1.70) is recovered after fixing parametrization to be proper 
time. How this calculation can be performed is explained in Chapter 9 of 
the book by Polyakov [Pol87]. 

If one makes a naive discretization of the parameter o using equidistant 
intervals, the exponent in Eq. (1.135) is highly nonlinear in the variables 
zi, leading to complicated integrals. In contrast, the discretization (1.91) 
of the path integral in Eq. (1.70), where the parametric invariance is fixed, 
results in a Gaussian integral which is easily calculable. 
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Problem 1.12 Calculate the path integral in Eq. (1.135), discretizing the mea- 
sure by 


coo M diz; 
> 2 Ul aoa nea (1.136) 
and applying the central limit theorem as M — oo. 


Solution By making the discretization, we represent the RHS of Eq. (1.135) as 
the probability integral 


e- = oY | Te 
(Qre)4/2 Side ae TE) / 
x p(z > 21) p (z1 > 22): p (Zm-1 > Y) (1.137) 
with 
pA sz) = cer nl eel (1.138) 


being an (unnormalized) probability function and e€ is a parameter with the di- 
mension of [length]. The probability interpretation of each term in the sum is 
standard for random walk models, and means, as usual, that a particle prop- 
agates via independent intermediate steps. The discretization of the measure 
given by Eq. (1.137) looks like that in Eq. (1.66), but the summation over M is 
now added. 

Since the integral in Eq. (1.137) is a convolution, the central limit theorem 
states that 


M 
G(x- y) = (276) —— 2 E mem? eae 


x a ai en ma(e-y)? /(207M)+O(M~?) (1.139) 
TO 


2 


at large M, where co and g^ are the zeroth and (normalized) second moments 


of p: 
T (d) 
d?re | = 2r4/? , 
a CP) Fem 
a = dzz? eTl = d(d+1). 
co 
The sum over M in Eq. (1.139) is convergent for 
¿1/4 
m > m = — (1.141) 


and is divergent for mp < Mme. Choosing mo > Me, but må — m2 ~ 1 in the limit 
E€ — 0, the sum over M will be convergent, while dominated by terms with large 
1 
M v maw. (1.142) 
€ 


28 1 Operator calculus 


This is easily seen by rewriting Eq. (1.139) as 


m2 d/2 
G.(z — y) = SS (Sx) 


M 
x e dM In (mo/m.)—m3 (a—y)? /(207M)+O(M~?) ; (1.143) 


Each term with M ~ m2 contributes O(1) to the sum, so that 
G(a-y) ~ mÈ. (1.144) 


This justifies the using of the central limit theorem in this case. The typical 
distances between the z;, which are essential in the integral on the RHS of 
Eq. (1.137), are 

1 
mo 


as in Eq. (1.93). The relation (1.142) between the essential values of M and e is 
also similar to what we had in Sect. 1.4. 
The sum over M in Eq. (1.143) can be replaced by a continuous integral over 
the variable 
2 
M 
ages (1.146) 


2 E 
mé 


which is O(1) for M ~ m2. Also introducing the variable m by 


m = 4 (m —m2) > 0, (1.147) 
we rewrite Eq. (1.143) as 
Gde-y) me Me Eea (1.148) 
o (27T) /2 


the RHS of which is proportional to that in Eq. (1.89) for the Euclidean propa- 
gator. 


Remark on discretized path-ordered exponential 


As is discussed in Sect. 1.3, the order of operators A; and B; with the same 
index å is not essential in the path-ordered exponential (1.52) as M — oo. 
If Eq. (1.52) is promoted to be valid at finite M (or at least to the order 
of O(M S1); this specifies the commutator of A; and B;. Analogously, a 
discretization of Eq. (1.118) specifies in which order the product of zipi 
in the classical theory should be substituted by the operators a; and p; 
in the operator formalism. For details see the books by Berezin [Ber86] 
(Chapter 1 of Part II) and Sakita [Sak85] (Chapter 6). 
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1.7 Propagators in external field 

Let us now consider a (quantum) particle in a classical electromagnetic 
field. The standard way of introducing an external electromagnetic field 

is to substitute the (operator of the) four-momentum p” by 
p” — pt—eA*(a). (1.149) 
Recalling the definition (1.26) of the Euclidean four-momentum, ô, 

needs to be replaced by the covariant derivative 

ôu — Vie = Oy — eA, a): (1.150) 


Inverting the operator v? using the disentangling procedure, one finds 


G(x, y; A) 
‘) 


5 farei J Dz, (t) e72 Lo Oie JI dt OAD), 
0 


Zy(0)=a 

zulr)=yu (1.151) 
Note that the exponent is just the classical (Euclidean) action of a particle 
in an external electromagnetic field. Therefore, this expression is again 
of the type in Eq. (1.102). 

The path-integral representation (1.151) for the propagator of a scalar 
particle in an external electromagnetic field is due to Feynman [Fey50] 
(Appendix A). 

Problem 1.13 Derive Eq. (1.151) using Eq. (1.71) with D, = -V ņ. 


Solution The calculation is analogous to that of Problem 1.9 on p. 22. We 
have 


1 
opm 
( -V +m? 


D,(t) = —-Vyz(t) = —0,(t)+ieA,(a;t) (1.152) 
so that explicitly 


Pe OVL = II h — dt ora + ie dt v"(t)A,, (2; t) 
z 


= II h — dt oč] [1 +iedt v” (t) A (z; t)]. 


t=0 
(1.153) 
This looks exactly like the expression (1.111) with 
V(a;t) = —iev"(t)A,,(ax;t). (1.154) 


Substituting this potential into Eq. (1.118) and remembering the additional in- 
tegration over 7, we obtain the path-integral representation (1.151). 
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We can alternatively rewrite Eq. (1.151) in the spirit of Sect. 1.6 as 
pe 
Gays A) = Sy etre he), (1.155) 
Tys 


where we have included the free action in the definition of the sum over 
trajectories: 


y~ = >. e7 Stree Pya]. (1.156) 
Tys Pys 


and represented the (parametric invariant) integral over dt as the contour 
integral over 


dz” = dtż”(t) (1.157) 


along the trajectory Tyg. 

The meaning of Eq. (1.155) is that the transition amplitude of a quan- 
tum particle in a classical electromagnetic field is the sum over paths of 
the Abelian phase factor 


Dp ae e AA, (1.158) 


Under the gauge transformation 


io aS Ap) + =9y0(2) (1.159) 


the Abelian phase factor transforms as 
OD ya] Et eialy) UL yal emiel), (1.160) 


Noting that a wave function at the point x is transformed under the gauge 
transformation (1.159) as 


pla) E5 de (a), (1.161) 


we conclude that the phase factor is transformed as the product 
ply)’ (a): 


UP ye] © “ply et(a)”, (1.162) 


where means literally “transforms as ...”. 


As a consequence of Eqs. (1.160) and (1.161), a wave function at the 
point x transforms like one at the point y after multiplication by the phase 
factor: 


OO? 


UP yx] p(x) E “py, (1.163) 
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and analogously 


g'(y) UL yo] “pl (x)”. (1.164) 


Equations (1.163) and (1.164) show that the phase factor plays the role 
of a parallel transporter in an electromagnetic field, and that in order 
to compare phases of a wave function at points x and y, one should first 
make a parallel transport along some contour lyg. The result is, generally 
speaking, I-dependent except when A,,(z) is a pure gauge. The sufficient 
and necessary condition for the phase factor to be [-independent is the 
vanishing of the field strength, Fj,,(z), which is a consequence of the 
Stokes theorem when applied to the Abelian phase factor.* 

Below we shall deal with determinants of various operators. Analogous 
to Eq. (1.151), one finds 


indtv2 = +f Streit 
2 T 
0 
0 z,(0)=zy(r) (1.165) 


where the path integral goes over trajectories which are closed owing to 
the periodic boundary condition z,,(0) = z,(7). To derive Eq. (1.165), we 
have used the formula 


IndetD = TrlnD, (1.166) 


which relates the determinant and the trace of a Hermitian operator (or 
a matrix) D. 


Problem 1.14 Prove Eq. (1.166). 


Solution Let D be positive definite. We first reduce D to a diagonal form by a 
unitary transformation and denote (positive) eigenvalues as D;. Then Eq. (1.166) 
can be written as 


InJ[Di = X nD: (1.167) 


which is obviously true. 


* Strictly speaking, this statement holds for the case when T can be chosen everywhere 
in space-time, i.e. which is simply connected. However, there exist situations when T 
cannot penetrate into some regions of space as for the Aharonov-Bohm experiment 
which is discussed below in Sect. 5.4. 
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The phase factor for a closed contour I enters Eq. (1.165). It describes 
parallel transportation along a closed loop, and is gauge invariant as a 
consequence of Eq. (1.160): 


ele frade" A(z) Et, oje fp de" Au(z)_ (1.168) 


This quantity, which plays a crucial role in modern formulations of gauge 
theories, will be discussed in more detail in Chapter 5. 


Problem 1.15 Show how the path-integral representation (1.151) recovers for 
G(a, y; A) the diagrammatic expansion of propagator in an external field A,,: 


G(x,y; A) = + za + Ab + are sheds 


T y 


(1.169) 


Solution Let us expand the phase factor in Eq. (1.155) in e. The linear-in-e 
term can be transformed using the formula 


y / dé, SD (E =z) = LE Hs (1.170) 
Dyz Dee 


where 


< 


De Sat (1.171) 


to reproduce the second diagram on the RHS of Eq. (1.169). Equation (1.170) 
can be proven by varying both sides of Eq. (1.155) with respect to A, (2z). 
Equation (1.170) can be rewritten using the formula 


OST SE la (1.172) 
Vee 


Vee 


where v(x) = E,,(0) is the velocity at the point x of the trajectory T. Using 
Eq. (1.172), we find 


D / dé, 6(€—z). = SoZ). tL lz) 
Tye Tye ac (1.173) 


Equation (1.172) can be proven by shifting variable in the path integral, while 
Eq. (1.173) holds, strictly speaking, only if an integrand (denoted by ---) does 
not include velocities. Otherwise, additional contact terms might appear. 

They can be obtained by noting that the velocity v,(x) corresponds to the 
covariant derivative (1.150), where A, (x) is also to be varied. Doing so, we arrive 
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at 


Sola) I dé, 5 (E- 2)... 


Dye Doe 
f 


= S~ v(e) oy (2) > et Sue) Sou (2) + hav vee 
t 


Tyg Ese Fyz zr Pye (1.174) 


1 


For the case of a more complicated integrand, each velocity produces the same 
type of contact terms since the variation ĝ/ôA,(z) acts linearly. This reproduces 
the contact terms as in the fourth term on the RHS of Eq. (1.169). 

This Problem is based on Appendix A of the paper [MM81]. 


Problem 1.16 Establish the equivalence of the path-integral representation 
(1.165) of In det VŽ, and the sum of one-loop diagrams in an external field A: 


Inde Vz = () + A ate + z beats’ 
( 


1.175) 


Solution The derivation is the same as in the previous Problem. The combina- 
toric factor of 1/2 in the third diagram on the RHS of Eq. (1.175) is associated 
with a symmetry factor. 


Remark on analogy with statistical mechanics 


A formula of the type (1.165), which represents the trace of an operator 
via a path integral over closed trajectories, is known as the Feynman- 
Kac formula. The terminology comes from statistical mechanics where 
the partition function (or equivalently the statistical sum) is given by the 
Boltzmann formula 


Z = Tre H (1.176) 


(with 8 being the inverse temperature) whose path-integral representation 
is of the type given in Eq. (1.165). The expression which is integrated on 
the RHS of Eq. (1.165) over dr/r is associated, in statistical-mechanical 
language, with the partition function of a closed elastic string, the energy 
of which is proportional to its length, that interacts with an external 
electromagnetic field. This shows an analogy between Euclidean quantum 
mechanics in d dimensions and statistical mechanics in d (spatial) and one 
(temporal) dimensions whose time-dependence disappears, since nothing 
depends on time at equilibrium. We shall explain this analogy in more 
detail in Part 2 (Chapter 9) when discussing quantum field theory at finite 
temperature. 
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Second quantization 


In the previous chapter we considered first quantization of particles, where 
the operators of coordinate and momentum, «x and p respectively, are 
represented in the coordinate space by 


o 
0 p= -iz = first quantization |. (2.1) 
x£ 


In the language of path integrals, first quantization is associated with 
integrals over trajectories in the coordinate space. 

While propagators can be easily represented as path integrals, it is very 
difficult to describe, in this language, a (nongeometric) self-interaction of a 
particle, since this would correspond to extra weights for self-intersecting 
paths. For the free case (or a particle in an external gauge field) there 
are no such extra weights, and the transition amplitude is completely 
described by the classical action of the particle. 

In the operator formalism, self-interactions of a particle are described 
using second quantization — this is where the transition from quantum 
mechanics to quantum field theory begins. Second quantization is a quan- 
tization of fields, and is associated with path integrals over fields, which 
is the subject of this chapter. We demonstrate how perturbation theory 
and the Schwinger—Dyson equations can be derived using path integrals. 


2.1 Integration over fields 


Let us define the following (Euclidean) partition function: 


Z = [ Pees, (2.2) 
35 
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where the action in the exponent is given for the free case by 


Streep = į f (@ 24m? p A; (2.3) 


The measure Dy(zx) is defined analogously to Eq. (1.66): 


[oew = aa (2.4) 


where the product runs over all space points x and the integral over dy 
is the Lebesgue one. 
The propagator is given by the average 


G(z,y) = (v(x) yly)), (2.5) 
where a generic average is defined by the formula 
(Fie) = 27 f De(e)e SMF Ig. (2.6) 


The notation is obvious since on the RHS of Eq. (2.6) we average over all 
field configurations with the same weight as in the partition function (2.2). 
The normalization factor of Z~' provides the necessary property of an 
average 


Oy =a: (2.7) 


Since the free action (2.3) is Gaussian, the average (2.5) equals 


G(x- y) = (y 2) (2.8) 


which is identical to (1.61). Therefore, we have obtained the same prop- 
agator (1.89) as in the previous chapter. 


—ø2 + m2 


Problem 2.1 By discretizing the (Euclidean) space, derive 
z> | Tjo exp (Een ay) PsPy = Day- (2.9) 
xy 


Solution The Gaussian integral can be calculated using the change of variable 


pe > ø= (DM) yy (2.10) 
Yy ad 
which results in Eq. (2.9). 
Note that the integrals over y(x) are convergent in Euclidean space. If 


a discretization of space is introduced, the path integrals in Eqs. (2.2) or 
(2.6) are defined rigorously. 
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Remark on Minkowski-space formulation 


In Minkowski space, perturbation theory is well-defined since the Gaus- 
sian path integral, which determines the propagator 


f2 oS = f2 eldeede, (2.11) 
equals 
1 
(PrPy) = (y DE) (2.12) 


where D is a proper operator in Minkowski space. 

It cannot be said a priori whether a nonperturbative formulation of a 
given (interacting) theory via the path integral in Minkowski space exists 
since the weight factor is complex and the integral may be divergent. 


2.2 Grassmann variables 


Path integrals over anticommuting Grassmann variables are used to de- 
scribe fermionic systems. E 

The Grassmann variables Yy and py obey the anticommutation rela- 
tions 


{Vy Po} = 0, Lpy, Pa } = 0, {dy Va } = 0. (2.13) 


Consequently, the square of a Grassmann variable vanishes 
p STS (2.14) 
The path integral over the Fermi fields equals 
[oin e SdiedDb _ det D (2.15) 
while an analogous integral over the Bose fields is 
[re Dy eee De ze (det D). (2.16) 


Problem 2.2 Define integrals over Grassmann variables. 


Solution Assuming that ~ and ~ belong to the same Grassmann algebra, the 
Berezin integrals are defined by 
ICA 


fon 
fa Yy, (2.17) 


[every 
font Z ias fw: 


| 
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The simplest interesting integral is 
[abe dyret: = 1. (2.18) 


Equation (2.15) can now be easily derived by representing (y|D|x) in the 
diagonal form, expanding the exponential up to a term which is linear in all 
the Grassmann variables and calculating the integrals of this term according to 
Eq. (2.17). See more details in the book by Berezin [Ber86] (§3 of Part I). 


The average over the Fermi fields, defined with the same weight as in 
Eq. (2.15), equals 


(yla) ply)) = (y|D™|2) (2.19) 


which is the same as for bosons. 
Note that the fermion partition function (2.15) can be rewritten ac- 
cording to Eq. (1.166) as 


det D = e™hD, (2.20) 
The analogous formula for bosons (2.16) is rewritten as 
(det D)! = -g- Ue. (2.21) 


The relative difference of sign between the exponents on the RHS of 
Eqs. (2.20) and (2.21) is a famous minus sign that emerges for closed 
fermionic loops which contribute to the (logarithm of the) partition func- 
tion. 


2.3 Perturbation theory 


The cubic self-interaction of the scalar field is described by the action 


1 A 
= € Ou)? + y” pP + a? J (2.22) 
where A is the coupling constant. 
To construct perturbation theory, we expand the exponential in À and 


calculate the Gaussian averages with the free action (2.3). 
To order Aĉ, the expansion is 


(p(t) e(y)) = (PE) PY) tree 


(eeoa ftare) 
+ ( (0 5 [ate ¢*(21) 2 [airs (ea) alu) 


ae thee (2.23) 
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eo—_- —_o— 
x Tı T2 y 


Fig. 2.1. Diagrammatic representation of the term in the third line of Eq. (2.23). 


x yY 


(a) (b) 


Fig. 2.2. Some of the Feynman diagrams which appear from (2.23) after the 
Wick pairing. 


The term which is linear in À (as well as the Gaussian average of any 
odd power of y) vanishes owing to the reflection symmetry y — —ọ of 
the Gaussian action. The term displayed in the third line of Eq. (2.23) is 
depicted graphically in Fig. 2.1. 

Further calculation of the RHS of Eq. (2.23) is based on the free average 


(P(Xi) P(T) Jre = G(2i — xj) (2.24) 


and the rules of Wick pairing of Gaussian averages, which allow us to 
represent the average of a product as the sum of all possible products 
of pair averages. Some of the diagrams which emerge after the Wick 
contraction are depicted in Fig. 2.2. These diagrams are called Feynman 
diagrams. 

The diagram shown in Fig. 2.2b is disconnected. Its disconnected part 
with two loops cancels with the same contribution from Z~! (which yields 
the factor in the first term on the RHS of Eq. (2.23)). It is a general 
property that only connected diagrams are left in ( y(2;) p(x;)). 

Let us note finally that the combinatoric factor of 1/2 is reproduced 
correctly for the diagram of Fig. 2.2a. For an arbitrary diagram, this 
procedure of pairing reproduces the usual combinatoric factor, which is 
equal to the number of automorphisms of the diagram (i.e. the symmetries 
of a given graph). 
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2.4 Schwinger—Dyson equations 


Feynman diagrams can be derived alternatively by iterating the coupling 
constant of the set of Schwinger—Dyson equations which is a quantum 
analog of the classical equation of motion. 

To derive the Schwinger—Dyson equations, let us utilize the fact that 
the measure (2.4) is invariant under an arbitrary shift of the field 


ylz) > (x) + p(x). (2.25) 


This invariance is obvious since the functional integration goes over all 
the fields, while the shift (2.25) is just a transformation from one field 
configuration to another. 
Since the measure is invariant, the path integral in the average (2.6) 
does not change under the shift (2.25): 
g! Fly] + = 0. (2.26) 


fiio [Dp 94) FE rial + OS 


Since dy(x) is arbitrary, Eq. (2.26) results in the following quantum 
equation of motion 


ôF [e] 


Sje] ws. h ô 

d(x) dp(x)’ 
where we have written explicitly the dependence on Planck’s constant h. 
It appears this way since the action S is divided by f in Eq. (2.2) when 
ħ is restored. 

We have put the symbol “w.s.” on the top of the equality sign in 
Eq. (2.27) to emphasize that it is to be understood in the weak sense, 
i.e. it is valid under averaging when applied to a functional Fy]. In other 
words, the variation of the action on the LHS of Eq. (2.27) can always 
be substituted by the variational derivative on the RHS when integrated 
over fields with the same weight as in Eq. (2.6). Therefore, one arrives at 
the following functional equation: 
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This equation is quite similar to that which Schwinger considered within 
the framework of his variational technique. 


(2.27) 


2.5 Commutator terms 


In order to show how Eq. (2.28) reproduces Eq. (1.34) for the free prop- 
agator, let us choose 


Fly] = ply). (2.29) 
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Substituting into Eq. (2.28) and calculating the variational derivative, one 
obtains 


(-2 + m2) (ple) ey) = A(N = pole»), 2.30) 


which coincides with Eq. (1.34). 
The LHS of Eq. (2.30) emerges from the variation of the free classical 
action (2.3) 


OS free 
dy(z) 


while the RHS, which results from the variational derivative, emerges in 
the operator formalism from the canonical commutation relations 


5(xo — yo) [9(20,#) pluo 9)] = 16 (e—y) (2.32) 


= (-0 + m?) olx) (2.31) 


as is explained in Sect. 1.1. 

For this reason, the RHS of Eq. (2.30) and, more generally, the RHS 
of Eq. (2.28) are called commutator terms. The variational derivative 
on the RHS of Eq. (2.27) plays the role of the conjugate momentum in 
the operator formalism. The calculation of this variational derivative in 
Euclidean space is equivalent to differentiating the T-product and using 
canonical commutation relations in Minkowski space. 

When Planck’s constant vanishes, A — 0, the RHS of Eq. (2.27) (or 
Eq. (2.28)) vanishes. Therefore it reduces to the classical equation of 
motion for the field y: 


6S[y| 
dp(z) 


This implies that the path integral over fields has a saddle point as A — 0 
which is given by Eq. (2.33). 

Another lesson we have learned is that the average (2.5), which is de- 
fined via the Euclidean path integral, is associated with the Wick-rotated 
T-product. We have already seen this property in the previous chapter 
in the language of first quantization. More generally, the Euclidean aver- 
age (2.6) is associated with the vacuum expectation value of (0 | T F'[y] | 0) 
in Minkowski space. 


= 0. (2.33) 


2.6 Schwinger—Dyson equations (continued) 


The set of the Schwinger—Dyson equations for an interacting theory can 
be derived analogously to the free case. 
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Let us consider the cubic interaction which is described by the action 
(2.22). Choosing again Fy] to be given by Eq. (2.29) and calculating the 
variation of the action (2.22), one obtains 


(-P +m?) (ox) elu) +È ( la) ely) = 6%(e-y). (234) 


Problem 2.3 Rederive Eq. (2.34) by analyzing Feynman diagrams. 


Solution Let us introduce the Fourier-transformed two- and three-point Green 
functions 


Ge) = / dize? ( p(x) (0)), (2.35) 
and 
Galap) = fated ye” (ole) ey) ~0)). (236) 


Let us also denote the free momentum-space propagator as 


1 
Go(p) = pe +m (2.37) 


The perturbative expansion of G3 starts from 


G3(p,q,-p—@) = —AGo(p)Go(q) Go(p+4q) +. (2.38) 


It is standard to truncate three external legs, introducing the vertex function 


T(p,q,-p-@) = G3(p,q,-p— 9) G'(p) G (4) G (p +q) (2.39) 


with a perturbative expansion which starts from A: 


d 
T(p,g,-p-q) = -AAS f SGGo(k p) Gol) Gol +a) +. 
(2.40) 


This expansion can be represented diagrammatically as 


where the filled circle on the LHS represents the exact vertex and the thin lines 
are associated with the bare propagator (2.37). 
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An analogous expansion of the propagator is 


Š — +-( > 
+ -C + — 6} 
e a oes 


2.42) 


where the bold line represents the exact propagator. It is commonly rewritten 
as an equation for the self-energy Gg 1(p) — G-1(p), which involves only the 
one-particle irreducible (1PI) diagrams. The last diagram shown on the RHS of 
Eq. (2.42) is not 1PI. 

Resumming the diagrams according to definition (2.41) of the exact vertex T 
and the exact propagator G, the propagator equation can be represented graph- 


ically as 
Go(p) — Go(p) G*(p) Go(p) = -( >} ' (2.43) 


where the bold lines represent the exact propagator G, while the external (thin) 
ones are associated with the bare propagator Go. One vertex on the RHS of 
Eq. (2.43) is exact and the other is bare. It does not matter which one is exact 
and which one is bare since we can collect the diagrams of Eq. (2.42) into the 
exact vertex either on the LHS or on the RHS. Equation (2.43) can be written 
analytically as 

À d%q 


GOH EG Oya" a5 ame C@E(-ap.a-p)Gp—a). (2.44) 


Multiplying Eq. (2.44) by G(p) and using the definition (2.36), we obtain the 
Fourier transform of Eq. (2.34). 


Note that Eq. (2.34) is not closed. It relates the two-point average 
(propagator) to the three-point average (which is associated with a ver- 
tex). The closed set of the Schwinger—-Dyson equations can be obtained 
for the n-point averages 


Gn(a1,#2,-°,@n) = (p(t1) (T2): PlEn)) (2.45) 


They are also called the correlators, in analogy with statistical mechanics, 
or the n-point Green functions, in analogy with the Green functions in 
Minkowski space. 
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Choosing 


Fly] = 9(x2)--- p(tn) (2.46) 


and calculating the variational derivative, one finds from Eq. (2.28) the 
following chain of equations: 


(—8 + m?) (p(x) p(x) ++ (an) ) + 5 (22) v(22) ++ Y(2n)) 


= $25 (@- a) (plea) vei) plan), (2.47) 


where (xj) denotes that the corresponding term y (aj) is missing in the 
product. Using the notation (2.45), Eq. (2.47) can be rewritten as 


À 
(- a +m?) Gr (£, £2,..., En) + g Gnti(@, ©, £2,---,2n) 


= Sis I(x — £j) Gn- 2(T2,..- Lj; En) (2.48) 
j=2 


with x; again denoting the missing argument. 


Remark on connected correlators 


The n-point correlators (2.45) include both connected and disconnected 
parts. The presence of disconnected parts is most easily seen in the free 
case when all connected parts disappear, while Gn for even n is given by 
the Wick pairing as is discussed in Sect. 2.3. 

The correlators can also be defined by introducing the generating func- 
tional, which is a functional of an external source J(z): 


[re (x) e StI de J(e) ple) (2.49) 


and varying with respect to the source. The n-point correlators (2.45) are 
then given by 


1 ô ô 
Galios = Zeo. taj!” (2.50) 


while the connected parts are given by 


(p(21)+*- PlEn) conn = Fal 
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This is because 
W[J] = InZ{[J| (2.52) 


involves only a set of connected diagrams, while disconnected ones emerge 
in Z[J] after the exponentiation. We have already touched on this prop- 
erty in Sect. 2.3 to order A?. The functional W[J] is called, for this reason, 
the generating functional for connected diagrams. 


Remark on the LSZ reduction formula 


The correlators Gn(£1,...,£n) (analytically continued to Minkowski 
space) determine the amplitude of the process when n, generally speaking, 
virtual particles produce k on-mass-shell particles. Let us denote this am- 
plitude as An_.¢(@1,---5Qn3P1,--->Pk), where q1,---,Qn and pj,..., pp are 
the four-momenta of the incoming and outgoing particles, respectively. 
Four-momentum conservation requires 


atectan = p+- +p. (2.53) 


The Lehman-Symanzik—Zimmerman (LSZ) reduction formula reads as 


Agana Giss -+5dn;P1,--- , Pk) 


n k 
= AL) II, lim (p? +m?) ) {Wate fk 


ji 


x exp (“Sp + >» `ae) G ATi . . ,Zn+k—1;0) : 


(2.54) 


The unusual sign of the square of the particle mass m arises from the 
Euclidean metric. 

Equation (2.54) makes sense for timelike p;, when p? < 0, while Gj is 
arbitrary. The amplitude for the case of on-mass-shell incoming particles 


is given by Eq. (2.54) with G > —m?. 


2.7 Regularization 


The ultraviolet divergences (i.e. those at small distances or large mo- 
menta) are an intrinsic property of quantum field theory which makes 
it different from the quantum mechanics of a finite number of degrees 
of freedom. The divergences emerge, roughly speaking, because of the 
delta-function in the canonical commutation relations. 

The idea of regularization is to somehow smooth the effect of the delta- 
function. The usual procedures of regularization are to: 
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(1) smear the delta-function by 
— point splitting, 
— Schwinger proper-time regularization, 
— latticizing; 
(2) add a negative-norm regulating term to the action 
— Pauli-Villars regularization; 


(3) introduce higher derivatives in the kinetic term;* 
(4) change the dimension, 4 — 4—€; 
(5) regularize the measure in the path integral. 


As an example of point splitting, let us consider the regularization when 
the delta-function in the commutator term is replaced by 


6% (2 —y) SS R® (x-y) = R(z,y). (2.55) 
The regularizing operator R is, for instance, 
R = e-m), (2.56) 


where the parameter a with the dimension of length plays the role of an 
ultraviolet cutoff. The cutoff disappears as a — 0 when 


R — 1, | (2.57) 
R(z,y) > (x-y). l 


It is easy to calculate how the regularization (2.55) modifies the prop- 
agator. The result is 


1 
Grey) = -pri e-u) 
a ee E eee 1 
= L | drea? eT) /27__ 2.58 
2 ; (2rr)4/? ( ) 


The lower limit in the integral over the proper time 7 is now a? rather 
than 0 as in the nonregularized expression (1.89). This particular method 
of point splitting coincides with the Schwinger proper-time regularization. 

A regularization via point splitting can be performed nonperturbatively, 
while the dimensional regularization (which is listed in item (4)) is defined 
only within the framework of perturbation theory. The regularization of 
the measure listed in item (5) will be considered in the next chapter. 

When a regularization is introduced, some of the first principles (called 
the axioms), on which quantum field theory is constructed, are violated. 
For instance, the regularization via the point splitting (2.55) violates 
locality. 


* That is in the quadratic-in-fields part of the action. 
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Quantum anomalies from path integral 


As is well-known, the Lagrangian approach in classical field theory is very 
useful for constructing conserved currents associated with symmetries of 
the Lagrangian. Noether’s theorems* describe how to construct corre- 
sponding currents and when they are conserved. 

An analogous approach in quantum field theory is based on path inte- 
grals over fields. It naturally incorporates the classical results since the 
weight in the path integral is given by the classical action. 

However, anomalous terms (i.e. those in addition to the classical ones) 
in the divergences of currents can appear in the quantum case owing 
to a contribution from regulators which make the theory finite in the 
ultraviolet limit. They are called quantum anomalies. 

In this chapter we first consider the chiral anomaly, i.e. the quantum 
anomaly in the divergence of the axial current, which appears in the 
path-integral approach as a result of the noninvariance of the regularized 
measure. Then we briefly repeat the analysis for the scale anomaly, i.e. 
the quantum anomaly in the divergence of the dilatation current. 


3.1 QED via path integral 


Let us restrict ourselves to the case of quantum electrodynamics (QED), 
though most of the formulas will be valid for a non-Abelian Yang—Mills 
theory as well. 

QED is described by the following partition function: 


z= | DA, f DpDy ec SAY | (3.1) 


where A, is the vector-potential of the electromagnetic field, Y; and pi are 
the Grassmann variables which describe the electron—positron field with 


* See, for example, §2 of the book [BS76]. 
47 
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i being the spinor index. They are independent but are interchangeable 
under involution 


ys t, (3.2) 
which is defined such that* 
div. ™S doth. (3.3) 


In particular, yw is invariant under involution. Therefore, 7 is an analog 
of igh = ith! y in the operator formalism, while involution is analogous to 
Hermitian conjugation. 

The Euclidean QED action in Eq. (3.1) is given by 


2 = = 1 
Slapp) = fate (Putni FR) 6A 
where V, = 0, — ieA, (x) is the covariant derivative as before, 


Fy = Ay —d,A, (3.5) 


is the field strength, and y, are the Euclidean y-matrices which are dis- 
cussed in Sect. 1.2. 


3.2 Chiral Ward identity 


Let us perform the local chiral transformation (c.t.) 


c.t. 
—> 


w' (x) = deep), 
Pa) > P(x) = P(x) bos, 


Here the parameter of the transformation a(x) is a function of x and y5 
is the Hermitian matrix 


(3.6) 


Y = UVB (3.7) 


in d = 4 dimensions. Note that both q and w have the same transforma- 
tion law since in Minkowski space 


Y = w'yo, yi = y5, yi = YO; (3.8) 


while y5 and yo anticommute. 
* See the book by Berezin [Ber86] (§3.5 of Part I). Sometimes involution is defined with 


an opposite sign (i.e. ~ is substituted by iq) which results in a multiplication of the 
fermionic part of the action (3.4) by an extra factor of i. 
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The variation of the classical action (3.4) under the chiral transforma- 
tion (3.6) reads as 


so f d's (yc) JA (2) + ima(e)D(e)>e(e)], (89) 
where the axial current 


Te = ibys (3.10) 
is the Noether current associated with the chiral transformation. 
It follows from Eq. (3.9) that the divergence of the axial current (3.10) 
is given by 
OTe = imps, (3.11) 
so that it is conserved in the massless case (m = 0) at the classical level: 
A =0 
3J "= 0. (3.12) 
Problem 3.1 Verify Eq. (3.11) using the classical Dirac equation 


(Vim)d(z) = 0, E =ywVu- (3.13) 


Solution Calculate the divergence of the axial current (3.10) using Eq. (3.13) 
and the conjugate one 


(a) (Vm) = 0 (3.14) 
with 
V, = ð, + ieA,(2). (3.15) 


Let us now discuss how the measure in the path integral changes under 
the chiral transformation (3.6). The old and new measures are related by 


DEDY = DYDY det | els (x — y) (3.16) 


where the determinant is over the space indices x and y, as well as over 
the y-matrix indices ¿į and j. Note that the determinant, which is nothing 
but the Jacobian of the transformation (3.6), emerges for the Grassmann 
variables to the positive rather than the negative power as for commuting 
variables. This is a known property of the integrals (2.17) over Grassmann 
variables [Ber86] which look more like derivatives. 
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The logarithm of the Jacobian in Eq. (3.16) can be calculated as 
In det Leaner 61D (x — u)| 
= Tr In ( a = oe 
= 2 fatea(e) 60) spas = 0, (3.17) 


where sp is the trace only over the y-matrix indices 7 and j. The RHS 
vanishes naively since the trace vanishes. A subtlety with the appearance 
of the infinite factor of 6 (0) will be discussed in the next section. 

Note that the infinitesimal version of the transformation (3.6) is a par- 
ticular case of the more general one 


pe) — (2) = ylz) + p(z 

á 7 2 )» (3.18) 

plz) — (2) = V(x) +82), 
which is an analog of the transformation (2.25) and leaves the measure 
invariant. The calculation given in Eq. (3.17) is an explicit illustration of 
this fact. 


The general transformation (3.18) leads, when applied to the path in- 
tegral in Eq. (3.1), to the Schwinger-Dyson equations 


(Vv i m) Ue ES 
ie ; (3.19) 
w(x) (Vv — m) Te ___ 


which hold in the weak sense, i.e. under the averaging over ọ% and w. 

More restrictive transformations of the same type as (3.6), which are 
associated with symmetries of the classical action and result in conserved 
currents, lead to some (less restrictive) relations between correlators which 
are called Ward identities. This terminology goes back to the 1950s when 
a proper relation between the two- and three-point Green functions was 
first derived for the gauge symmetry in QED. 

The simplest Ward identity, which is associated with the chiral trans- 
formation (3.6), is given as 


(OF) (0) ila) Ply) ) 


"=? i 8O (E) (st); (0) bly) ) — 16 wle) (O75) (0))- 
(3.20) 


It is clear from the way in which Eq. (3.20) was derived, that it is always 
satisfied as a consequence of the quantum equations of motion (3.19). 
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Problem 3.2 Derive Eq. (3.20) in the operator formalism when the averages 
are substituted by the vacuum expectation values of the T-products. 


Solution Equation (3.13) acquires an extra —i in Minkowski space, where the 
spatial y-matrices are anti-Hermitian rather than Hermitian as in Euclidean 
space, and holds in the quantum case in the weak sense, i.e. when applied to 
a state. Using it and the canonical equal-time anticommutation relations for a 
and w with the only nonvanishing anticommutator being 


5(xo — yo) {Bily), Pi(@)} = 6:6 —y), (3.21) 


we reproduce Eq. (3.20) in the operator formalism. 


Remark on y5 in d dimensions 
Let us recall that 
Ye =e Ve (3.22) 


only exists for even d when the size of the y-matrices is 2¢/? x 24/2, For 
this reason the dimensional regularization is not applicable in calculations 
of the chiral anomaly. 


Remark on gauge-fixing 


Note that we did not add a gauge-fixing term to the action (3.4). It is 
harmless to do that since the gauge-fixing term does not contribute to 
the variation of the action under the chiral transformation. Moreover, all 
gauge-invariant quantities do not depend on the gauge-fixing. How one 
can quantize a gauge theory without adding a gauge-fixing term will be 
explained in Part 2. 


3.3 Chiral anomaly 


As has already been mentioned, Eq. (3.17) involves the uncertainty 
6% (0). spys = co-0. (3.23) 


To regularize 5 (0), one needs [Ver78, Fuj79] to regularize the measure 
in the path integral over 7 and 4, since this term comes from the change 
of the measure under the chiral transformation. 

Let us expand the fields y and ~ over some set of the orthogonal basis 


functions, similarly to Eq. (1.82): 


yla) = Diddle), Ple) = Ladle), (3.24) 
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where there is no summation over the spinor index i. Here c’, and @, are 
Grassmann variables. The measure is then similar to that of Eq. (1.83) 
and reads explicitly as 


DiDy = Tl Hee Il J [dch (3.25) 
n=1 i m=1 j 


The idea of regularizing the measure is to restrict ourselves to a large 
but finite number of basis functions. This is analogous to the discretiza- 
tion of Sect. 1.4. We therefore define the regularized measure as 


M M 
(D¥)r(Dv)r = J] [Jae [J [] ech. (3.26) 
n=l i m=1 j 


The change of the measure under the chiral transformation is 
= = A kj x 
(Dd)R(Dv)r = (Di )n(Dv)nder| | atzoko eters oie], 
(3.27) 
where the determinant is over both the n and m indices and the spinor 
indices k and j. This is the regularized analog of the nonregularized 


expression (3.16). 
Using the orthogonality of the basis functions: 


firian) = Sams (3.28) 


and Eq. (2.20), we rewrite the determinant on the RHS of Eq. (3.27) for 
an infinitesimal parameter a as 


det | ate dht(2) eale) pi (x) = 142X | ate dhalan), 
n=1 


(3.29) 
where the spinor indices are contracted in the usual way. 
It is easy to see how this formula recovers Eq. (3.17) since 
S on(z) diy) = 659 @—y) 6 (3.30) 
n=1 


in the nonregularized case owing to the completeness of the basis func- 
tions. 
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In the regularized case, the sum over n on the LHS of Eq. (3.30) is 


restricted by M from above so that the RHS is no longer equal to the 
delta-function. We substitute 


Soil ely) = Ray), (3.31) 


with the RHS being the matrix element of some regularizing operator R. 
It can be chosen in many ways. We shall work with several forms: 


R= ev (3.32) 
or 
1 
Rim; (3.33) 
1 — a? V2? 
or 
1 
1+aV 


etc., where again V= YuVu- The parameter a is the ultraviolet cutoff. 
The cutoff disappears as a — 0 when Eq. (2.57) holds. 

These regularizations (3.32)—(3.34) are nonperturbative, and preserve 
gauge invariance since they are constructed from the covariant derivative 
V,.- A consistent regularization occurs when R commutes with V, which 
is obviously true for the regularizations (3.32)—(3.34).* 

Therefore, we find 


f dîza(x) Oud: 2i Tr (ays R) 


2i f ata a(x) sp [ys R(x, x)]. (3.35) 


It is worth noting that the extra R in Eq. (3.35) is a consequence of 
the more general formula 


TO — TOR, (3.36) 


which describes how to regularize the traces of operators. 


* This can be shown by choosing the basis functions to be e eigenfunctions of the Hermi- 
tian operator iV (ien = Enn) and applying V(x) [0 "(y yp" to Eq. (3.31). Then 
the LHS does not change (because En Ez! = 1), while (x| RỌ- ty) appears on the 
RHS. It coincides with the RHS of Eq. (3.31) when V and R commute. 
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Remark on regularization of the measure 


The regularization of the measure in the path integral using Eq. (3.26) 
is equivalent to the point-splitting procedure where the delta-function in 
the commutator term is smeared according to Eq. (2.55). 

To show this, let us note that the variational derivative can be approx- 
imated for a finite number of basis functions by 


a: > pa'o) dae = (3:27) 


This definition extends the standard ee one* to the case of 
spinor indices. The sum over k is included in order for the regularized 
variational derivative to reflect variations of all the spinor components of 
Cn When the variation is not diagonal in the spinor indices. 

When applied to 


M = i 
ye); (3.38) 
n=1 


it yields 


bba(@) ity) = RË 3.39 
By) = Le ) gh, (ey); (3.39) 


or, equivalently, 
Da- =S R%a,y), (3.40) 


which is the fermionic analog of Eq. (2.55). 
Thus, we conclude that the regularization of the measure in the path 
integral is equivalent to smearing the delta-function in commutator terms. 


Remark on regularized Schwinger—Dyson equations 


The procedure from the previous Remark results in the following regular- 
ized Schwinger—Dyson equations: 


— Ww.s. ô 
õp (y) 
fi (3.41) 
P(C -m) fay Red. 
õyp(y) 
These equations are understood again in the weak sense, i.e. under the 
averaging over ~ and w and obviously reproduce Eq. (3.19) as a — 0. 


* See, for example, the book by Lévy [Lev51]. 
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Problem 3.3 Derive Eq. (3.35) using the regularized Schwinger—-Dyson equa- 
tion (3.41). 


Solution The calculation is similar to that of Problem 3.1 except for the addi- 
tional terms arising from the RHS of Eq. (3.41). For m = 0 one finds 


W.S. : ð ig ’ 
Owe "= if aly Fp ee wwe) ile) | dy Rew öy) 
= 2isp|ysR(z,2)], (3.42) 


which is equivalent to Eq. (3.35) since there a(x) is an arbitrary function. 


3.4 Chiral anomaly (calculation) 
In order to derive an explicit expression for the chiral anomaly, we should 
calculate the RHS of Eq. (3.35) for some choice of the regularizing oper- 


ator R. Let us choose R given by Eq. (3.33). The operator V? in the 
denominator can be transformed as 


a 1 
V = v’ + 3 [u Yol VaVv 
ie 
= V- a [Ys YW] Fv 
= Vi+ 5 Da Fy l (3.43) 
where the trace of the spin matrices 
1 
Xuv = Ji [u VW] (3.44) 
i 
is given by 
sp (LyX rpys) = —4€pwrp- (3.45) 
Expanding in e, 
R = Ro+Ro(--:)Rot+::: (3.46) 
with 
R= = (3.47) 
1 a2d?’ ` 
we find schematically 
XF XF 
Tr (ays R) = af Tr [aso (+) Ro ( 5) ) Ro 


(3.48) 


I 
| 
a 
a 
A 
8 
R 
S 
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A 
XN 
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XN 
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qı k- q 
q+qı 


q q+k 


ays 


Fig. 3.1. Triangular diagram associated with chiral anomaly in d = 4. The 
solid lines correspond to Ro given by Eq. (3.50). The wavy lines correspond to 
the field strength. 


where i 
Pw i 5 Sw rp rp (3.49) 
is the dual field strength. 

The calculation described in Eq. (3.48) is most easily performed in 
momentum space where it is associated with one-loop diagrams. The an- 
alytic expression to be calculated can be represented in d = 4 graphically 
as the triangular diagram in Fig. 3.1. The solid lines are associated with 


Ro given by Eq. (3.47), which reads in momentum space as 


HO S a (3.50) 


1+ a?p? ` 
The wavy lines correspond to the field strength. The lower vertex is 
associated with ays. 
The integral over the four-momentum q, which circulates along the tri- 
angular loop, can be easily calculated by introducing w = aq and trans- 
forming the integral as 


/ Hef > 5 | dtu (2). (3.51) 


Note that the integral involves a~* which cancels af coming from the 
expansion in e, for which the proper term is given by the intermediate 
expression in Eq. (3.48). Therefore, the result is nonvanishing and a- 
independent as a — 0. Higher terms of the expansion in e are proportional 
to higher powers in a and vanish as a — 0. 

Finally, from Eqs. (3.35) and (3.48) we obtain 


32 
1e fod 
Oud = “g Fw Fw . (3.52) 
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The anomaly on the RHS is known as the Adler—Bell-Jackiw anomaly. Its 
appearance is usually related to the fact that any regularization cannot 
be simultaneously gauge and chiral invariant. 


Problem 3.4 Calculate the coefficient in Eq. (3.48) and show that it is regula- 
tor-independent. 


Solution The contribution of the triangular diagram of Fig. 3.1, which repre- 
sents the intermediate expression in Eq. (3.48), reads explicitly as 


2Tr (ay R) = n 
a(x) Ro(z, y) Fuv(y) Roly, 2)Fyuv(2)Ro(z,2)- (3.53) 


In momentum space, it becomes 
dfk dt 2 
-26a | tzala) f i f R 
d*q 
er an)? (1+ aq Ae SET 
(3.51) 2e? s ike 
~ Tem ze 
d+ a F wdw? 
J re [> (3.54) 
0 


which recovers the RHS of Eq. (3.48). 
An analogous calculation can be repeated for other regulators (3.32) and 
(3.34). Let us denote 


r(a*p*) = Ro(p). (3.55) 


Then the only difference with Eq. (3.54) is that the last integral over w? is 
replaced by 


Co 


autor?) = r(0) = 1 (3.56) 
0 


for reasonable functions r which look like those given by Eqs. (3.32)—(3.34). 


An anomaly which is analogous to the Adler—Bell—Jackiw anomaly 
(3.52) exists in d = 2 where 


e 
On = 5 fw Fw - (3.57) 


This anomaly is given by the diagram depicted in Fig. 3.2. It involves 
only two lines with the regulator Ro(p) since in d = 2 


f dato > 4 / du (2) (3.58) 


so that all terms with more lines vanish as a — 0. 
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q q+k 


ays 


Fig. 3.2. The diagram associated with the chiral anomaly in d = 2. The solid 
lines correspond to Rp given by Eq. (3.50). The wavy line corresponds to the 
field strength. 


Problem 3.5 Calculate 2 Tr (a y5R) in d= 2. 


Solution Proceeding as before, we see that only the diagram of Fig. 3.2 is 
essential in d = 2 which yields 


Bee [ae] Saale Nee Ge) 
PIR. 2 d?k ika 1 
= rea? fateale) frg Fn Wem faye Pie 


(3.58) 9 ie 2 d?k ika lies 
= d*x Pa Ne F, v( v 
ae a(a ) J (27)? e H key 1 + aso? 


0 
= [ee a (9) Fae ewe (3.59) 


The linear-in-F „y term is nonvanishing since 


sp (Xpv7s) = iew (3.60) 
ind=2. 


The result is again regulator-independent since the integral over w is replaced 
for an arbitrary Ro(p) by 


Co 


= f are?) = r(0)= 1 (3.61) 


0 


where Eq. (3.55) has been used. 
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Remark on the non-Abelian chiral anomaly 


Equation (3.52) also holds in the case of a non-Abelian gauge group where 
Fi, is the non-Abelian field strength 


Fa(xz) = 0,A%(x) — LAS (x) + gf A? (x) AÇ). (3.62) 


Here f° are the structure constants of the gauge group and g is the 
coupling constant. The non-Abelian analog of Eq. (3.52) for the axial 
current, which is a singlet with respect to the gauge group, is given by* 


ig? a ra 
Ee ive a (3.63) 
a 


Ig, = 
The d = 2 anomaly (3.57) exists for the singlet axial current only in 
the Abelian case. 
A description of the chiral anomaly in non-Abelian gauge theories is 
given, for example, in Chapter 22 of the book by Weinberg [Wei98]. 


3.5 Scale anomaly 


The scale transformation is defined by 
= Ply, (3.64) 
y(t) — g(a’) = pe y(x") ; (3.65) 


The index l, is called the scale dimension of the field y. The value of lọ 
in a free theory is called the canonical dimension, which equals (d — 2) /2 
for bosons (scalar or vector fields) and (d—1)/2 for the spinor Dirac field, 
ie. 1 and 3/2 in d = 4, respectively. Sometimes lọ is called, for histori- 
cal reasons, the anomalous dimension. More often the term “anomalous 
dimension” is used for the difference between l, and the canonical value. 

The proper Noether current, which is called the dilatation current, is 
expressed via the energy-momentum tensor 0y as 


Dy = Bye (3.66) 


so that its divergence equals the trace of the energy-momentum tensor 
over the spatial indices: 


ODay = Op, (3.67) 


* The coefficient in this formula is the same as in Eq. (3.52) and is twice as large as the 
conventional one. This is owing to our normalization, which is described in Sect. 5.1. 
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since the energy-momentum tensor is conserved. For the action (3.4) one 


finds 


buu = -myy (3.68) 
at the classical level. 


The above formulas can be obtained from the Noether theorems which 
state 


io 2 f dz p(x) 8,D,(2) (3.69) 
P E = at (3.70) 


In the massless case, m = 0, the RHS of Eq. (3.68) vanishes and the di- 
latation current is conserved. This is a well-known property of electrody- 
namics with a massless electron that is scale invariant at the classical level. 
A generic scale-invariant theory does not depend on parameters of the di- 
mension of mass or length. This usual dimension is to be distinguished 
from the scale dimension which is defined by Eq. (3.65). The dimensional 
parameters do not change under the scale transformation (3.64). 

In the quantum case, the scale invariance is broken by the (dimensional) 
cutoff a. The energy-momentum tensor is no longer traceless owing to 
loop effects. The relation (3.67) holds in the quantum case in the weak 
sense, i.e. for the averages 


(ð D, F|A, Y, Y] ) =, (Oun FIA, %4] ) ’ (3.71) 
where FA, Y, ] is a gauge-invariant functional of A, Y and w. 


For a renormalizable theory such as QED, the RHS of Eq. (3.71) is 
proportional to the Gell-Mann—Low function B(e?) which is defined by 


-a— = B(e?). (3.72) 


A nontrivial property of a renormalizable theory is that the RHS in this 
formula is a function solely of e? — the bare charge. 

The meaning of the renormalizability is very simple: physical quantities 
do not depend on the cutoff a, provided the bare charge e is chosen to 
be cutoff-dependent according to Eq. (3.72). This dependence of e on a 
effectively accounts for distances smaller than a, which are excluded from 
the theory. 

The precise relation between the trace of the energy-momentum tensor 
and the Gell-Mann—Low function is given by 


Cie ag F? (3.73) 
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where the equality is understood again in the weak sense. This formula 
was first obtained in [Cre72, CE72] to leading order in e? and proven 
in [ACD77] to all orders in e?. 

Note that this formula holds in the operator formalism only when ap- 
plied to a gauge-invariant state. The reason is that otherwise a contribu- 
tion from a gauge-fixing term in the action would be essential. It does not 
contribute, however, to gauge-invariant averages which can be formally 
proven using the gauge Ward identity. 


Problem 3.6 Prove the relation (3.73). 


Solution Let us absorb the coupling e into A,, introducing 


A, = eA, 
3.74 
Fup = Eb pos \ ( ) 
The Lagrangian density of massless QED then reads as 
STA A tas 
g = b(8-iA) y+ TF”. (3.75) 


To prove Eq. (3.73), let us use the chain of Eqs. (3.67) and (3.70). It is crucial 
that in the absence of other dimensional parameters the derivative 0/Op can be 
replaced by 0/0a, since all dimensionless quantities in a theory with a cutoff 
depend only on ratios of the type x/a.* Since the dependence on the cutoff a 


enters in Eq. (3.75) formally only via e~? in front of F2,, Eq. (3.73) can be 


proven heuristically by first differentiating with respect to a and then expressing 
the result via Fy again. Here we have used the fact that F,» is invariant under 
the renormalization-group transformation and, therefore, does not depend on a. 


In the path-integral approach, a contribution to the scale anomaly 
comes from the regularized quantum measure. Proceeding as in Sect. 3.3, 
we obtain 


A,Dyle) = —sp[R(e,2)] (3.76) 
which determines the scale anomaly. 


Problem 3.7 Derive Eq. (3.76) using the regularized Schwinger-Dyson equa- 
tions (3.41). 


Solution The energy-momentum tensor of QED is given by 
1 1 ae oO nat — 
Ou = Baka pou Ep om (Gui + Paat) ' (3.77) 
Taking the trace, one obtains 


1 _ o 
Cin = FVV py. (3.78) 


* This is the reason why the Callan—Symanzik equations, which are nothing but the 
dilatation Ward identities, coincide with the renormalization-group equations. 
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qı k- q qı k- q 
q+qı 
q q+k q q+k 
1 1 


(a) (b) 


Fig. 3.3. The diagrams which contribute to the scale anomaly in d = 4. The 
wavy line corresponds to the field strength. 


Using Eq. (3.41), it can be transformed as 


Oun = —mi + 5 |S duren 
= -myy —sp[R(z,£)], (3.79) 


which reproduces Eq. (3.76) as m — 0. 


To calculate the scale anomaly we should therefore perform a one-loop 
calculation of 


sp|R(z,x£)] = o(a 


z (: 2) (3.80) 


which is again most convenient to do in momentum space. The prop- 
agator is given by Eq. (3.47), while the vertices, which emerge in the 
corresponding Feynman rules for the expansion in e, come from the op- 
erators 


1 +a? (id, + e€A,)? — 50200 ww Fyw 


9 22 2 152 
—2iea A, On, Sea As. 560 Sy Fy - 


The only diagrams which survive as a —> 0 in d = 4 are depicted in 
Fig. 3.3. The calculation of the diagram of Fig. 3.3a is the same as in 
Sect. 3.3 while the diagram of Fig. 3.3b gives a total derivative which does 
not contribute to the scale anomaly. 
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The calculation of the diagram of Fig. 3.3a yields 


e? 7 £ 
sp [R(x,n)) = — fae). (3.81) 


The one-loop Gell-Mann-Low function can now be calculated using 
Eqs. (3.76) and (3.73), which reproduces the known result for QED. The 
higher-order corrections in e do not vanish for the scale anomaly. 


Remark on the non-Abelian scale anomaly 


Equation (3.73) holds in the non-Abelian Yang-Mills theory as well if Fu 
is substituted by the non-Abelian field strength Fi, given by Eq. (3.62). 
The corresponding formula, is given as 


Iz 


s BG? ty ate 
Bi te > POES (3.82) 


A heuristic proof, presented in Problem 3.6 for the Abelian case, can 
be repeated. The equality is again understood in the weak sense when 
averaged between gauge-invariant states. The contribution of gauge-fixing 
and ghost terms are then canceled owing to the gauge Ward identity which 
is called in this case the Slavnov—Taylor identity. The proof of Eq. (3.82) 
was given in [CDJ77, Nie77]. 


A 


Instantons in quantum mechanics 


Instantons are solutions of the classical equations of motion with a finite 
Euclidean action. Such field configurations are not taken into account in 
perturbation theory. Instantons are characterized by a topological charge 
which may result in a conserved quantum number and never show up 
in perturbation theory. In Minkowski space, instantons are associated 
with tunneling processes between vacua labeled by a distinct topological 
charge. 

Instantons first appear in Yang-Mills theory [BPS75], although this 
kind of classical solution was known long before in statistical phys- 
ics [Lan67]. 

In this chapter we consider instantons in quantum mechanics as an 
illustration of path-integral calculations. We follow the original paper by 
Polyakov [Pol77] except for technical details. 


4.1 Double-well potential 


Let us consider a one-dimensional quantum-mechanical system with the 
double-well potential 

À MA 1 1 pî 

Vie) = [2-52] = -iper ttt. 

(2) (: ) De GT Gy 

This is nothing but an anharmonic oscillator with the opposite sign for the 

coefficient of the quadratic term,* which usually appears with a positive 


(4.1) 


“It is often called the mass term. This terminology comes from quantum field theory, 
where the potential (4.1) is considered in the context of a spontaneous breaking of 
the reflection symmetry x — —x. In our quantum-mechanical problem, defined by 
the Euclidean action (4.3), the mass of the nonrelativistic particle is absorbed in T 
which has, therefore, the dimension of [length]. This has already been explained in 
Sect. 1.6. 
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Fig. 4.1. The double-well potential (4.1). The short vertical lines represent the 
position of the minima (4.4). The dashed lines correspond to the energy Eo of 
the lowest state in a single well, i.e. to that in the limit A — 0. 


coefficient w?/2. We have introduced 
e= -—w? (4.2) 


in order to work with real numbered values. The constant term is added 
for later convenience. The potential (4.1) as a function x is depicted in 
Fig. 4.1. 

The (Euclidean) action is defined by 


sae / ae [320 + veo) (4.3) 


with V(x) given by Eq. (4.1). The plus sign between the kinetic and 
potential energies is because we are in Euclidean space. 

It follows from Eqs. (4.1) and (4.3) that the parameter u has the dimen- 
sion of [length]~? or, in other words, the dimensions of x and 7 are [u] 7"? 
and [u]7}, respectively. Analogously, the dimension of the constant 2 is 
[u]. 

For \ < p’, the potential (4.1) has superficially two degenerate vacua 

to = is ; 
VÀ 
the positions of which coincide with the minima of the potential in Fig. 4.1. 

The degeneracy between the two minima is preserved at all orders of 
perturbation theory, where an expansion near one of the minima of the 
potential (either the left- or right-hand one) is carried out: 


(4.4) 


u 
aT) = +—=+x(T 4.5 
(7) Ti x(7) (4.5) 
with x(T) < p/VX. The correlator at asymptotically large 7 is 


2 


(w(0)@(r)) + Ate. (4.6) 
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Its nonvanishing value means that a particle is localized at one of the two 
vacua. 

The next terms of the perturbative expansion in do not spoil this 
result since the potential (4.1) becomes 


À 
VE FVA E (4.7) 


after the shift (4.5), and has a positive sign for the quadratic term. There- 

fore, a perturbation theory constructed around the vacuum xy is a normal 

one, and the particle lives perturbatively in one of the two vacua. 
However, we know from quantum mechanics that (nonperturbatively) 


(2(0)2(r)) = So læn]? eE- (4.8) 


n 


at imaginary time T = it, where En is the energy of the nth eigenstate of 
the Hamiltonian and zno is the proper matrix element. Therefore, 


(x(0)a(r)) ~ e487 (4.9) 


= »/2 E ae »(- aae (4.10) 


is the energy splitting between the two lowest states (symmetric and an- 
tisymmetric) for \ < u°, which vanishes exponentially as \ — 0. 

The appearance of imaginary time in Eq. (4.8) is because under a bar- 
rier particles live in imaginary time. We may say that imaginary time is 
an appropriate language for describing tunneling through a barrier. 

Since the RHS of Eq. (4.9) vanishes as T — oo, the reflection symmetry 
x — —2, which is broken in perturbation theory, is restored nonpertur- 
batively as T — oo. 


for large 7, where 


Problem 4.1 Derive Eq. (4.10) modulo a constant factor within standard quan- 
tum mechanics. 


Solution Let us use the semiclassical formula [LL74] (Problem 3 in 850) 


Ag = Vee dttd ave) Eo] (4.11) 


T 


where +a are the classical turning points, which are determined by 


V(ża) = Eo, (4.12) 


and 


= V2u (4.13) 
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is the lowest energy for the oscillator potential (4.7) as A > 0. Denoting 


——, z= r, 4.14 
Fr 7 (4.14) 


the integral in the exponent on the RHS of Eq. (4.11) can be calculated using 
an expansion in A which gives 


1—h 
1 2 
2 SAna 2 es 
z2 I dzy (1 — 27)? — 4h 372 +Inh+O(1). (4.15) 
—1+h 


Substituting into Eq. (4.11), one recovers Eq. (4.10) modulo a constant factor. 


4.2 The instanton solution 


In the path-integral approach, the correlator (4.8) is given by 
(£0) r(r) = (4.16) 


with no restrictions on the integration over x. This is a quantum-mechan- 
ical analog of the path integrals defined in Sect. 2.1. 

At small À, the path integral (4.16) can be evaluated using the saddle- 
point method. The reason for this is that for x given by Eq. (4.4) (i.e. the 
minima of the action (4.3)), the Gaussian fluctuations around (4.4) are 
not essential as A — 0. This is most easily seen by making the shift (4.5) 
and noting that x(T) is O(1) at the saddle points according to Eq. (4.7), 
the RHS of which is quadratic in x(T) as \ — 0. 

Performing the saddle-point evaluation of the path integral (4.16), one 
obtains 


(2(0)2(r)) = E ee (4.17) 
Note that x(0) and z(r) in the integrand can be substituted using the 
saddle-point values after which the integral over Gaussian fluctuations 
cancels with the same integral in the denominator. In other words, we 
have reproduced the fact that each of the trivial minima (4.4) results in 
Eq. (4.6). 
Minima of the action (4.3) can also be obtained from the classical equa- 
tion of motion 
—ğ — pr +r? = 0. (4.18) 


The trivial minima (4.4) obviously satisfy this equation. 
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To 


H H 
re Eya 


Fig. 4.2. Graphical representation of the one-kink solution (4.19) as a function 
of T. 


However, another solution of the classical equation of motion (4.18) 
exists: 


H u(T- 70) 
Linst(T — To) no ja 

which is associated with another (local) minimum of the classical action. 
This solution is called an instanton or a pseudoparticle. The arbitrary 
constant To in Eq. (4.19) is the position of the center of the instanton. 

The solution (4.19) is also known as a kink in this quantum-mechanical 
problem. It interpolates between the two minima (4.4) when 7 changes 
from —oo to +00 as depicted in Fig. 4.2. Also shown in this figure is the 
double-well potential, V(x), from Fig. 4.1. 

An analogous solution which interpolates between p/V at T = —oo 
and —p/VX at tT = +00 is called an anti-instanton. It differs from 
Eq. (4.19) by an overall minus sign: 


(4.19) 


Lainst(T — To) = a tanh p(T = 70) 


Vr V2” 


and is obviously also a solution of the classical equation (4.18). 


(4.20) 


Problem 4.2 Find all solutions of Eq. (4.18) with the boundary conditions 
z(—oo) = —p/VAX and 2(+00) = u/ VÀ. 
Solution Equation (4.18) looks like Newton’s equation for a classical particle, 


with unit mass, in the upside-down potential —V (x) (its shape can be obtained 
from that depicted in Fig. 4.1 by reflecting with respect to the horizontal axis 
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V =0). The first integral of motion is the energy 


2\ 2 
ES a (« = E) (4.21) 


which is obviously conserved owing to Eq. (4.18). 
Equation (4.21) can easily be solved for the velocity 


t = vV2JE+V(x)], (4.22) 
where we have chosen the positive sign according to the boundary condition. It 


also says that € = 0 in order for the particle to stay at z = u/ VX for T > œ, 
since this point is associated with the maximum of —V (x). Therefore, we find 


oE a (4 = z) ; (4.23) 


which after integration results in Eq. (4.19) with 7 being the integration con- 
stant. It is evident that the solution is unique. 


For the instanton (or anti-instanton) minimum, one finds, substituting 


in Eq. (4.3), 
2/2 p> 
3A 


which differs only by sign from the exponent in Eq. (4.10) for the energy 
splitting AF. 


S [Tinst] (4.24) 


4.3 Instanton contribution to path integral 


The contribution of the instanton configuration looks as if it is suppressed 
in the path integral by a factor of exp (— 5S [£inst]), but, in fact, this ex- 
ponential is multiplied by 7 since the instanton has a zero mode. This 
factor of T appears after an integration over the collective coordinate To 
— the instanton center. The explicit result for the one-kink contribution 
to the correlator (4.16) may be written as [Pol77] 


2 3 
(2(Qa(r)) = © 1- Cry] OF exp (2) (425) 


where C is a (dimensional) constant. 


Problem 4.3 Derive Eq. (4.25) using the Faddeev-Popov method to deal with 
the collective coordinate To. 


Solution Let us approximate the path integrals in the numerator and denomi- 
nator of Eq. (4.16) for small A by the sum of the contributions from the trivial 
minima (4.4) and the one-kink minima (4.19) and (4.20). Since the one-kink 
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contribution is suppressed by exp (—S|[Zinst]), we can expand the denominator 
to give 


2 Dri) | x(O)x(7) — we —(S[z]—S[einst]) 
ee el a eae 


(4.26) 
where the path integral in the numerator is over fluctuations around the instan- 
ton solution (4.19). The normalizing factor in the denominator is associated with 
averaging over the Gaussian fluctuations around the trivial minima (4.4), the po- 
tential energy of which is described by the quadratic term in Eq. (4.7). There 
are two such trivial minima («+ and x—) and two one-kink minima (instanton 
and anti-instanton) so these factors of 2 cancel. 

Keeping the quadratic term in the expansion around the instanton: 


x(rT) = Linst (T ai To) F x(T ~ To) ’ (4.27) 
one obtains 
1 ; 
S[a] i; S[zinst] = 2 fa (x? ear PX + Sate x) È (4.28) 


The fluctuations around the instanton are Gaussian except for one mode, 
which is associated with a translation of the instanton center, 7. This zero 
mode is given by 


xo0(T) x Kinst(T) - (4.29) 


This is obvious because 


d2 
(= — p+ Mh) Zinsts = O (4.30) 


as a result of differentiating Eq. (4.18) with respect to To. 
To deal with the zero mode, let us insert 


1 = J arsule] =) (4.31) 


into the path integral in the numerator on the RHS of Eq. (4.26). Here u[2] is 
determined by the equation 


+00 

J arue- uae) = 0 (4.32) 
with 

y(t) = = (4.33) 


which is the normalized derivative of x(7). 
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Under the translation, 
T > T =T—-T, (4.34) 
one obtains 
x(t) — 2(7’) = £(T— To). (4.35) 


This leaves the measure and the action in the path integral (4.26) invariant, 
while 


ult] — ujz] +o. (4.36) 


Therefore, the integration over the instanton center, To, in the numerator of 
Eq. (4.26) factorizes and we find 


we 
[ree («0 y= £) e- (Slel-Sleine) 

+00 2 

= / dtp ein (—7) Linst (T = To) = E 

= [eo 6(ul@inst (T) + x(7)]) e72 Sar (2p? x? +3Am} x) (4.37) 


We have substituted the integration over the zero mode yo by integration over 
the collective coordinate 7. The remaining path integral is finite since the 
integration runs over directions which are orthogonal to the zero mode. 

The integral over To is equal to 


+oo 


2 2 2 
/ dro ine (—7) Zinst (T “= To) = E — ad (4.38) 
as À —> 0. This is because 
Hens 
Lint (T — Ti = — sign (T-n 4.39 
t(T — To) wee (T — To) (4.39) 
as \ > 0. 
Expanding the delta-function in x: 
+020 +00 
Su) = | f arima amet) a| f drao) a0) 
and noting that 
+00 
2V2 u? 
firian = E, (4.41 
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we obtain 
iar ulZinst (T T) T x(T mn) e 2 3 S ar (X?—H?x? +3AT FX") 
- oe foxos fa yinst(T)X(T) | e72 SH x tAn), 


(4.42) 


Note the appearance of the factor of \/S[Zinst]- 
We have thus obtained Eq. (4.25) with 


C 
(4.43) 
Problem 4.4 Calculate the ratio of determinants in Eq. (4.43). 
Solution Let us introduce the notation 
LT d 
Noting that 
5 1 
Nee ae ) = H 1- FERE , (4.45) 
we can rewrite the ratio of determinants as 
4r det’ [—D? + 4 — 6/ cosh? 
a cli a TS a (4.46) 


n det -D2 +4] 


The notation det’ means that the zero eigenvalue is excluded. An extra factor 
of 27 comes from the normalization of the Gaussian integral in the denominator 
which involves one further integral. 

The RHS of Eq. (4.46) can be calculated using the limiting procedure 


det! [-D? +4- 6/cosh?2] _ lim O° [—D? +w? — 6/ cosh? z] (aan 
det [—D? + 4] w2 (w? — 4) det [—D? + w?] 


To compute the ratio of the Fredholm determinants 


Rolu] = oad aie Manse (4.48) 


for the potential 


viz) = -—-, (4.49) 
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let us note that 
o 1 1 
—~nR,, = Tr|———__ — Tr | — 
Ow? aia) z rz 
+00 


fa [Rozo - + (4.50) 


wW 


II 


where the diagonal resolvent R,,(z,z;v) is defined by Eq. (1.123) with G = 1 
and V = v. The term 1/2w on the RHS, which equals the diagonal resolvent in 
the free case when v = 0 (see Eq. (1.38)), comes from the free determinant in 
the denominator on the RHS of Eq. (4.48). 

A crucial observation is that the diagonal resolvent for the potential (4.49) is 
given by the simple formula 


2 

1 v(z) v (z) (4.51) 

2w 4wļ(w?-— 1)  8w(w? — 1)(w? — 4) 

which can easily be verified by substituting into the Gel’fand—Dikii equa- 

tion (1.127) with G = 1. The reason for this is that the potential (4.49) is 

integrable and possesses two bound states (see, for example, §23 of [LL74]). 
Calculating the integral over z on the RHS of Eq. (4.50), using the formulas 


E E 4 
z z 

a cee Se, 4.52 

| cosh? z f cosh? z 3 ( ) 
we obtain 

re) 1 1 2 
— nNRu = e 4.53 
Ow? ERa Ww (=+) ( ) 


which is easily integrated over w to give 


det [-D? + w? — 6/ cosh? z] (w — 2)(w — 1) 
R E So... (4.54) 
det |- D? + w?] (w +2) (w +1) 
The integration constant has been determined by requiring that 
lim Rofo] = 1. (4.55) 
Substituting into Eq. (4.47), we obtain 
48 
C = 2B = 4\/—u (4.56) 
T 


which coincides with the constant in Eq. (4.10). 

For other methods of calculating the ratio of determinants in the one-instanton 
contribution, see the original papers [Lan67, Pol77], the reviews [Col77, VZN82] 
or Chapter 4 of the book [Pol87]. 
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— R — 
ra a ee 
—p/vr 
Fig. 4.3. The many-kink configuration £ M-kinkķ(T) which is combined from the 
solution (4.19). 


4.4 Symmetry restoration by instantons 


At T ~ 1/AE, many kinks become essential. A many-kink “solution” can 
be approximately constructed from several single kinks and antikinks, 
which are separated along the 7-axis by the some distance R > 1/p, 
since the interaction between kinks would be ~ exp (—uR). Such a con- 
figuration is depicted in Fig. 4.3 for the case when the number of kinks 
is equal to the number of antikinks. An analogous configuration with the 
number of kinks being one more greater than the number of antikinks 
connects the —p/WX and p/VX vacua. 

It is not an exact solution of Eq. (4.18) since the kink and the antikink 
attract and have a tendency to annihilate. However, it is an approximate 
solution as A —> 0. 

Analytically, the M-kink configuration can be represented as 


M 
tM-kink(T) = all sent — 7): (4.57) 


where 7; are the centers of the instantons (or anti-instantons), from which 
the M-kink configuration is built out, and 


TITL- STM. (4.58) 


Equation (4.57) assumes that the kinks do not interact and are infinitely 
thin as A — 0. The action of the configuration (4.57) is therefore given 
by 


2/23 
S|[£M-kink]) = z M (4.59) 


i.e. it equals M times the action for the one-kink case. 
Summing over many-kink configurations, one finds [Pol77] 


2 
(x(Q)a(r)) = Set, (4.60) 


where AF is given by Eq. (4.10). The x — —x symmetry is now re- 
stored as T — co. This restoration is produced by instantons = classical 
trajectories with a finite (Euclidean) action. 
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Fig. 4.4. Graphical representation of a periodic potential. 


Problem 4.5 Obtain the exponentiation of the one-kink contribution (4.25) 
after summing over the M-kink configurations (4.57) in the dilute gas approxi- 
mation when the interaction between kinks is disregarded. 


Solution The calculation of the contribution of the M-kink configuration (4.57) 
to the path integral is quite analogous to that for the one-kink case which is de- 
scribed in Problem 4.3. One finds 


TM— 
2 œ T T1 M-1 


(2(0)2(r)) = E DAB fan fan J dry, (4.61) 


À 
M= 0 0 0 


which reproduces Eq. (4.60) by noting that the ordered integral is equal to 
T Ti TM-1 7M 
fan fan i dtm = vik (4.62) 
0 0 0 


This calculation is very similar to that in statistical mechanics for the expo- 
nentiation of a single-particle contribution to the partition function in the case 
of an ideal gas. 


4.5 Topological charge and -vacua 


Let us consider a periodic potential whose period equals 1, which is de- 
picted in Fig. 4.4. It can be viewed as being defined on a circle St of unit 
length. The boundary conditions are 


x(1) x(0) in perturbation theory | , 
x(1) x(0) +n for n-instanton solution |. 


The multi-instanton solution always exists because of the topological 
formula* 


(4.63) 


mS") = Z, (4.64) 


where m( M) is the kth homotopy group with elements that are classes of 
continuous maps of the k-sphere S¥ onto M. Equation (4.64) describes 
the fact that an (integer) winding number n € Z is associated with the 
mapping S1 — St, which counts how many times the target is covered. 


* See, for example, the book [DNF86] (§17.5 of Part II). 


4.5 Topological charge and 0-vacua 77 


We see the difference between the M-kink configuration for the double- 
well potential and the multi-instanton solution for the periodic potential. 
The former was not an exact solution of the classical field equation (4.18). 
Only a single instanton or anti-instanton was a solution that connects 
the two vacua. This is why we need a periodic potential for the multi- 
instanton solution to exist owing to the topological argument. 

The value of n in the boundary condition (4.63) is called the topological 
charge of the instantons, while n < 0 is associated with anti-instantons. 
The vacuum states are labeled by n: |n). The n-instanton configuration 
connects the |m) and (m+ n| states. Therefore, instantons are associated 
in Minkowski space with the process of tunneling between topologically 
distinct vacua* rather than with real particles. For this reason, they are 
sometimes called pseudoparticles in Euclidean space. 

It is convenient to consider another representation of vacuum states 

OO 
ja) = X jn), (4.65) 


n=— CoO 


which are called the 6-vacua. The -vacua are orthogonal 


(0,0) = Y X e0 (m|n) = ôm (0-0), (4-66) 


m=— oo N=— CO 


where 69, is a periodic delta-function with period 27. Here we have used 
the orthogonality of the n-states: 


(m|n) = ôm. (4.67) 


The -vacuum partition function is given by 
Z(G) = f presen dra, (4.68) 


Here in the exponent 0 is multiplied by the topological charge 


1 
/ aa) = 20) 220) (4.69) 
0 


* The Minkowski-space interpretation of instantons is attributed to V.N. Gribov (un- 
published). It is based on the fact that when the particle is localized in one of the 
two wells its momentum is indefinite and can sometimes be very large so that the 
proper energy is above the barrier between the two wells. Such a particle jumps from 
the given well to the other one. The characteristic time of this process is small in the 
typical units given by u. In other words, this process is instantaneous, which explains 
the term “instanton” as introduced by ’t Hooft. The exponential suppression with 
A of the one-instanton contribution (4.25) represents quantitatively the fact that the 
probability of having large momentum is small. 
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which never appears in perturbation theory. Therefore, the partition 
function (4.68) can be alternatively represented as 


ZO) = 5 / Dee len, (4.70) 
” 2(1)=2(0)-+n 


The second term in the exponent in Eq. (4.68) is known as the 0-term. 
The parameter 0 plays the role of a new fundamental constant that does 
not show up in perturbation theory. The amplitude of physical processes 
generated by instantons may depend on @. 


Remark on description of instantons 


A description of instantons in the first-quantized language can only be 
given in quantum mechanics (where the first and second quantizations 
do not differ essentially). The path-integral representation (4.16) is more 
in the spirit of second quantization, which is discussed in Chapter 2, 
where x(rT) plays the role of a field that depends on the one-dimensional 
coordinate T. 


Remark on instantons in Yang-Mills theory 


In the Yang-Mills theory, instantons are conveniently described by a (Eu- 
clidean) path integral over fields. The saddle-point equation, which de- 
scribes instantons in the SU(2) Yang-Mills theory, is given by [BPS75] 


Fo (2) = F(z), (4.71) 


for which nontrivial solutions exist owing to the fact that the mapping 
of the asymptotic boundary S? of four-dimensional Euclidean space onto 
SU(2) is nontrivial: 

m3 (SU(2)) = Z. (4.72) 


Correspondingly, the topological charge is given by* 


2 3 
c= ii / dix 2 F° (2) F2, (2), (4.73) 
= 
which equals one-half of the nonconservation of the axial charge given by 
the Minkowski-space integral of the chiral anomaly (3.63). This expression 
is also known in topology as the Pontryagin index or the second Chern 
class. See, for example, the lectures/reviews [Col77, VZN82, SS98] and 
the book [Shi94] for an introduction to instantons in Yang—Mills theory. 


* Concerning the coefficient, see the footnote on p. 59. 
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Reference guide 


The operator formalism in quantum field theory is described in the canon- 
ical books [AB69, BS76, BD65] which were written in the 1950s or at the 
beginning of the 1960s. Modern textbooks on this subject include those 
by Brown [Bro92] and Weinberg [Wei98]. 

Feynman disentangling is contained in the original paper [Fey51], the 
appendices of which are especially relevant. A classic book on path inte- 
grals in quantum mechanics is that by Feynman and Hibbs [FH65]. The 
path-integral approach to the very closely related problem of Brownian 
motion is discussed in the books [Kac59, Sch81, Wie86, Roe94]. Many in- 
formation on path integrals can be found in the book by Kleinert [Kle95]. 

An introduction to path integrals in quantum mechanics and quantum 
field theory can be found in many books. I shall list some of those that I 
have on my bookshelf: [Ber86, Pop91, FS80, IZ80, Ram89, Sak85, Riv88]. 
The ordering is according to the appearance of the first edition. The book 
by Berezin [Ber86], which is mathematically more rigorous, contains an 
excellent description of operations with Grassmann variables. 

An introduction to path integrals in statistical mechanics can be found 
in the books [Kac59, Fey72, Pop91, Wie86, ID91, Roe94]. The well- 
written book by Parisi [Par88] describes a modern view of the relation be- 
tween statistical mechanics and quantum field theory. A very good, while 
slightly more advanced, book where contemporary problems of quantum 
field theory and statistical mechanics are discussed using the unified lan- 
guage of Euclidean path integrals is that by Polyakov [Pol87]. 

The derivation of quantum anomalies from the noninvariance of the 
measure in the path integral is contained in the original papers [Ver78, 
Fuj79, Fuj80] (see also the review [Mor86]). It can also be found in Chap- 
ter 22 of the book by Weinberg [Wei98]. 
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Instantons in the Yang-Mills theory were discovered by Belavin, 
Polyakov, Schwartz and Tyupkin [BPS75]. The role of instantons in quan- 
tum mechanics is clarified in the original paper by Polyakov [Pol77]. Their 
description is given in the books by Sakita [Sak85] and Polyakov [Pol87]. 
The review articles [Col77, VZN82, S598] are also useful for an introduc- 
tion to the subject. The original papers on instantons in quantum field 
theory are collected in the book edited by Shifman [Shi94]. 
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Part 2 
Lattice Gauge Theories 


“T never said it.” 
“Now you are telling us when you did say 
it. Im asking you to tell us when you 
didn’t say it.” 

J. HELLER, Catch-22 


Lattice gauge theories in their modern form were proposed in 1974 by 
Wilson [Wil74] in connection with the problem of quark confinement in 
quantum chromodynamics (QCD). 

Lattice gauge theories are a nonperturbative regularization of a gauge 
theory. The lattice formulation is a nontrivial definition of a gauge theory 
beyond perturbation theory. The problem of nonperturbative quantiza- 
tion of gauge fields is solved in a simple and elegant way on a lattice. 

The use of the lattice formulation clarifies an analogy between quantum 
field theory and statistical mechanics. It offers the possibility of apply- 
ing nonperturbative methods, such as the strong-coupling expansion or 
the numerical Monte Carlo method, to quantum chromodynamics and to 
other gauge theories, which provide evidence for quark confinement. 

However, the lattice in QCD is no more than an auxiliary tool in ob- 
taining results for the continuum limit. In order to pass to the continuum, 
the lattice spacing should be many times smaller than the characteristic 
scale of the strong interaction. 

We shall start this part with a description of the continuum formu- 
lation of non-Abelian gauge theories, and will return to this from time 
to time when discussing the lattice approach. The point is that some 
ideas, e.g. concerning the possibility of reformulating gauge theories in 
terms of gauge-invariant variables, which were originally introduced by 
Wilson [Wil74] on a lattice, are applicable for the continuum theory as 
well. 


5 


Observables in gauge theories 


Modern theories of fundamental interactions are gauge theories. The 
principle of local gauge invariance was introduced by H. Weyl for the 
electromagnetic interaction in analogy with general covariance in Ein- 
stein’s theory of gravitation. An extension to non-Abelian gauge groups 
was given by Yang and Mills [YM54]. 

A crucial role in gauge theories is played by the phase factor which is 
associated with parallel transport in an external gauge field. The phase 
factors are observable in quantum theory, in contrast with the classical 
theory. For the electromagnetic field, this is known as the Aharonov— 
Bohm effect. 

In this chapter we initially consider the matrix notation for the non- 
Abelian gauge fields and introduce proper non-Abelian phase factors. 
Then we discuss the relation between observables in classical and quantum 
theories. 


5.1 Gauge invariance 


The principle of local gauge invariance deals with the gauge transforma- 
tion (g.t.) of a matter field ~, which is given by 


va) SS we) = Aa) p(z). (5.1) 


Here Q(x) € G with G being a semisimple Lie group which is called the 
gauge group (G = SU(3) for QCD). Equation (5.1) demonstrates that y% 
belongs to the fundamental representation of G. 

We restrict ourselves to a unitary gauge group when 


He) = at(z), (5.2) 
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while an extension to other Lie groups is obvious. Then we have 


wa) ES yt) = pte) atta). (5.3) 


In analogy with QCD, the gauge group G = SU(N) is usually associ- 
ated with color, while the proper index of w is called the color index. 

The gauge transformation (5.1) of the matter field ~ can be compen- 
sated by a transformation of the non-Abelian gauge field A, which belongs 
to the adjoint representation of G: 


Ala) #5 A (E) = Ox) Aple) A (e) +i O(a) Ipe). (5.4) 


We have introduced in Eq. (5.4) the Hermitian matrix A„(x) with the 
elements 


[Ao = gX Apa) e. (5.5) 


Here [t°] are the generators of G (a = 1,..., N? — 1 for SU(N)) which 
are normalized such that* 


trte = 6%, (5.6) 


where tr is the trace over the matrix indices 7 and j, while g is the gauge 
coupling constant. 
Equation (5.5) can be inverted to give 


a 1 a 
A (£) = ga ee (5.7) 
Substituting 
Q(z) = eo), (5.8) 
we obtain for an infinitesimal a: 
5A,(c) © vV a(s). (5.9) 
Here 
Vai q = dO,a—i[A,,a] (5.10) 


is the covariant derivative in the adjoint representation of G, while 


Vin = dup —i Ayr (5.11) 


* Quite often another normalization of the generators with an extra factor of 1/2, 
tree = 46%”, is used for historical reasons, in particular, ° = o%/2 for the 
SU(2) group, where o® are the Pauli matrices. This results in the redefinition of the 


coupling constant, g? = 2g’. 
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is that in the fundamental representation. It is evident that 
VB) = IN wees (5.12) 


where B(x) is a matrix-valued function of x. 
The QCD action is given in the matrix notation as 


Spt] = fats fn (Op —iAy) + maby + 5 tr, 
(5.13) 
where 
Fa = BAO, =i [Ay Al (5.14) 


is the (Hermitian) matrix of the non-Abelian field strength. 
The action (5.13) is manifestly invariant under the local gauge trans- 
formation (5.1) and (5.4) since 


F(z) 2% Ox) F(x) te) (5.15) 
Fule) © -i[F,v(x),a(x)] (5.16) 


for the infinitesimal gauge transformation. 

For the Abelian group G = U(1), the above formulas recover those of 
the previous part for QED where we have already used the calligraphic 
notation in Problem 3.6 on p. 61. 


Problem 5.1 Rewrite classical equations of motion in the matrix notation. 


Solution The non-Abelian Maxwell equation and the Bianchi identity are given, 
respectively, as 


VÄ Fua = 0 (5.17) 

and 
VAT p, (5.18) 
where the dual field strength is defined by Eq. (3.49). Rewriting Eq. (5.14) as 
Fuoni ay] (5.19) 


and using Eq. (5.12), we represent the Bianchi identity as 
Enap [Vp [VE Val] = 0 (5.20) 


which is obviously satisfied owing to the Jacobi identity. 

We have thus proven the well-known fact that the Bianchi identity is satisfied 
explicitly in the second-order formalism, where F,,, is expressed via A, by virtue 
of Eq. (5.14). In contrast, A, and F,,, are considered to be independent variables 
in the first-order formalism, where both equations (5.17) and (5.18) are essential. 
The concept of the first- and second-order formalisms comes from the theory of 
gravity. 
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5.2 Phase factors (definition) 


In order to compare the phases of wave functions at distinct points, one 
needs a non-Abelian extension of the parallel transporter that was con- 
sidered in Sect. 1.7. The proper extension of the Abelian formula (1.158) 
is written as 


UP ye] = Pettus Ae), (5.21) 


Although the matrices A,,(z) do not commute, the path-ordered expo- 
nential on the RHS of Eq. (5.21) is defined unambiguously by the general 
method of Sect. 1.3. This is obvious after rewriting the phase factor in 
an equivalent form 


Pe Sry Ae) _ Pei Jo do 2#(0) Au (z(o), (5.22) 


Therefore, the path-ordered exponential in Eq. (5.21) can be under- 
stood as* 


T 


Uy] = [[[L+ idt” (t) Ay(z(t))]. (5.23) 


t=0 


We have already used this notation for the product on the RHS in Prob- 
lem 1.9 on p. 22. Using Eq. (1.157), Eq. (5.23) can also be written as 


ULye] = J (+ideA,(z)]. (5.24) 


z€l yx 


If the contour Pyg is discretized as is shown in Fig. 1.3, then the non- 
Abelian phase factor is approximated by 


M 
, i Zi + Be 
UP yal = am. IT h +1 (zi — Zir) An (=) ; (5.25) 
{q= 
which obviously reproduces (5.24) in the limit € — 0. 
Note that the non-Abelian phase factor (5.21) is, by construction, an 


element of the gauge group G itself, while A, belongs to the Lie algebra 
of G. 


* Sometimes the phase factor is defined using a similar formula but with the inverse 
order of multipliers. Our definition using Eq. (5.23) is exactly equivalent to Dyson’s 
definition of the P-product (see the footnote on p. 3) which can be seen by choosing 
the contour Ty, to coincide with the temporal axis. 


5.2 Phase factors (definition) 89 
Problem 5.2 Write down an explicit expansion of the non-Abelian phase factor 
(5.21) in A,,. 


Solution Let us use the notation 


y 
far = pase (5.26) 
Pye 


for the integral along the contour Fyz. Then we have 


Peds? dz" A, (z) 


pR y y y 
= Soin fap fag | deft Aula) Anal) A (2). 

k= 

me “E Simi (5.27) 


The ordered integral in this formula can be rewritten in a more symmetric 
form as 


fan fate... 1 dtp 2H? (ty) 5" (tp) --- 2" (tp) 
0 ti tk—1 


k— 


X Aur (2(tk)) +++ Ape (2(t2)) An (z (t1)) 
= dt, | dtg--- | dtk O(tk,tk-1,.--, t2, t1) 24 (t1) 2? (ta) «+» 24* (tk) 
ih hae 


X Au, (2(te)) +» Ape (2(t2)) Ans (2(41)) | (5.28) 
where 
O(th, te—1,te_2,+°+,t2,t1) = O(te — te_1) O(te_1 —te_2)--O(t2 -—t1) (5.29) 


orders the points along the contour. We shall also denote this theta in a 
parametrization-independent form as 


O(k, k— 1, k— 2, e.g 2, 1) = O(tk, tk-1,tk-2, tii , ta, tı) . (5.30) 
It satisfies the obvious identity 


6(k,k—1,k—2,...,2,1) + O(k—1,k, k—2,...,2,1) 
+ (other permutations of k,...,1) 


= i (5.31) 
For the Abelian case, when A,,,(z;) commute, Eq. (5.31) results in 
y y y Ta k 
pace fage fet Ay (a) Alne) = j | farae) 
£ zı Zk—1 £ 
(5.32) 


so that the Abelian exponential of the contour integral is reproduced. 
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Problem 5.3 Disentangle the non-Abelian phase factor using a path integral 
over Grassmann variables on a contour. 


Solution Let us define the average 


fow Dy(t)e7 f 3t PODE- POO) Fi, 0] 
(Fd = 39 (5.33) 


[ew Du(t) e~ Jo d PODE- POO) 


The path integral in this formula looks like those of Chapter 2 with y;(t) and 
w;(t) being Grassmann variables which depend on the one-dimensional variable 
t € [0,7] that parametrizes a contour, and į and j are the color indices. 

The simplest average, which describes propagation of the color indices along 
the contour, is 


( Wi(ta)b; (tr) i = Oi O(t2 a tı) 5 0 < ti, te < Ts (5.34) 


This can be easily checked, say, by deriving the Schwinger—Dyson equation 
O p 
ag LED), = iyd- t),  O< tte <7 (5.35) 
2 


as was done in Chapter 3. We now see that we need the Grassmann variables 
because the operator in the action in Eq. (5.33) is 0/0t. 

A special comment is needed concerning the term (0)(0) in the exponents 
in Eq. (5.33), the appearance of which in the disentangling procedure is clarified 
in [HJS77]. The need for this term can be seen from the discretized version of 
the exponent: 


T 


M 
y dt (t)b(t) + P00) > X` P(ne) [y(ne) — Y(ne — e)] + Y(0)y(0) . 


0 (5.36) 
For this discretization we immediately obtain 
P bi; forn>m, 
(wi(ne)bj(me)),, = ee cet (5.37) 


The term 7(0)q(0) is needed to provide nonvanishing integrals over (0) and 
w(0). It can also be seen from the discretized version that the path integral in 
the denominator on the RHS of Eq. (5.33) is equal to unity. 

The fermionic path-integral representation for the non-Abelian phase factor 
(see, for example, [GN80]) is given as 


[Pele daon] = ( eh dF OA COMO y, (r),(0) ) 
Y 


(5.38) 


tj 


There is no path-ordering sign on the RHS since the matrix indices of A, are 
contacted by w and w. 
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In order to prove Eq. (5.38), one expands the exponential in A, and calculates 
the average using Eq. (5.34) and the rules of Wick’s pairing, which yields 


k 


(He [OHA COO) zo) 


0 Y 
= fa [ow foa Ty tk, oe ., t2, t1,0) 21 (t1) 34? (to) + -ZFF (tk) 
0 
x 


Ans (2 (th) +» Apa (2(t2)) Am (tig > (5.39) 


where 0(7, tk, ...,t2,t1,0) is given by Eq. (5.29). It is crucial in the derivation of 
this formula that only connected terms contribute to the average (5.33). Equa- 
tion (5.39) reproduces Eq. (5.27) from the previous Problem, which completes 
the proof of Eq. (5.38). Moreover, we can say that the path integral (5.33) is 
nothing but a nice representation of the thetas (5.29). 


Problem 5.4 Invert (—V?+m7?) when V, is in the fundamental representation. 


Solution The calculation is quite analogous to that of the Problem 1.13 on 
p. 29. We first use the path-integral representation of the inverse operator: 


G(x, y; A) 
‘) 


J gep a J Day, (t) TER HO (y Pe Se T] a). 
0 


Eo =e (5.40) 


1 
( —Vinnvinn + m? 
1 
2 


II 


The integral over z(T) — the final point of the trajectory — of the matrix element 
on the RHS equals 


fao) y (y| Pe- JEO aztv s) = Peli dA), (5.41) 
Therefore, the result can be written as 
G(z,y;A) = Pafu de Aa 5.42 
y 


To 
where $ is defined by Eq. (1.156). 
Problem 5.5 Invert (~V? + m?) when V, is in the adjoint representation. 
Solution Let us introduce 
ye = 0,67 = gf AG, (5.43) 
and the Green function G(x, y; A) which obeys 
(—Vaeve? + m?5%) G (x,y A) = 645% (xy). (5.44) 
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Then we obtain 


G(r, A) = So tr UP yet? Ut Lye], (5.45) 
Tye 


where U [Tz] is given by Eq. (5.21). 


Since matrices are rearranged in inverse order under Hermitian conju- 
gation, one has* 


Cl |) = Ury]. (5.46) 
In particular, the phase factors obey the backtracking condition 
Ue Ul eal, = 1. (5.47) 


We have chosen A,, in the discretized phase factor (5.25) at the center 
on the ith interval in order to satisfy Eq. (5.47) at finite e. 


Problem 5.6 Establish the relation between non-Abelian phase factors and the 
group of paths. 


Solution The group of paths (or loops) is defined as follows. The elements of 
the group are the paths Iys. The product of two elements I, and Ty, is the 
path [y,, which is a composition of [zz and I'y,. In other words, one first passes 
along the path Izy and then the path [',,. The product is denoted as 


re = Tyr- (5.48) 


The multiplication of paths is obviously associative but noncommutative. The 
inverse element is defined as 


De Sl (5.49) 


i.e. the path with opposite orientation. 
It follows from definition (5.24) that 


The backtracking condition (5.47) is then given by 
Ul yelay] = 1. (5.51) 


In other words, the paths of opposite orientation cancel each other in the phase 
factors. 


* The notation Ty, means that the contour is oriented from x to y, while zy denotes 
the opposite orientation from y to x. In the path-ordered product (5.24), these two 
contours result in opposite orders of multiplication for the matrices. 
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5.3 Phase factors (properties) 
Under the gauge transformation (5.4) the non-Abelian phase factor (5.21) 
transforms as 
t 
UP] => Oy) UL ye] O(c). (5.52) 
This formula stems from the fact that 
[+ idz" A (D SS [1 +ideAl,(2)] 
= Q(z+dz) [1+ idz“ A (2) Q12) (5.53) 
under the gauge transformation, which can be proven by substituting 
Eq. (5.4), so that Qİ(z) and Q(z) cancel in the definition (5.24) at the 
intermediate point z. 
One of the consequences of Eq. (5.52) is that y(x), transported by the 
matrix U [Tys] to the point y, transforms under the gauge transformation 


as wy): 


t: 


UP ye] v(x) S pyy, (5.54) 


and, analogously, 


Dy) ULye] © “Pa. (5.55) 


Therefore, U [L yz] is, indeed, a parallel transporter. 
It follows from these formulas that ¢(y) U[Pyz] W(x) is gauge invariant: 


Dy) UL ye] v(x) £5 Py) UL ye] v2). (5.56) 


Another consequence of Eq. (5.52) is that the trace of the phase factor 
for a closed contour T is gauge invariant: 


tr Pés dA) EE ty Pih eA), (5.57) 


These properties of the non-Abelian phase factor are quite similar to 
those of the Abelian one which was considered in Sect. 1.7. 


Problem 5.7 Calculate OU[Py.]/Ox, and OU[Pyx]/Oyp- 


Solution It is convenient to start from Eq. (5.25). Then only (z1 — x) in the last 
element of the product should be differentiated with respect to x or (y — zm-1) 
in the first element of the product should be differentiated with respect to y. As 
€ — 0, we obtain 


D Pelt dz" A(z) — iPdl? dz" A, (z) A,,(x) 
(5.58) 
— Pes? dz" A(z) — iA,(y) Peds? dz“ Ay (z). 


yu 
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dz” 


Fig. 5.1. The rectangular loop 6C',,, which is added to the contour Ty, at the 
intermediate point z in the (u, v)-plane. 


These formulas are exactly the same as if one were to just differentiate the lower 
and upper limit in the path-ordered integral, bearing in mind the ordering of 
matrices. 

One can rewrite Eq. (5.58) via the covariant derivatives as 


vé (y) UL ye] = 0, 
— (5.59) 
Uye] VE (z) = 0. 


It is the property of the parallel transporter which is annihilated by the covariant 
derivative. 


Problem 5.8 Prove that the sufficient and necessary condition for the phase 
factor to be independent on a local variation of the path is the vanishing of F,,. 


Solution Let us add to Ty, at the point z € Ty, an infinitesimal loop dC, 
that lies in the (u, ”)-plane and encloses the area gu (z). Then the variation of 
the phase factor is 


6U Lys] = UP yz6Cz2T 22] -—UP ya] = iU [DP yz] F(z) UP ze] boyy (z). 


We can rewrite Eq. (5.60) as 
OUT ye] = iPUT ys] Fur(z) bop (z) (5.61) 
since the P-product will automatically put F,,,(z) at the point z on the contour 
eee 
A convenient way to prove Eq. (5.60) is to choose 6C,, to be a rectangle which 
is constructed from the vectors dz” and dz”, as depicted in Fig. 5.1. Using the 
representation (5.41), we see that the phase factor acquires the extra factor 
[1 + dz’V,] [1 + dz#V,] [L — dz’V_] [1 -—dz#V,] = 1—dz"dz” [Va Vv] 
(5.62) 
at the proper order in the path-ordered product. Then Eq. (5.19) results in 


Eq. (5.61). Alternatively, one can prove Eq. (5.61) using the discretized for- 
mula (5.25). 
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Problem 5.9 Derive a non-Abelian version of the Stokes theorem. 


Solution The ordered contour integral can be represented as the double-ordered 
surface integral [Are80, Bra80] 


Pe Foun dz" A,,(z) = P,P, eds dot” “Fv (2)” (5.63) 


where 7 and ø parametrize the surface S (spanned by C but arbitrary otherwise), 
the element of which is given by 


3z, OZ Oz, OZ 
do” = drdo | E- - 2L Z]. 5.64 
4 oer ( OT Oo ðo =) Di 
“Fyv(x)” in Eq. (5.63) means that F,,,(z(7,0)) is parallel-transported to the 


initial point z. 


Remark on an analogy with differential geometry 


The formulas of the type of Eq. (5.60) are well-known in differential ge- 
ometry where parallel transport around a small closed contour determines 
the curvature. Therefore, F „y in Yang-Mills theory is the proper curva- 
ture in an internal color space while A, is the connection. 


A historical remark 


An analog of the phase factors was first introduced by Weyl [Wey19] in his 
attempt to describe the gravitational and the electromagnetic interaction 
of an electron on an equal footing. What he did is associated in modern 
language with the scale rather than the gauge transformation, i.e. the 
vector-potential was not multiplied by i as in Eq. (1.158). This explains 
the term “gauge invariance” — gauging literally means fixing a scale. The 
factor of i was inserted by London [Lon27] after the creation of quan- 
tum mechanics and the recognition of the fact that the electromagnetic 
interaction corresponds to the freedom of choice of the phase of a wave 
function and not to a scale transformation. However, the terminology has 
remained. 


5.4 Aharonov—Bohm effect 


The simplest example of a gauge field is the electromagnetic field, for 
which transverse components describe photons. Otherwise, the longitu- 
dinal components of the vector-potential, which are changeable under the 
gauge transformation, are related to gauging the phase of a wave function, 
i.e. permit one to compare its values at different space-time points when 
an electron is placed in an external electromagnetic field. 
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electron 


interference 
plane 


solenoid 


beam 


screen 


Fig. 5.2. Principal scheme of the experiment that demonstrates the Aharonov— 
Bohm effect. Electrons do not pass inside the solenoid where the magnetic field is 
concentrated. Nevertheless, a phase difference arises between the electron beams 
passing through the two slits. The interference picture changes with the value 
of the electric current. 


As is well-known in quantum mechanics, the wave-function phase itself 
is unobservable. Only the phase differences are observable, for example 
via interference phenomena. For the electron in an electromagnetic field, 
the current (gauged) value of the phase of the wave function w at the point 
y is related, as is discussed in Sect. 1.7, to its value at some reference point 
x by the parallel transport which is given by Eq. (1.163). Therefore, the 
phase difference depends on the value of the phase factor for a given path 
Ty, along which the parallel transport is performed. 

It is essential that the phase factors are observable in quantum theory, 
in contrast to classical theory. This is seen in the Aharonov-Bohm effect. 
The corresponding experiment is depicted schematically in Fig. 5.2. 

It allows one to measure the phase difference between electrons passing 
through the two slits and, therefore, going across opposite sides of the 
solenoid. The fine point is that the magnetic field is nonvanishing only 
inside the solenoid where electrons do not penetrate. Hence the electrons 
pass throughout the region of space where the magnetic field strength 
vanishes! Nevertheless, the vector potential A, itself does not vanish 
which results in observable consequences. 

The probability amplitude for an electron to propagate from a source 
at the point x to the point y in the interference plane is given by the 
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Minkowski-space analog of Eq. (1.155): 


ri dzH#A ri — dzHA 
U(x, y) m >J ef Sri zH Au (2) E oe z ate) (5.65) 
Pie Pye 


where the contour ie 


passes through the upper slit, while the contour 
Tj, passes through the lower one. 
The intensity of the interference pattern is given by |W(zx,y)|? which 


contains, in particular, the term proportional to (the real part of) 


ae So, dz” A(z) ee dz” Ay (z) _ o fo dz" Ay (2) (5.66) 
where the closed contour T is composed from T}, and rzy. This is nothing 
but the phase factor associated with a parallel transport along the closed 
contour I. 

For the given process this phase factor does not depend on the shape 
of T te and [’,,. Applying the Stokes theorem, one obtains 


ele $r a2” Au = elie J dot” Fv = gilts. (5.67) 


where HS is the magnetic flux through the solenoid. Therefore, the in- 
terference picture changes when H changes.* 


Remark on quantum vs. classical observables 


A moral from the Aharonov-Bohm experiment is that the phase factors 
are observable in quantum theory while in classical theory only the electric 
and magnetic field strengths are observable. The vector potential plays, 
in classical theory, only an auxiliary role in determining the field strength. 

For the non-Abelian gauge group G = SU(N), a quark can alter its 
color under the parallel transport so the non-Abelian phase factor (5.21) 
is a unitary N x N matrix. A non-Abelian analog of the quantity, which 
is measurable in the Aharonov-Bohm experiment, is the trace of the ma- 
trix of the parallel transport along a closed path. It is gauge invariant 
according to Eq. (5.57). 

It looks promising to reformulate gauge theories entirely in terms of 
these observable quantities. How this can be achieved will be explained 
in Part 3. 


* A detailed computation of the interference picture for the Aharonov-Bohm experi- 
ment is contained, for example, in the review by Kobe [Kob79]. 
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Gauge fields on a lattice 


The modern formulation of non-Abelian lattice gauge theories is due to 
Wilson [Wil74]. Independently, gauge theories were discussed on a lattice 
by Wegner [Weg71] as a gauge-invariant extension of the Ising model and 
in an unpublished work by A. Polyakov in 1974 which deals mostly with 
Abelian theories. 

Placing gauge fields on a lattice provides, first, a nonperturbative reg- 
ularization of ultraviolet divergences. Secondly, the lattice formulation of 
QCD possesses some nonperturbative terms in addition to perturbation 
theory. A result of this is that one has a nontrivial definition of QCD 
beyond perturbation theory which guarantees confinement of quarks. 

The lattice formulation of gauge theories deals with phase-factor-like 
quantities, which are elements of the gauge group, and are natural vari- 
ables for quantum gauge theories. 

The gauge group on the lattice is therefore compact, offering the pos- 
sibility of nonperturbative quantization of gauge theories without fixing 
the gauge. The lattice quantization of gauge theories is performed in such 
a way as to preserve the compactness of the gauge group. 

The continuum limit of lattice gauge theories is reproduced when the 
lattice spacing is many times smaller than the characteristic scale. This 
is achieved when the non-Abelian coupling constant tends to zero as it 
follows from the renormalization-group equation. 

In this chapter we consider the Euclidean formulation of lattice gauge 
theories. First, we introduce the lattice terminology and discuss the action 
of lattice gauge theory at the classical level. Then, we quantize gauge 
fields on the lattice using the path-integral method, where the integration 
is over the invariant group measure. We explain Wilson’s criterion of 
confinement and demonstrate it using calculations in the strong-coupling 
limit. Finally, we discuss how to pass to the continuum limit of lattice 
gauge theories. 
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Fig. 6.1. Two-dimensional lattice with periodic boundary conditions. The sites 
labeled by the same numbers are identified. The lattice spacing equals a, while 
the spatial size of the lattice corresponds to Lı = 6 and Lə = 4. 


6.1 Sites, links, plaquettes and all that 


The first step in constructing a lattice gauge theory is to approximate the 
continuous space by a discrete set of points, i.e. a lattice. In the Euclidean 
formulation, the lattice is introduced along all four coordinates, while the 
time is left as continuous in the Hamiltonian approach.* We shall discuss 
only the Euclidean formulation of lattice gauge theories. 

The lattice is defined as a set of points of the d-dimensional Euclidean 
space with the coordinates 


Ly = yea, (6.1) 
where the components of the vector 
Nu = (i Nays Na) (6.2) 


are integer numbers. The points (6.1) are called the lattice sites. 

The dimensional constant a, which is equal to the distance between the 
neighboring sites, is called the lattice spacing. Dimensional quantities are 
usually measured in units of a, therefore setting a = 1. 

A two-dimensional lattice is depicted in Fig. 6.1. A four-dimensional 
lattice for which the distances between sites are the same in all directions 
(as for the lattice in Fig. 6.1) is called a hypercubic lattice. 

The next concept is the link of a lattice. A link is a line which connects 
two neighboring sites. A link is usually denoted by the letter l and is 


* A Hamiltonian formulation of lattice gauge theories was developed by Kogut and 
Susskind [KS75]. 
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l 
O——O 
r zr+aĝ 


Fig. 6.2. A link of a lattice. The link connects the sites x and x + aĥ. 


x+av z+ ajt+ av 


x L+ ape 


Fig. 6.3. A plaquette of a lattice. The plaquette boundary is made of four links. 


characterized by the coordinate x of its starting point and its direction 
w=l1,...,d: 


l = {x;u}. (6.3) 


The link / connects sites with coordinates x and z + aĥ, where Å is a unit 
vector along the y-direction, as shown in Fig. 6.2. The lengths of all links 
are equal to a for a hypercubic lattice. 

The elementary square enclosed by four links is called the plaquette. 
A plaquette p is specified by the coordinate x of a site and by the two 
directions u and v along which it is constructed: 


p = {z;u, v}. (6.4) 


A plaquette is depicted in Fig. 6.3. The set of four links which bound the 
plaquette p is denoted as Op. 

If the spatial size of the lattice is infinite, then the number of dynamical 
degrees of freedom is also infinite (but enumerable). In order to limit the 
number of degrees of freedom, one deals with a lattice which has a finite 
size Lı x Lə x --- x La in all directions (see Fig. 6.1). 

Usually, one imposes periodic boundary conditions to reduce finite-size 
effects that are due to the finite extent of the lattice. In other words, 
one identifies pairs of sites which lie on parallel bounding hyperplanes. 
Usually the sites with the coordinates (0, n2,..., na) and (L1, n2,..., Na) 
are identified and similarly along other axes. 
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(a) (b) 


Fig. 6.4. Description of continuum field configurations using (a) “coarse” and 
(b) “fine” lattices. Lattice (a) can represent the given continuum field configu- 
ration very roughly, while lattice (b) has a spacing which is small enough. 


Problem 6.1 Calculate the numbers of sites, links and plaquettes for a sym- 
metric hypercubic lattice with periodic boundary conditions. 


Solution Let us denote Ly = Lə = --- = La = L. Then 
d(d — 1) 
2 


N, = If, N, = aes, N, = Ee: (6.5) 
Problem 6.2 Label the lattice links by a natural number I € [1, Nj]. 
Solution One of the choices is as follows: 

l = u+ ndt nadL +---+ngdL*!, (6.6) 
where n, = £, /a and yp is the direction of the link {2; u}. 


6.2 Lattice formulation 


The next step is to describe how matter fields and gauge fields are defined 
on a lattice. 

A matter field, say a quark field, is attributed to the lattice sites. One 
can just think that a continuous field y(x) is approximated by its values 
at the lattice sites: 


plr) = pr- (6.7) 


It is clear that, in order for the lattice field Yy to be a good approximation 
of a continuous field configuration ọ (x), the lattice spacing should be 
much smaller than the characteristic size of a given configuration. This 
is explained in Fig. 6.4. 

The gauge field is attributed to the links of the lattice: 


A,(t) = U,(2). (6.8) 
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It looks natural since a link is characterized by a coordinate and a direc- 
tion (see Eq. (6.3)) — the same as A,,(x). Sometimes the notation Ug p 
is used as an alternative for U„(x) to emphasize that it is attributed to 
links. 

The link variable U,,(x) can be viewed as 


Ula) = Pele ** aA), (6.9) 
where the integral is along the link {x; u}. As a — 0, this yields 
U (z) > £e) (6.10) 


so that U,,(a) is expressed via the exponential of the uth component of 
the vector potential, say, at the center of the link to agree with Eq. (5.25). 

Since the path-ordered integral in Eq. (6.9) depends on the orientation, 
the concept of the orientation of a given link arises. The same link, which 
connects the points x and x + aĝ, can be written either as {x; u} or as 
{x + aĝ;—u}. The orientation is positive for u > 0 in the former case 
(i.e. the same as the direction of the coordinate axis) and is negative in 
the latter case. 

We have assigned the link variable U,,(x) to links with positive orien- 
tations. The U-matrices which are assigned to links with negative orien- 
tations are given by 


U_,(a+ajf) = U}(a). (6.11) 


This is a one-link analog of Eq. (5.46). 

It is clear from the relation (6.9) between the lattice and continuum 
gauge variables how one can construct lattice analogs of the continuum 
phase factors — one should construct the contours from the links of the 
lattice. 

An important role in the lattice formulation is played by the phase fac- 
tor for the simplest closed contour on the lattice: the (oriented) boundary 
of a plaquette, as is shown in Fig. 6.5. The plaquette variable is composed 
from the link variables (6.9) as 


U(dp) = Ul(x)U\(a + av) U,(a + aĝ) U, (2). (6.12) 


The link variable transforms under the gauge transformation, according 
to Eq. (5.52), as 


U(x) = Oe + af)U,(2) A(z), (6.13) 


where the matrix Q(x) is attributed to the lattice sites. This defines the 
lattice gauge transformation. 
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x+ av z+ aji+ av 


x L+ ap 


Fig. 6.5. A contour in the form of an oriented boundary of a plaquette. 


The plaquette variable transforms under the lattice gauge transforma- 
tion as 


U(dp) 5 Q(x) U(ap) (2). (6.14) 
Therefore, its trace over the color indices is gauge invariant: 


trU(Op) E5 trU(Op). (6.15) 


The invariance of the trace under the lattice gauge transformation is 
used in constructing an action of a lattice gauge theory. The simplest 
(Wilson) action is 


Sia [U] = D |i- Reup) , (6.16) 


The summation is over all the elementary plaquettes of the lattice (i.e. 
over all x, u, and v), regardless of their orientations. 

Since a reversal of the orientation of the plaquette boundary results, 
according to Eq. (5.46), in complex conjugation: 


trU(ðp) 25 trUt(ðp) = [trU(dp)]*, (6.17) 
one can rewrite the action (6.16) in the equivalent form 
1 1 
SialU] = 3 >, h -WË u(ap)| , (6.18) 
orient p 


where the sum is also over the two possible orientations of the boundary 
of a given plaquette. 

In the limit a — 0, the lattice action (6.16) becomes (in d = 4) the 
action of a continuum gauge theory. In order to show this, let us first 
note that 


U(Op) — exp lia’ F(x) + O(a°)], (6.19) 
where F, (x) is defined using Eq. (5.14). 
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In the Abelian theory, the expansion (6.19) is easily found from the 
Stokes theorem. The commutator of A (x) and A,(x), which arises in 
the non-Abelian case, complements the field strength to the non-Abelian 
one, as is ensured by the gauge invariance. Equation (6.19) was, in fact, 
already derived in Problem 5.8 on p. 94. 

The transition to the continuum limit is performed by virtue of 


4 ao 1 4 
fy ofa. (6.20) 
P LV 
Expanding the exponential on the RHS of Eq. (6.19) in a, we obtain 
Stat —> KeS tr F? (2), (6.21) 
Mv 


which coincides modulo a factor with the action of the continuum gauge 
theory. 


Problem 6.3 Derive the lattice version of the non-Abelian Maxwell equation 
(5.17). 


Solution Let us perform the change of the link variable 
Uy (x) > U, (2) [L—iex(x)], U$) [1 + iew(x)] Uf (2), (6.22) 


where €,,(x) is an infinitesimal traceless Hermitian matrix. 

A given link {x; u} enters 4(d— 1) plaquettes p = {x; u,v} in the action (6.18). 
One-half of them have a boundary with a positive orientation and the other half 
with a negative one. The variation of the action (6.18) under the shift (6.22) is 

5S[U] = oN [tr U(p)ey (ax) — tr €,,(«)U* (ðp)] . (6.23) 
vA+p 


Since e„(x) is arbitrary, we obtain 


XO [U(O{a; m, v} — UT (Of2;n,r})] = 0, (6.24) 


vA 
5 = = 0. (6.25) 
vA aa oe | v 


In the latter equation we have depicted only plaquettes with positive orien- 
tation, while those with negative orientation are recovered by the sum over v 


or, graphically, 
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for v < 0. Equation (6.24) (or (6.25)) is the lattice analog of the non-Abelian 
Maxwell equation. 

In order to show how this equation reproduces the continuum one (5.17) as 
a — 0, let us rewrite the second term on the LHS of Eq. (6.25) using (6.11): 


or, analytically, 


Y [Vte u,v} -Unle — ab) U (fz — ad; p,v}) U} - ad)] = 0. 
ites (6.27) 


It is now clear that the plaquette boundary in the second term on the LHS, 
which is the same as the first one but transported by one lattice spacing in the 
v-direction, is associated with F y(x — av). Using Eqs. (6.10) and (6.19), we 
recover the continuum Maxwell equation (5.17). 


Remark on the naive continuum limit 


The limit a — 0, when Eqs. (6.10) and (6.19) hold reproducing the con- 
tinuum action (6.21), is called the naive continuum limit. It is assumed in 
the naive continuum limit that A,,(a) is weakly fluctuating at neighboring 
lattice links. Fluctuations of the order of 1/a are not taken into account, 
since discontinuities of the vector potential in the continuum theory are 
usually associated with an infinite action. 

Another subtlety with the naive continuum limit is that the next or- 
der in a terms of the expansion of the lattice action (6.16), say the term 
x a? tr F’, are associated with nonrenormalizable interactions and the 
smallness of a? can be compensated, in principle, by quadratic diver- 
gences. 

The actual continuum limit of lattice gauge theories is, in fact, very 
similar to the naive one modulo some finite renormalizations of the gauge 
coupling constant. The large fluctuations of A,(x) of the order of 1/a 
become frozen when passing to the continuum limit. How one can pass 
to the continuum limit of lattice gauge theories is explained in Sect. 6.7. 


Remark on ambiguities of the lattice action 


The Wilson action (6.16) is the simplest one which reproduces the contin- 
uum action in the naive continuum limit. One can alternatively use the 
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characters of U (p) in other representations of SU(N), e.g. in the adjoint 
representation 


Maa) Ste —1, (6.28) 


to construct the lattice action. 
The adjoint-representation lattice action is given as 


Sal] = E |i- lU]. (6.29) 


P 


The naive continuum limit will be the same as for the Wilson action (6.16). 
Moreover, one can define the lattice action as a mixture of the funda- 
mental and adjoint representations [BC81, KM81]: 


Sen 2S. h — L Retru (dp) |g z5 > h — a tuan ; 
(6.30) 


The ratio 84/8 is a constant ~ 1 which does not affect the continuum 
limit. This action is called the mized action. 

The lattice action (6.29) for N = 2 is associated with the action of 
the SO(3) lattice gauge theory. Since algebras of the SU (2) and SO(3) 
groups coincide, these two gauge theories coincide in the continuum and 
differ on the lattice. 

One more possibility is to use the phase factor associated, say, with the 
boundary of two plaquettes having a common link, or the phase factors for 
more complicated closed contours of finite size on the lattice to construct 
the action. These actions will also reproduce, in the naive continuum 
limit, the action of the continuum gauge theory. 

The independence of the continuum limit of lattice gauge theories on 
the choice of lattice actions in called the universality. We shall say more 
about this in Sect. 7.4 when discussing the renormalization group on the 
lattice. 


6.3 The Haar measure 


The partition function of a pure* lattice gauge theory is defined by 


J | aUe) eP, (6.31) 
where the action is given by Eq. (6.16). 


* Here “pure” means without matter fields. 
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This is the analog of a partition function in statistical mechanics at an 
inverse temperature 8 given by* 
N 
BS mi (6.32) 
This formula results from comparing Eq. (6.21) with the gauge-field part 
of the continuum action (5.13).** 

A subtle question is what is the measure dU,(a) in Eq. (6.31). To 
preserve the gauge invariance at finite lattice spacing, the integration is 
over the Haar measure which is an invariant group measure. Invariance 
of the Haar measure under multiplication by an arbitrary group element 
from the left or from the right: 


dU = d(QU) = d(UN’), (6.33) 


guarantees the gauge invariance of the partition function (6.31). 

This invariance of the Haar measure is crucial for the Wilson formula- 
tion of lattice gauge theories. 

It is instructive to present an explicit expression for the Haar measure 
in the case of the SU(2) gauge group. An element of SU(2) can be 
parametrized using the unit four-vector a, (az, = 1) as 


U = al+iac, (6.34) 
where @ are the Pauli matrices. The Haar measure for SU (2) then reads 


4 
I = = [] dene? (a = 1), (6.35) 
p=1 


T 
since det U = a 
Problem 6.4 Rewrite the Haar measure on SU(2) via a unit three-vector 7 
(7 = 1) and an angle ọ (y € [0, 27]). 
Solution An element of SU(2) reads in this parametrization as 
U = evnt/2 — cos a + ine sin = ; (6.36) 
The geometric meaning of this parametrization is simple: the element (6.36) is 


associated with a rotation through the angle y around the fi-axis. The Haar 
measure for the SU (2) group is then 


id 
dy = LYE gin? L, (6.37) 
4n T 2 
This formula can be obtained from Eq. (6.35) by integrating over |a|. 


* The standard factor of 2 is missing because of the normalization (5.6). 
** One has instead 6 = N/g’a‘*~? on a d-dimensional lattice since the Yang-Mills 
coupling g is dimensional for d Æ 4. 
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Problem 6.5 For the U(N) group represent the Haar measure as a multiple 
integral over the matrix elements of U. 


Solution Elements of a unitary matrix U are complex numbers. The Haar 
measure can be represented as 


+20 
fw = J TJ aRe Uy amuy 6 (vut 1). (6.38) 


Ae es 


The integral in this formula goes over unrestricted Uj; as if U were a general 
complex matrix while the delta-function restricts U to be unitary. 


The partition function (6.31) characterizes vacuum effects in the quan- 
tum theory. Physical quantities are given by the averages of the same 
type as Eq. (2.6): 


(FUI) = 271(8) i [fevn(ze8 Pw], (6.39) 
Es 


where F[U] is a gauge-invariant functional of the link variable U,,(). 
The averages (6.39) become the corresponding expectation values in the 
continuum theory as a — 0 and £ is related to g? by Eq. (6.32). 


Remark on the lattice quantization 


On a lattice of finite size, the integral over the gauge group in Eq. (6.39) is 
finite since the integration is over a compact group manifold, in contrast 
to the continuum case, where the volume of the gauge group is infinite. 
Therefore, the expression (6.39) is a constructive method for calculating 
averages of gauge-invariant quantities, though the gauge is not fixed. 

The gauge can be fixed on the lattice in the standard way by the 
Faddeev-Popov method. This procedure involves extracting a (finite) 
common factor, which equals the volume of the gauge group, from the 
numerator and denominator on the RHS of Eq. (6.39). Therefore, the 
averages of gauge-invariant quantities coincide for a fixed and unfixed 
gauge, while the average of a functional which is not gauge invariant van- 
ishes when the gauge is not fixed. 

The fixing of gauge is convenient (though not necessary) for calcula- 
tions in a lattice perturbation theory. A Lorentz gauge cannot be fixed, 
however, outside perturbation theory because of Gribov copies [Gri78]. 
In contrast, the lattice path integral (6.39) with an unfixed gauge is a 
method of nonperturbative quantization. 

A price for the compactness of the group manifold on the lattice is the 
presence of fluctuations A,,(x) ~ 1/a which do not occur in the continuum 
(say, the values of the vector potential A, and A, + 27/ae are identified 
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for the Abelian U(1) group). However, these fluctuations become unim- 
portant when passing to the continuum limit. 


6.4 Wilson loops 


As has already been mentioned in Sect. 6.2, lattice phase factors are 
associated with contours which are drawn on the lattice. 

In order to write down an explicit representation of the phase factor on 
the lattice via the link variables, let us specify the (lattice) contour C by 
its initial point x and by the directions (some of which may be negative) 
of the links from which the contour is built: 


CS ii aioe Dig ts (6.40) 
Then the lattice phase factor U(C) is given by 
U(C) = hin (£ + apy +++ + aÂn-1) ig (& + aji1) Um (x). 
(6.41) 


For the links with a negative direction it is again convenient to use 
Eq. (6.11). 
A closed contour has f4j +--+ fin = 0. The trace of the phase factor 
for a closed contour, which is gauge invariant, is called the Wilson loop. 
The average of the Wilson loop is determined by the general for- 
mula (6.39) to be 


w(c) = (5100) 


Z-1(3) f IZO e- ASU] Luo). (6.42) 


This average is often called the Wilson loop average. 

A very important role in lattice gauge theories is played by the averages 
of the Wilson loops associated with rectangular contours. Such a contour 
lying in the (z,t)-plane is depicted in Fig. 6.6. 

The Wilson loop average is related for 7 >> R to the energy of the 
interaction of the static (i.e. infinitely heavy) quarks, which are separated 
by a distance R, by the formula 


WIRST) 72" g mRNT (6.43) 


Problem 6.6 Derive Eq. (6.43) by fixing the gauge A, = 0. 
Solution In the axial gauge A4 = 0, we have U4(x) = 1 so that only vertical 
segments of the rectangle in Fig. 6.6 contribute to U(R x T). Denoting 


Y; (t) = [Pel Je dz, Ai(21,...,¢) , (6.44) 


ij 
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(0,0) (0,7) 
Fig. 6.6. Rectangular loop of size R x T. 


we then have 
1 
W(RxT) = (Favo vD) i (6.45) 
Inserting in Eq. (6.45) a sum over a complete set of intermediate states 
Slyn = 1, (6.46) 
we obtain 
1 
W(RxT) = X 5 (Y0) | n)(n | WT) 
1 2 —E,T 

=e ql wis (0) | n)|"e (6.47) 
where En is the energy of the state |n}. As T — oo, only the ground state with 
the lowest energy survives in the sum over states and finally we find 


W(RXT) PT e-EoT (6.48) 


which results in Eq. (6.43). 
Note that nothing in this derivation relies on the lattice. Therefore, Eq. (6.43) 
holds for a rectangular loop in the continuum theory as well. 


Equation (6.43) can also be understood as follows. Let us consider the 
Abelian case when the interaction is described by Coulomb’s law. The 
contour integral can then be rewritten as the integral over the whole space 


; f A= / de J"(2) A, (2), (6.49) 
C 


where 


J”(x) = eg dz#6® (z-z) (6.50) 
j 
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is a four-vector current of a classical particle moving along the trajectory 
C which is described by the function z,,(¢). 
It is clear that 


-InW(C) = -h ( ei OY) (6.51) 


determines the change of action of the classical particle arising from the 
electromagnetic interaction in accordance with Eq. (6.43). How one may 
obtain Coulomb’s law in this language is shown later in Problem 12.3. 

A similar interpretation of Eq. (6.43) in the non-Abelian case is some- 
what more complicated. For a heavy particle moving along some tra- 
jectory in space-time, color degrees of freedom are quantum and easily 
respond to changes of the gauge field A (x), which interacts with them. 
Let us suppose that a quark and an antiquark are created at the same 
space-time point in some color state. Then this state must be a singlet 
with respect to color (or colorless) since the average over the gauge field 
would vanish otherwise. When the quarks separate, their color changes 
from one point to another simultaneously with the change of color of the 
gauge field, in order for the system of the quarks plus the gauge field to 
remain colorless. Therefore, the averaging over the gauge field leads to 
an averaging over fluctuations of quark color degrees of freedom. Eo(R) 
in Eq. (6.43) is associated with the interaction energy averaged over color 
in this way. 


Problem 6.7 Derive a non-Abelian analog of Eq. (6.50). 


Solution The proper non-Abelian extension of Eq. (6.50) is given by [Won70] 


T 


Fula) = g f ath E- (6.52) 
0 
where I(t), which describes the color state of a classical particle moving along 
the trajectory z(t) in an external Yang-Mills field A,,(z), is a solution of the 
equation 


I(t) + g fs" (t) Ab (2(t) I(t) = 0. (6.53) 


It is convenient to use Grassmann variables again to describe color degrees of 
freedom as in Problem 5.3 on p. 90. Then [BCL77, BSS77] 


In(x) = PHEA) (6.54) 
and w(t) is a solution of 


W(t) — i Z(t) A, (z(t) YO) = 0. (6.55) 
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Remark on mass renormalization 


By definition, Eo(R) in Eq. (6.43) includes a renormalization of the mass 
of a heavy quark owing to the interaction with the gauge field and which 
is thus independent of R. To the first order in g?, it is the same as in 
QED and is given by 

g N?-—1 


AE mass = Agra N 


as a > 0. The calculation is presented later in Problem 12.2. 
The potential energy of the interaction between the static quarks is 
therefore defined as the difference 


E(R) = Eo(R) — AE mass - (6.57) 


(6.56) 


If g? /4ra in AE ass did not become infinite as a — 0, the term resulting 
from the mass renormalization would not have to be subtracted, since it 
simply changes the reference level for the potential energy. 


6.5 Strong-coupling expansion 


We already mentioned in Sect. 6.3 that the path integral (6.39) can be 
calculated by the lattice perturbation theory in g?. As was pointed out 
by Wilson [Wil74], there exists an alternative way of evaluating the same 
quantity on a lattice by an expansion in 1/g? or in £ since they are related 
by Eq. (6.32). This expansion is called the strong-coupling expansion. It 
is an analog of the high-temperature expansion in statistical mechanics 
since @ is the analog of an inverse temperature. 

In order to perform the strong-coupling expansion, we expand the ex- 
ponential of the lattice action, say in Eq. (6.42), in 3. Then the problem 
is to calculate the integrals over the unitary group of the form 


bit kik i imytk kn 
pact r = fe U;i we U DiS facts ue (6.58) 
where the Haar measure (given for SU(2) by Eq. (6.35)) is normalized as 


f dU = 1. (6.59) 


It is clear from general arguments that the integral (6.58) is nonva- 
nishing only if n = m (mod N), i.e. only if n = m + kN, where k is 
integer. 

For the simplest case m = n = 1, the answer can easily be found by 
using the unitarity of U and the orthogonality relation: 


l 1 
i avujutt = Sajak. (6.60) 
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Problem 6.8 Prove Eq. (6.60) for the U(.N) group. 


Solution From the general arguments we obtain 
ith i i 
fav; Ut; = ASOF + Bos. (6.61) 


Contracting by 6!, using the unitarity of U, and Eq. (6.59), we have 
AN+B = 1. (6.62) 
One more relation between A and B arises from the fact that the character in 
the adjoint representation is given by Eq. (6.28). Contracting Eq. (6.61) by 67 
and 6}, and using the orthogonality of the characters which states 
fw (jt UP? = 1) aie (6.63) 
we find 
AN+ BN? = 1. (6.64) 
Therefore, A = 1/N and B = 0 which proves Eq. (6.60). 
The simplest Wilson loop average, which is nonvanishing in the strong- 
coupling expansion, is that for the loop which coincides with the boundary 


of a plaquette (see Fig. 6.5). It is called the plaquette average and is 
denoted by 


W(8p) = (FHU) (6.65) 


In order to calculate the plaquette average to order 8, it is sufficient 
to retain only the terms O(() in the expansion of the exponentials in 
Eq. (6.42): 


| [leun(2)[1 +8 L Retr u(ar’)| Lir U(ðp) 
R 8). 
JU dU,,(x) È +8 Se Re tr U(ðp')| 
ae p (6.66) 


The group integration can then be performed by remembering that 


[ooo = piwi 66n) 


at different links. 

Using this property of the group integral in Eq. (6.66), we immediately 
see that the denominator is equal to 1 (each link is encountered no more 
than once), while the only nonvanishing contribution in the numerator 
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Op! 
Op 


Fig. 6.7. Boundaries of the plaquettes p and p’ with opposite orientations Op 
and Op’, respectively. 


is from the plaquette p’, which coincides with p but has the opposite 
orientation as is depicted in Fig. 6.7. 

It is convenient to use the graphical notation* for Eq. (6.60) at each 
link of Op: 


D . 1 P 5 

ae ei a J 

=e eG) (503) 
where the semicircles are associated with the Kronecker symbols: 


ee (6.69) 


This notation is convenient since the lines which denote the Kronecker 
symbols in the latter equation can be associated with propagation of 
the color indices. Analogously a closed line represents the contracted 
Kronecker symbol, which is summed over the color indices, 


O HS NG (6.70) 


Using the graphical representation (6.68) for each of the four links de- 
picted in Fig. 6.7, we obtain 


Pee ) tr U(Op) tr U'(dp’) = — x an 


(6.71) 


where the contracted Kronecker symbols are associated with the four sites 
of the plaquette. 


* A calculation of more complicated group integrals (6.58) using the graphical notation 
is discussed in the lectures by Wilson [Wil75] and in Chapter 8 of the book by 
Creutz [Cre83]. An alternative method of calculating the group integrals using the 
character expansion is described in the review by Drouffe and Zuber [DZ83]. 
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Fig. 6.8. Filling of a loop with elementary plaquettes. 


The final answer for the plaquette average is 


= —_ j > 
W (Op) FE for SU(N) with N > 3, T 
W(dp) = j for SU (2). 


The result for SU (2) differs by a factor of 1/2 because tr U (3p) is real for 
SU (2) so that the orientation of the plaquettes can be ignored. 

The graphical representation (6.68) is useful for evaluating the lead- 
ing order of the strong-coupling expansion for more complicated loops. 
According to Eq. (6.67), a nonvanishing result emerges only when pla- 
quettes, arising from the expansion of the exponentials of Eq. (6.42) in 
B, completely cover a surface enclosed by the given loop Č as depicted in 
Fig. 6.8. In this case each link is encountered twice (or never), once in 
the positive direction and once in the negative direction, so that all the 
group integrals are nonvanishing. The leading order in 8 corresponds to 
filling a minimal surface, whose area takes on the smallest possible value. 
This yields 


W(C) = [W(8p)] 4O , (6.73) 


where W (0p) is given by Eq. (6.72) and Amin(C) is the area (in units of 
a”) of the minimal surface. 
For the rectangular loop, which is depicted in Fig. 6.6, the minimal 


surface is just a piece of the plane bounded by the rectangle. Therefore, 
we find 


W(RxT) = [W(dp)]?7 (6.74) 


to the leading order in 8. 

More complicated surfaces, which do not lie in the plane of the rect- 
angle, will give a contribution to W(C) of the order of 3?"°*. They are 
suppressed at small ( since their areas are larger than Amin- 
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(a) (b) 


Fig. 6.9. Lines of force between static quarks for (a) linear and (b) Coulomb 
interaction potentials. For the linear potential the lines of force are contracted 
into a tube, while they are distributed over the whole space for the Coulomb 
one. 


6.6 Area law and confinement 


The exponential dependence of the Wilson loop average on the area of 
the minimal surface (as in Eq. (6.73)) is called the area law. It is cus- 
tomarily assumed that if an area law holds for loops of large area in pure 
gluodynamics (i.e. in the pure SU(3) gauge theory) then quarks are con- 
fined. In other words, there are no physical |in) or (out| quark states. 
This is the essence of Wilson’s confinement criterion. The argument is 
that physical amplitudes (for example, the polarization operator) do not 
have quark singularities when the Wilson criterion is satisfied. I refer the 
reader to the well-written original paper by Wilson [Wil74], where this 
point is clarified. 

Another, somewhat oversimplified, justification for the Wilson criterion 
is based on the relationship (6.43) between the Wilson loop average and 
the potential energy of interaction between static quarks. When the area 
law 


wc) large C.-K Amin(C) (6.75) 


holds for large loops, the potential energy is a linear function of the 
distance between the quarks: 


E(R) = KR. (6.76) 


The coefficient K in these formulas is called the string tension because 
the gluon field between quarks contracts to a tube or string, whose energy 
is proportional to its length, as is depicted in Fig. 6.9a. The value of K 
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is the energy of the string per unit length. This string is stretched with 
the distance between quarks and prevents them from moving apart to 
macroscopic distances. 

Equation (6.74) gives 


K = =ln— = Zm (2N9°) (6.77) 


for the string tension to the leading order of the strong-coupling expan- 
sion. The next orders of the strong-coupling expansion result in correc- 
tions in 8 to this formula. 

Therefore, confinement holds in the lattice gauge theory to any order 
of the strong-coupling expansion. 


Remark on the perimeter law 


For the Coulomb potential 


2 y2 
g N*-1 
E = =_= — : 
the gauge field between quarks would be distributed over the whole space 
as is depicted in Fig. 6.9b. The Wilson loop average would have the 
behavior 


wc) large C econst-L(C) (6.79) 


where L(C) denotes the length (or perimeter) of the closed contour C. 

This behavior of the Wilson loops is called the perimeter law. To each 
order of perturbation theory, it is the perimeter law (6.79), rather than 
the area law (6.75), that holds for the Wilson loop averages. A perimeter 
law corresponds to a potential which cannot confine quarks. 


Remark on the Creutz ratio 


To distinguish between the area and perimeter law behavior of the Wilson 
loop averages, Creutz [Cre80] proposed to consider the ratio 


W(I x J)W((I—-1) x (J — 1)) 


ME = WE KS) 


(6.80) 


where W(I x J) is as before the average of a rectangular Wilson loop of 
size I x J. The exponentials of the perimeter, which is equal to 


L(Ix J) = 2+2, (6.81) 
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cancel out in the ratio (6.80). In particular, the mass renormalization 
(6.56) cancels out, which is essential for the continuum limit. 

The Creutz ratio (6.80) has the meaning of an interaction force be- 
tween quarks, which can be seen by stretching the rectangle along the 
“temporal” axis (as illustrated by Fig. 6.6). If the area law (6.75) holds 
for asymptotically large J and J, then 


large I,J 
= 


x(I, J) aK, (6.82) 
i.e. it does not depend on J or J and coincides with the string tension. 
This property of the Creutz ratio was used for numerical calculations of 
the string tension. 


6.7 Asymptotic scaling 


Equation (6.77) establishes the relationship between values of the lattice 
spacing a and the coupling g? as follows. Let us set K to be equal to its 
experimental value* 


K = (400 MeV)? = 1 GeV/fm. (6.83) 


Then the renormalizability prescribes that variations of a, which plays 
the role of a lattice cutoff, and of the bare charge g? should be made 
simultaneously in order that K does not change. 

Given Eq. (6.77), this procedure calls for a — œ as g? — oo. In other 
words, the lattice spacing is large in the strong-coupling limit, compared 
with 1 fm — the typical scale of the strong interaction. This is a situation 
of the type shown in Fig. 6.4a. Such a coarse lattice cannot describe the 
continuum limit correctly and, in particular, the rotational symmetry. 

In order to pass to the continuum, the lattice spacing a should be 
decreased to have a picture like that in Fig. 6.4b. Equation (6.77) shows 
that a decreases with decreasing g?. However, this formula ceases to be 
applicable in the intermediate region of g? ~ 1 and, therefore, a ~ 1 fm. 

The recipe for further decreasing a is the same as in the strong-coupling 
region, further decreasing g?. While no analytic formulas are available at 
intermediate values of g?, the expected relation between a and g? for small 
g? is predicted by the known two-loop Gell-Mann—Low function of QCD. 


* This value results from the string model of hadrons where the slope of the Regge 
trajectory a’ and the string tension K are related by K = 1/2ra’. This formula 
holds even for a classical string. The slope a’ = 1 GeV~? say from the p — A2 — g 
trajectory. A similar value of K is found from the description of mesons made out of 
heavy quarks using a nonrelativistic potential model. 
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lna? K 


strong coupling 


asymptotic scaling 


1/9? 


Fig. 6.10. The dependence of the string tension on 1/g?. The strong-coupling 
formula (6.77) holds for small 1/g?. The asymptotic-scaling formula (6.84) sets 
in for large 1/g?. Both formulas are not applicable in the intermediate region of 
1/g? ~ 1 which is depicted by the dashed line. 


For pure SU(3) gluodynamics, Eq. (6.77) is replaced at small g? by 


102 


1 ( 80? \ 1 
K = const a (=) e787?/119? (6.84) 


where we have used the two-loop Gell-Mann-Low function. 

The exponential dependence of K on 1/g? is called asymptotic scaling. 
Asymptotic scaling sets in for some value of 1/g? as depicted in Fig. 6.10. 
For such values of g?, where asymptotic scaling holds, the lattice gauge 
theory has a continuum limit. 

The knowledge of the two asymptotic behaviors says nothing about the 
behavior of a?K in the intermediate region of g? ~ 1. There can be either 
a smooth transition between these two regimes or a phase transition. 
Numerical methods were introduced to study this problem, some of which 
are described in the next chapter. 


Remark on dimensional transmutation 


The QCD action (5.13) does not contain a dimensional parameter of the 
order of hundreds MeV. The masses of the light quarks are of the order of 
a few MeV and can be disregarded. The only parameter of the action is 
the dimensionless bare coupling constant g?. At the classical level, there is 
no way to obtain a dimensional parameter of the order of hundreds MeV. 

In quantum theory, these is always a dimensional cutoff (such as a for 
the lattice regularization). The renormalizability says that a and g? are 
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not independent but are related by the Gell-Mann—Low equation (3.72). 
It can be integrated to give the integration constant 
1 dg? 
Agcp = qo |- os | : (6.85) 

Up to this point there has been no difference between QCD and QED. 
The difference stems from the fact that the Gell-Mann—Low function 
B(g’) is positive for QED and negative for QCD. In QED e?(a) increases 
with decreasing a, while in QCD g?(a) decreases with decreasing a. The 
latter behavior of the coupling constant is called asymptotic freedom. In 
both cases the Gell-Mann—Low function vanishes when the coupling con- 
stant tends to zero. Such values of coupling constants where the Gell- 
Mann-—Low function vanishes are called the fired point. Since the infrared 
behavior of e? in QED is interchangeable with the ultraviolet behavior of 
g? in QCD, the origin is an infrared-stable fixed point in QED and an 
ultraviolet-stable fixed point in QCD. In QED the fine-structure constant 
(= 1/137) is measurable in experiments, while in QCD the constant Agcp 
is measurable. 

This phenomenon of the appearance of a dimensional parameter in 
QCD, which remains finite in the limit of vanishing cutoff, is called di- 
mensional transmutation. All observable dimensional quantities, such as 
the string tension or hadron masses, are proportional to the corresponding 
powers of Aqcp. Therefore, their dimensionless ratios, such as the ratio 
of VK to the hadron masses, are universal numbers which do not depend 
on g?. The goal of a nonperturbative approach in QCD is to calculate 
these numbers but not the overall dimensional parameter. 


Remark on second-order phase transition 


In statistical physics it is usually said that the continuum limits of a lattice 
system are reached at the points of second-order phase transitions when 
the correlation length becomes infinite in lattice units. This statement 
is in perfect agreement with what has been said above concerning the 
continuum limit of lattice gauge theories. 

A correlation length is inversely proportional to Agcp given by 
Eq. (6.85). The only chance for the RHS of Eq. (6.85) to vanish is to 
have a zero of the Gell-Mann—Low function B(g?) at some fixed point 
g? = g2. Therefore, the bare coupling should approach the fixed-point 
value g? to describe the continuum. 

As we have discussed, 6(0) = 0 for a non-Abelian gauge theory so that 
g2 = 0 is a fixed-point value of the coupling constant. Therefore, the 
continuum limit is associated with g? — 0 as mentioned above. 


7 


Lattice methods 


Analytic calculations of observables in the non-Abelian lattice gauge the- 
ories are available only in the strong-coupling regime g? — oo, while one 
needs g? — 0 for the continuum limit. When g? is decreased, the lat- 
tice systems can undergo phase transitions as often happens in statistical 
mechanics. 

To look for phase transitions, the mean-field method was first applied 
to lattice gauge theories [Wil74, BDI74]. It turned out to be useful for 
studying the first-order phase transitions which very often happen in lat- 
tice gauge systems but do not affect the continuum limit. 

The second-order phase transitions are better described by the lat- 
tice renormalization group method. The approximate Migdal—Kadanoff 
recursion relations [Mig75, Kad76] were the first implementation of the 
renormalization group transformation on a lattice, which indicated the ab- 
sence of a second-order phase transition in the non-Abelian lattice gauge 
theories and, therefore, quark confinement. 

A very powerful method for practical nonperturbative calculations of 
observables in lattice gauge theories is the numerical Monte Carlo method. 
This method simulates statistical processes in a lattice gauge system and 
for this reason is often called a numerical simulation. The idea of ap- 
plying it to lattice gauge theories is due to Wilson [Wil77], while the 
practical implementation was done by Creutz, Jacobs and Rebbi [CJR79] 
for Abelian gauge groups and by Creutz [Cre79, Cre80] for the SU(2) and 
SU(3) groups. 

In this chapter we briefly describe the mean-field method, the lattice 
renormalization group method and the Monte Carlo method. A few re- 
sults from Monte Carlo simulations will also be discussed. 
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0 px B x 1/9? 


Fig. 7.1. Typical -dependence of the plaquette average for a first-order phase 
transition which occurs at 8 = x. 


7.1 Phase transitions 


As was pointed out in Sect. 6.7, analytic calculations of the string tension 
are available only in the strong-coupling regime g? — oo, while one needs 
g? — 0 for the continuum limit. A question arises as to what happens 
with lattice systems when g? is decreased. In particular, does an actual 
picture of the dependence of the string tension on g? look like that shown 
in Fig. 6.10? 

We know from statistical mechanics that lattice systems can undergo 
phase transitions with a change of parameters, say the temperature, which 
completely alters the macroscopic properties. The simplest example is 
that of the first-order phase transition which occurs in a teapot. 

First-order phase transitions very often happen in lattice gauge theories. 
They are usually seen as a discontinuity in the 8- (or 1/g?-) dependence 
of the plaquette average (6.65) as is depicted in Fig. 7.1. The form of 
W (Op) at small @ is given to the leading order of the strong-coupling 
expansion by Eq. (6.72), while that at large ( is prescribed by the lattice 
perturbation theory* to be 


W(dp) = 1-—4+0(8), (7.1) 


where dg is the dimensionality of the gauge group G (dg = N? — 1 for 
SU(N), dg = N? for U(N)) and d is the dimensionality of the lattice as 
before. 

This behavior of the plaquette average is quite analogous to the depen- 
dence of the internal energy per unit volume (called the specific energy) 
in statistical systems. In order to see the analogy between the specific en- 


* It is often called, for obvious reasons, the weak-coupling expansion. 
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ergy and (1 — W(dp)), let us remember that ( is analogous to the inverse 
temperature and rewrite Eq. (6.65) as 


Wop = tae ey, (7.2) 


where the partition function is given by Eq. (6.31) and the number of 
plaquettes N, is analogous to the volume of a statistical system. 
Problem 7.1 Derive Eq. (7.1) for the SU(N) gauge group. 


Solution The partition function (6.31) can be calculated at large 8 (weak 
coupling) using the saddle-point method. The saddle-point configurations are 
given by solutions of the classical equation (6.24). The appropriate solution 
reads as 


UP(@) = Zu, (7.3) 
where Z, is an element of the Z(N) group, the center of SU(N), 
Za = D etrul/N on = 1,...,N. (7.4) 


It is evident that this is a solution because elements of the center commute so 
that Z,, and Z_,, cancel each other in U,,,(x) = U(Op). 

In order to take into account fluctuations around the saddle-point solu- 
tion (7.3), let us expand 


Un(a) = UR (a)i he, (7.5) 


where the order of multiplication is not essential since Z,, commute with the 
generators t°. The expansion of tr U (3p) to the quadratic order in e° is given by 


Ht Un(a) = toon oh (7.6) 
where 
Erula) = ef(e) + epler +a) — erle + af) — ele). (7.7) 


Owing to the local gauge invariance, we can always choose, say, calx) = 0 so 
that there are only N;—N, independent es. 
Substituting into Eq. (6.31) and expanding the Haar measure, we obtain 


d N 


+o 
zð « JJ > Jf J agario, (7.8) 


v=1 n=l a,z,u<d oo 


The sum over n,, which arises from the degenerate saddle points, is just an 
irrelevant constant. 
We see from Eq. (7.8) that only 


(7.9) 
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are essential which justifies the expansion in e. Rescaling the integration variables 
in Eq. (7.8), we therefore find 


Z(Bj oe BO Neal? (7.10) 


Substituting into Eq. (7.2) and remembering that (N; — Ns)/Np = 2/d (see 
Eq. (6.5)), we obtain Eq. (7.1). 


Problem 7.2 Repeat the derivation of the previous Problem for the adjoint 
action (6.29). 


Solution The only difference with respect to the Wilson action (6.16) is that 
the saddle-point solution (7.3) is now modified as 


UP (z) = Z(z), (7.11) 


i.e. may take on different values at different links. It is evident that this is a 
minimum of the action (6.29). 
The only modification of Eq. (7.8) is 


ilies => HI 5 ; (7.12) 


which only changes an irrelevant overall constant. Therefore, Eq. (7.1) remains 
unchanged providing the plaquette average is also taken in the adjoint represen- 
tation. This supports the expectation that the continuum limits for both actions 
coincide. 


The first-order phase transitions of the type given in Fig. 7.1 are usu- 
ally harmless and are not associated with deconfinement. They are re- 
lated with dynamics of some lattice degrees of freedom (say, with large 
fluctuations of the link variable U„(x) which occur independently at adja- 
cent links) which do not affect the continuum limit and are called lattice 
artifacts. Moreover, these lattice degrees of freedom become frozen for 
B > Ba, which is necessary for the continuum limit to exist. 

Another possibility for a lattice system is to undergo a second-order 
phase transition in analogy with spin systems. In this case W(Qp) is 
continuous but the derivative OW (Op) /03 becomes infinite at the critical 
point 3 = bx as depicted in Fig. 7.2. Given Eq. (7.2), this derivative is 
to be considered as an analog of the specific heat of statistical systems. 
Its behavior at small and large 8 is governed by Eqs. (6.72) and (7.1), 
respectively. 

Differentiating Eq. (6.65) with respect to 3, the derivative OW (Op) /3 6 
can be expressed via the sum of the connected correlators: 


emo) = : > (5H U (ap) Lir u) . (7.13) 


orient p’ 


This formula also shows that OW(Op)/0G is positive definite, since the 
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OW (Op) a 


0 px Bx 1/9? 


Fig. 7.2. Typical G-dependence of OW (0p) /0 for a second-order phase transi- 
tion which occurs at 6 = (x. 


RHS can be rewritten using translational invariance as 


; `> ( 0U») TUO) 


orient p’ 


alge) K Beem) 2» 


orient p orient p 
(7.14) 


conn 


where the equality is possible only for a Gaussian averaging, i.e. for a free 
theory. This repeats the standard proof of the positivity of specific heat 
in statistical mechanics. 

Since each term of the sum in Eq. (7.13) is finite (remember that the 
trace of a unitary matrix takes on values between —N and N), the only 
possibility for the RHS to diverge is for the sum over plaquettes p’ to 
diverge. This is possible only when long-range (in the units of the lat- 
tice spacing) correlations are essential or, in other words, the correlation 
length is infinite. Thus, once again we have reproduced the argument 
that the continuum limit of lattice theories is reached at the points of 
second-order phase transitions. 

Such a second-order phase transition seems to occur in compact 
QED (i.e. the U(1) lattice gauge theory with fermions) at e? ~ 1. It is 
associated there with deconfinement of electrons. Electrons are confined 
for e? > e?, similarly to quarks in lattice QCD, and are liberated for 
e? < e2. The interaction potential looks like that of Fig. 6.9b for e? < e? 
and like that of Fig. 6.9a in the confinement region e? > e?.* In order 
to reach the continuum limit with deconfined electrons, the bare charge 


* The latter statement is not quite correct for reasons which are discussed in Sect. 9.5. 
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e? should be chosen to be slightly below the critical value. Then the 
renormalized physical charge can be made as small as the experimental 
value (a ~ 1/137) according to the renormalization group arguments 
which are presented in the Remarks in Sect. 6.7. 

The nature of the phase transition in a four-dimensional compact U(1) 
lattice gauge theory without fermions was investigated using numerical 
methods. While the very first paper [LN80] indicated that the phase 
transition is of second order, some more advanced later investigations 
noted [EJN85] that it may be weakly first order. Anyway, we need 
fermions which usually weaken a phase transition that happens in a pure 
lattice gauge theory. 

There are no indications that a second-order phase transition occurs in 
non-Abelian pure lattice gauge theories at intermediate values of 3. This 
supports very strongly the behavior of the string tension being of the type 
depicted in Fig. 6.10. The second-order phase transition occurs in four 
dimensions at 3 = œo (or g? = 0) according to the general arguments of 
Sect. 6.7, which is necessary for the continuum limit to exist. 


Remark on confinement in 4+ € dimensions 


In 4+€ dimensions (€ > 0), a second-order deconfining phase transition al- 
ways occurs in non-Abelian pure lattice gauge theories at some finite value 
of 3 < œœ (or g? > 0). The case of e < 1 can be considered to be analogous 
to the e-expansion in statistical mechanics [WK74]. An ultraviolet-stable 
fixed point exists at g? ~ e since the theory is asymptotically free in d = 4. 
This phase transition is associated with deconfinement quite analogously 
to compact QED in d = 4. The deconfining phase is realized when the 
bare coupling g < gx, while the confining phase is realized when g > gx. 


7.2 Mean-field method 


The idea of applying the mean-field method, which is widely used in sta- 
tistical systems, to study phase transitions in the lattice gauge theories 
was proposed by Wilson [Wil74] and first implemented for Abelian theo- 
ries by Balian, Drouffe and Itzykson [BDI74]. A mean field usually works 
well when there are many neighboring degrees of freedom, interacting 
with a given one. 

In the simplest version of the mean-field method, the link variable U,, (x) 
is replaced by the mean-field value m - I everywhere but at a given link 
(see Fig. 7.3) at which the self-consistency condition 


(Tat), = mõ” (7.15) 


is imposed. 
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Fig. 7.3. Graphical representation of the self-consistency condition (7.17). The 
link variables are replaced by m -I at all links except for a given one denoted by 
the bold line. 


The average on the LHS of Eq. (7.15) is calculated with the action which 
is obtained from (6.16) by the substitution of m-I for all the link variables 
(or their Hermitian conjugates) except at the given link. Since the given 
link enters 2(d — 1) plaquettes, the average on the LHS of Eq. (7.15) is to 
be calculated with the action 


SoU] = 2(d—1)m?RetrU,(x) + const. (7.16) 


Therefore, the self-consistency condition (7.15) can be written using 
the substitution of the mean-field ansatz into the lattice partition func- 
tion (6.31) as 


favedvreee au 
[arenes 
with 
TES 2d- m. (7.18) 


The meaning of Eq. (7.17) is very simple: the average of the normalized 
trace of the link variable at the given link should coincide with m, which 
is substituted for all other links of the lattice. 

In order to verify whether the self-consistency condition (7.17) admits 
nontrivial solutions, one should first calculate the group integral on the 
LHS and then solve the self-consistency equation for m versus 8. Typical 
behavior of the solution is depicted in Fig. 7.4. For all values of 8, there 
exists a trivial solution m = 0 that is associated with no mean field. At 
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0 Bx p x 1/9? 


Fig. 7.4. Typical behavior of the mean-field solutions of the self-consistency 
equation (7.17). The only solution with m = 0 exists for 6 < B. Two more 
solutions appear for @ > x. The solution depicted by the dashed line is unstable. 
The actual value of m versus ĝ is depicted by the bold lines. A first-order phase 
transition is associated with 8 = (By. 


some value 3,, two more solutions of the self-consistency equation appear. 
The upper one is associated with positive specific heat, while the lower 
one corresponds to negative specific heat. This can be seen by noting that 


W(dp) = m+ (7.19) 


in the mean-field approximation which follows from the substitution of 
the link variables in the definition (6.65) by the mean-field values. This 
nontrivial solution is preferred for 3 > (@,, since the partition function for 
it is larger (or the free energy is smaller) than for the m = 0 solution. 
The value of G, is often associated with the point of a first-order phase 
transition. 

The mean-field method in such a simple form was first applied to non- 
Abelian lattice gauge theories in [GL81, CGL81]. For the cases when a 
first-order phase transition occurs (say, for the SU(N) groups with N > 3 
or for the SO(3) group), agreement with numerically calculated positions 
of the phase transitions is remarkable. 


Problem 7.3 Calculate 8, for the SU (co) lattice gauge theory, when the group 
integral on the LHS of Eq. (7.17) equals 6/2 for @ < 1 (a strong-coupling phase) 
and 1 — 1/26 for 8 > 1 (a weak-coupling phase). 

Solution For the strong-coupling phase, the self-consistency equation 


(d—1)m°— =m (7.20) 


has the only solution m = 0. The other solutions are unacceptable owing to the 
stability criterion. 
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The nontrivial solutions of the self-consistency equation appear in the weak- 
coupling phase when dm/d( = œ or d@/dm = 0. Differentiating, we obtain 
then ind=4 


OG-1N2 


= 12 2 _ Am? 21 
a, (3m m ) F (7.21) 
which yields 
3 Be 43 
m, = Ñ, e aN: (7.22) 


It is still left to verify that the proper B is indeed associated with the weak- 
coupling phase. From Eq. (7.18), we find (, = 2 and this is the case. 

How one can calculate the one-matrix integral on the LHS of Eq. (7.17) at 
large N is explained in Sect. 12.9. 


7.3 Mean-field method (variational) 


There are some puzzles with the simplest mean-field ansatz described 
above. First of all, the average value of the link variable U,,(x) in a lattice 
gauge theory must vanish owing to the gauge invariance (remember that 
U,,(x) changes under the gauge transformation according to Eq. (6.13), 
while the action and the measure are gauge invariant). This is in ac- 
cordance with Elitzur’s theorem [Eli75], which says that a local gauge 
symmetry cannot be broken spontaneously, so that any order parameter 
for phase transitions in lattice gauge theories must be gauge invariant. 
A way out of this is to reformulate the mean-field method in lattice 
gauge theories as a variational method |[BDI74] which is similar to that 
proposed by R. Peierls in the 1930s. It is based on Jensen’s inequality* 


(eP) > eP (7.23) 
which arises from the convexity of the exponential function, where (---)o 


denotes averaging with respect to a trial action. 
Let us choose the trial partition function 


Zo = II dU,,(x) EPN Lay Retr Up (a) (7.24) 
m 


as a product of one-link integrals. Adding and subtracting the trial action, 
we write down the following bound on the partition function (6.31): 


Z > Zoexp (4 `> Retr U (8p) — BN Y Retr Ua) ; (7.25) 
p zu 2 


* More detail can be found, for example, in the books [Fey72, Sak85]. 
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where (---)g denotes averaging with respect to the same action as in 
Eq. (7.24). 

Since the expression that is averaged in the exponent in Eq. (7.25) is 
linear in each of the link variables, it can be calculated via the one-matrix 
integral given by the LHS of Eq. (7.17). Therefore, we find 


(4 X RetrU(dp) — BN X. Retr ZO = BNpm* — BN? Nm, 
p zu 

(7.26) 
where Eq. (7.19) has been used. 

The idea of the variational mean-field method is to fix 3 from the 
condition for the trial ansatz (7.24) to give the best approximation to Z 
in the given class. Calculating the derivative of the RHS of Eq. (7.25) 
with respect to @ and taking into account the fact that m depends on 3 
according to Eq. (7.17), we find the maximum at 3 given by Eq. (7.18), 
which reproduces the simplest version of the mean-field method described 
above. 

To restore Elitzur’s theorem, a more sophisticated trial ansatz [Dro81] 
can be considered: 


Zo = MIZO RODDE Retr B) (æ), (2) (7.27) 
zy 


where we choose B,(x) to be an arbitrary complex N x N matrix. Now 
the best approximation is reached for 


B (2) = BAUE) ON (a + aĝ), (7.28) 


where ĝ is given by exactly the same equation as before, while Q(x) € 
SU(N) but is arbitrary otherwise. Now (U;/(x))o vanishes after summing 
over equivalent maxima which results in integrations over dQ(x). 


Problem 7.4 Perform the variational mean-field calculation with the ansatz 
(7.27). 


Solution Let us denote 


JU dU, (x) eN Ne, Retr Bi (2)U, (2) ui (x) 


j JU du, (x) eN Lan Re tr Bi («)U, (a) 
x,u 


Then the analog of Eq. (7.26) is 
p 
(5 2 Retr U(ðp) — N X` Retr B} (x)U, (2) 


zu 0 
_ ay Retr M(ôp) — N Ý Retr Bi(x)M,(x) (7:30) 
Pp Lp 


7.4 Lattice renormalization group 133 


so that the inequality (7.25) takes the form 


b 
Z > Zoexp $ XC Retr M(dp) — N X` Retr B} (x)M,(£)|. (7.31) 
p XL, 
B,,(z) can now be determined by maximizing with respect to B,,(z) and taking 
into account Eq. (7.29). 


It is easy to see that if B,,(x) = 3-1is a solution as before, then (7.28) is also 
a solution. Therefore, we find 


(UF (t))y = m f a(x + af) Qa) Aa + afi) A(z) = 0, (7.32) 


where the integration over Q takes into account different equivalent maxima. 
Thus, all gauge-invariant quantities for the ansatz (7.27) are the same as for the 
ansatz (7.24), while gauge-noninvariant quantities now vanish in agreement with 
Elitzur’s theorem. 


Remark on the criterion for phase transition 


Another puzzle with the simplest mean-field method is why the point 
of the first-order phase transition is chosen as explained in Fig. 7.4 but 
not when the free energy of both phases coincide (the standard Maxwell 
rule in statistical physics). Perhaps, the criterion of Fig. 7.4 should be 
chosen if a barrier between two phases is impenetrable, which happens 
at large N or if quantum fluctuations are not taken into account such 
as for the simplest mean field. The mean-field calculations of [FLZ82], 
which take into account fluctuations around the mean-field solution (7.28), 
agree for the Maxwell-rule criterion with numerical data. These results 
are reviewed in [DZ83]. 


7.4 Lattice renormalization group 


While the mean-field method is useful for studying the first-order phase 
transitions, the second-order phase transitions in lattice statistical sys- 
tems are better described by the renormalization group method (see, for 
example, the review by Wilson and Kogut [WK74]). The idea of applying 
a similar method to lattice gauge theories is due to Migdal [Mig75]. 

A simple renormalization group transformation in lattice gauge theories 
is associated with doubling of the lattice spacing a. Originally one has a 
lattice as depicted in Fig. 7.5a. The lattice renormalization group (r.g.) 
transformation consists in integrating over the link variables U,,(x) on the 
links shown by the thin lines which results in a lattice with spacing 2a, 


a = 2a, (7.33) 
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(a) (b) 


Fig. 7.5. Lattice renormalization group transformation (7.33). The thin lines 
of the old lattice (a) represent links on which integration is performed. The new 
lattice (b) has a lattice spacing of 2a but the same spatial extent La. 


which is depicted in Fig. 7.5b. The space size of the lattice is L before 
the transformation and becomes L/2 after the transformation, 


L = = (7.34) 


so that the lattice extent is L-a in both cases, which is expected to reduce 
the influence of finite-size effects on the transformation. 

The Wilson action on the lattice of Fig. 7.5a becomes a more general 
one under the renormalization group transformation: 


om tr U(8p) 
= S'JU = Lage (Op) )+ Do Boag Vp) 
2 BE Up). (7.35) 


The new action S'[U] is not necessarily a single-plaquette action and can 
involve traces of the Wilson loops for boundaries of double plaquettes, 
triple plaquettes and so on. 

The new action would be the same as the old one only at a fixed point. 
This usually happens after the renormalization group transformation is 
applied several times when the lattice theory does have a fixed point. The 
resulting action is then associated with an action of the continuum theory. 

The great success of non-Abelian lattice gauge theories with the Wilson 
action in describing the continuum limit even at a relatively small spatial 
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extent or, which is the same, at relatively large g? and a, is because it 
is not far away from the fixed-point action of the renormalization group. 
The proper numerical results will be presented in a moment (Fig. 7.6). 

If both actions S{U] and S’[U] are the single-plaquette Wilson actions, 
then 


6 = p'=B-AB (7.36) 


under the renormalization group transformation on the lattice. 
Since the Gell-Mann—Low function B(g?) in the continuum is known, 
AB versus (3 is determined by the equation 


B 
da In2 
| seem 7 a 
B-AB 


Here In2 on the RHS arises from Eq. (7.33) and the relation (6.32) be- 
tween 3 and g? is used with N = 3. 
For the pure SU(3) gauge theory, we obtain from Eq. (7.37) 
0.204 


AB = 0.579 + ee + O(8-?) (7.38) 


at asymptotically large (. 

One can integrate over the thin links in Fig. 7.5a either approximately 
or numerically. The following procedure for an approximate integration 
is known as the Migdal—Kadanoff recursion relations. 

Let us expand the exponential of the old action in the characters 


GPU) ce Se ae (0) (7.39) 


where 
dr, = Xr (I) (7.40) 


is the dimension of a given representation r and f, are the coefficients 
which depend on the form of S[U]. 

Migdal [Mig75] proposed to approximate the new action, which appears 
after 


a = pa, (7.41) 


by the formula 


l (7.42) 


136 7 Lattice methods 


AB 


6 6.5 7 7.5 


Fig. 7.6. Monte Carlo data from Akemi et al. [Ake93] for AG. The error bars 
represent statistical errors. The solid line represents the asymptote (7.38). 


which is exact in d = 2 dimensions. Kadanoff [Kad76] modified slightly 
the recursion relation (7.42). 

The study of the Migdal—Kadanoff recursion relations was historically 
the first argument that second-order phase transitions do not occur in the 
non-Abelian lattice gauge theory when g? is decreased. Moreover, these 
relations in d = 4 are the same as for spin systems (with the same sym- 
metry group) in d = 2 where this phenomenon is known. A disadvantage 
of the method is that it is difficult to estimate its accuracy. 

A final answer to the question of whether or not a second-order phase 
transition occurs in the non-Abelian lattice gauge theory was given by the 
numerical integration. This is known as the Wilson Monte Carlo renor- 
malization group. Some typical results [Ake93] for AG, which is defined 
by Eq. (7.36), versus 3 are depicted in Fig. 7.6. The solid line represents 
the asymptote (7.38). The agreement confirms that the continuum limit 
is reached already at these values of 3, while the deviation of the Monte 
Carlo data from the asymptotic behavior for smaller values of 8 is owing 
to lattice nonperturbative effects. 


7.5 Monte Carlo method 


The idea of the Monte Carlo method is to calculate the partition func- 
tion (6.31) and the averages (6.39) for arbitrary values of 8 numeri- 
cally, using the fact that the multiplicity of the integral is large. For 
an L x L x L x L lattice in 4 dimensions, a typical multiplicity of the 
integral is as large as 4: (N? —1)-L* (~ 10° for L = 24). It is hopeless to 
calculate such an integral exactly. In contrast, the larger the multiplicity 
the better the Monte Carlo method works. 
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As usual, the Monte Carlo method is applied not to sequential integrals 
over U,,(x) at each link but rather to the multiple integral as a whole, 
which can be viewed as the sum over states of a statistical system. 

A state is identified with a gauge field configuration which is described 
by the values of the link variables at all the links of the lattice: 


O SU a SEE E E (7.43) 


There are as many positions in this row as the multiplicity of the integral. 
Then the sequential integral can be represented as 


MICZORS = yy (7.44) 
Esp 


C 


The averages (6.39) can be rewritten as 


e PSC) FRC 
(F(C)) = dug TO (7.45) 


Soe sO 
C 


where S(C) and F(C) are the values of S and F for the given configuration 
C. 

The task of Monte Carlo calculations is not to sum over all possible 
configurations, the number of which is infinite, but rather to construct an 
ensemble, say, of n configurations 


B=. {Oian 0a (7.46) 


such that a given configuration Ck is encountered with the Boltzmann 
probability 


Ppo(Cy) = 2 (0) e PSO). (7.47) 


Such a sample of configurations is called the equilibrium ensemble. 
Given an equilibrium ensemble, the averages (7.45) take the form of 
the arithmetic mean 


(FU) = EFC) (7.48) 
k=1 


because each configuration “weights” already as much as is required. In 
particular, the Wilson loop average for a rectangular contour is given by 


Doni 
W(RxT) = -2 w YURT Ce). (7.49) 
k=1 
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If all configurations in the equilibrium ensemble are independent, then the 
RHS of Eq. (7.49) will approximate the exact value of W(R x T) with an 
accuracy of ~ y/n. 

The analogy between this method of calculating averages and statistical 
physics is obvious. The equilibrium ensemble simulates actual states of a 
statistical system, while the index k describes the time evolution. 

A crucial point in the Monte Carlo method is to construct the equi- 
librium ensemble. It is not simple to do that because the Boltzmann 
probability is not known at the outset. A way around this problem is 
to establish a random process for which each new configuration in the 
sequence (7.46) is obtained from the previous one by a definite algorithm 
but stochastically. In other words, the random process is completely de- 
termined by the probability P(C,_,; — Cx) for a transition from a state 
Cy_1 to a state Cy and does not depend on the history of the system, i.e. 


P(Ck-1 > Ck) = P(Ck-1,Cp). (7.50) 


Such a random process is known as the Markov process. 

The transition probability P(C, C”) should be chosen in such a way as 
to provide the Boltzmann distribution (7.47). This is ensured if P(C, C”) 
satisfies the detailed balance condition 


eS P(C, c) = EPOS pG C) . (7.51) 
Then 


(1) an equilibrium sequence of states will transform into another equi- 
librium sequence, 

(2) a nonequilibrium sequence will approach an equilibrium one when 
moving through the Markov chain. 


Problem 7.5 Prove statements (1) and (2) listed in the previous paragraph 
using the detailed balance condition (7.51). 


Solution Let a state C be encountered in ensembles E and E’ with probability 


densities P(C) and P’(C), respectively. Then the distance between the two 
ensembles can be defined as 


||Z-£'|| = So|P(c)- P0). (7.52) 
C 


For a Markov process when Eq. (7.50) holds, we have 


PC) = X` P(C,C') P(C’) (7.53) 
ai 


if F’ is obtained from E by a Monte Carlo algorithm. The transition probability 
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P(C,C’) is nonnegative and obeys 
DPO CY = Se PCC ark (7.54) 
c Cc 


since each new state is obtained from an old one and vice versa. 
It is now easy to prove statement (1). Summing the detailed balance condi- 
tion (7.51) over C’, we obtain 


Ppo(C) = >> P(C,C’)Paa(C’), (7.55) 
al 


i.e. the Boltzmann distribution is an eigenvector of P(C,C’). Comparing with 
Eq. (7.53), we see that the new distribution is again the Boltzmann one, which 
proves statement (1). 

To prove statement (2), let us compare the distances from E and E’ to some 
equilibrium ensemble Ep.) associated with the Boltzmann distribution (7.47). 
We have the inequality 


|B’ - Enal| = IPC) - Paa(c)| 
C 
= YIS P(C, C) [P(C') - Paal(C’)] 
SE S 
< $ P(O, C)|P(C") - Peo (C”)| 
CC” 
= YPC) - Ppe(C’)| 
a 
= ||E-Epoill, (7.56) 


where Eqs. (7.53), (7.55) and (7.54) are used. Thus, statement (2) is proven. 


Specific Monte Carlo algorithms differ in the choice of the transition 
probability P(C, C”), while the detailed balance condition (7.51) is always 
satisfied. The two most popular algorithms, which act at one link, are as 
follows. 


Heat bath algorithm 


A new link variable U ne) is selected randomly from the group manifold 
with a probability given by the Boltzmann factor 


PG (a). œ He OO), (7.57) 


Then this procedure is repeated for the next link and so on until the whole 
lattice is passed. This can be imagined as if a reservoir at temperature 
1/8 touches each link of the lattice in succession. It is clear from physical 
intuition that the system will be brought to thermodynamic equilibrium 
sooner or later. 
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Metropolis algorithm 


This algorithm is used in statistical physics since the 1950s and consists 
of several steps. 


(1) A trial new link variable U; (x) is selected (suppose randomly on 
the group manifold). 

(2) The difference between the action for this trial configuration and 
that for the old one is calculated: 


AS = S(C’)-—S(C). (7.58) 
(3) A random number r € [0, 1] is generated. 
(4) If 
e PAS n, (7.59) 


then U ne) is accepted. Otherwise, U ue) is rejected and the old 
value U,,(a) is kept. 


(5) All of this is repeated for the next links. 


An advantage of the Metropolis algorithm is that it is usually more 
easy implemented in practical calculations. 

A new configuration C’, which is obtained by applying once either 
Monte Carlo algorithm to each link of the lattice (this procedure is often 
called the Monte Carlo sweep), will be strongly correlated with the old 
one, C. This is because the lattice action depends not only on the variable 
at the given link but also on those at the neighboring links which form 
plaquettes with the given one. In order for C’ to become independent of 
C, this procedure should be repeated many times or special tricks should 
be used to reduce the correlations. Then this new configuration can be 
added to the equilibrium ensemble (7.46) as Cy. 

More details concerning the Monte Carlo algorithms as well as their 
practical implementation in lattice gauge theories can be found in the 
review [CJR83] and the books [Cre83, MM94]. 


7.6 Some Monte Carlo results 


The first Monte Carlo calculation in non-Abelian lattice gauge the- 
ories, which is relevant for the continuum limit, was performed by 
Creutz [Cre79] who evaluated the string tension for the SU(2) gauge 
group. His result is reproduced in Fig. 7.7 and looks very much like what 
is expected in Fig. 6.10 on p. 120. This calculation was the first demon- 
stration that the continuum limit sets in for relatively large g? ~ 0.91 
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Fig. 7.7. Monte Carlo data from Creutz [Cre79] for the string tension in the 
SU(2) pure lattice gauge theory. 


(8 ~ 2.2) and that results for the continuum can therefore be extracted 
from relatively small lattices. 

The restoration of rotational symmetry for these values of g? was 
demonstrated explicitly by Land and Rebbi [LR82]. They calculated 
equipotential surfaces for the interaction between static quarks. In the 
strong-coupling region g? — oo, they appear as in Fig. 7.8a since the 
interaction potential is given by 


E(z,y,2) = K(\x|+\|yl +21) (7.60) 


because the distance between the quarks is measured along the lattice. 
This is associated with the cubic symmetry on the lattice (i.e. rotations 
through an angle which is a multiple of 7/2 around each axis and trans- 
lations by a multiple of the lattice spacing along each axis) rather than 
with the Poincaré group. The rotational symmetry must be restored in 
the continuum limit. 

The Monte Carlo data of Land and Rebbi [LR82] are shown in Figs. 7.8b 
and c. They demonstrate the restoration of rotational symmetry when 
passing from 8 = 2 (Fig. 7.8b) to 8 = 2.25 (Fig. 7.8c). 

The early Monte Carlo calculations played a very important role in the 
development of the method. Their main result is that the Monte Carlo 
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(a) 


(c) 


Fig. 7.8. Behavior of equipotential lines at different values of 8: (a) the strong- 
coupling limit 8 = 0; (b) 8 = 2; (c) 6 = 2.25. (b) and (c), taken from the paper 
by Lang and Rebbi [LR82], show how the rotational symmetry is restored as 3 
is increased. 


calculation of physical quantities in QCD is possible on relatively small 
lattices. 

A dramatic improvement of the Monte Carlo technology in lattice gauge 
theories has taken place over the last 20 years. New calculations are 
performed on larger lattices and with better statistics. The best way to 
follow current developments of the subject is via plenary talks published 
in the proceedings of the annual Lattice Conference (currently [Lat00]). 


8 


Fermions on a lattice 


It turned out to be most difficult in the lattice approach to QCD to deal 
with fermions. Putting fermions on a lattice is an ambiguous procedure 
since the cubic symmetry of a lattice is less restrictive than the continuous 
Lorentz group. 

The simplest chiral-invariant formulations of lattice fermions lead to 
a doubling of fermionic degrees of freedom, as was first noted by Wil- 
son [Wil75], and describe from 16 to four relativistic continuum fermions, 
depending on the formulation. One-half of them have a positive axial 
charge and the other half have a negative one, so that the chiral anomaly 
cancels. There is a no-go theorem which says that the fermionic doubling 
is always present under natural assumptions concerning a lattice gauge 
theory. 

A practical way out of this problem is to choose the fermionic lattice 
action to be explicitly noninvariant under the chiral transformation and 
to have, by tuning the mass of the lattice fermion, one relativistic fermion 
in the continuum and the masses of the doublers to be of the order of the 
inverse lattice spacing. The chiral anomaly is recovered in this way. 

In this chapter we consider various formulations of lattice fermions 
and the doubling problem. We discuss briefly the results on spontaneous 
breaking of the chiral symmetry in QCD. 


8.1 Chiral fermions 


The quark fields are generically matter fields, the gauge transformation of 
which in the continuum is given by Eqs. (5.1) and (5.3), and can be put 
on a lattice according to Eq. (6.7). Then the lattice gauge transformation 
is 


te E5 Y, = Uae, De E5 Y, = Pa (2). (8.1) 
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The lattice analog of the QCD action (5.13) is given as* 


S[U,8,0] = CSU | + M > Web 


+3 D inute rsa — Patah wp (x)beo| - 
Hi (8.2) 


The first term on the RHS is the pure gauge lattice action (6.16). The 
second term is a quark mass term on a lattice. The sum in the third 
term is over all lattice links (i.e. over all sites x and positive directions 
u). This action is Hermitian and invariant under the lattice gauge trans- 
formation (6.13) and (8.1) with finite lattice spacing. 

The partition function of lattice QCD with fermions is defined by 


zM) = fT] avs) [ataye SP", 83) 
pL g 


where the action is given by Eq. (8.2). The integration over U,, (x) is as 
in Eq. (6.31), and the integral over the quark field is the Grassmann one. 
The averages are defined by 


(F[U, 4,4] ) 


= Z8, M) | [Javu [] at: dese SPF PU, 4], 
a i (8.4) 


which extends Eq. (6.39) to the case of fermions. Since both the action 
and the measure in Eq. (8.4) are gauge invariant at finite lattice spacing, a 
nonvanishing result only occurs when the integrand, F |U, Y, Y], is gauge 
invariant as well. 

In order to show how the lattice action (8.2) reproduces (5.13) in the 
naive continuum limit a — 0, let us assume that the lattice quark field 
Wy varies slowly from site to site and substitute 


Pr > a?/? (x), ) 
Wetafi > a. [Y (x) + adn (x)| 


in d= 4. Here y(x) is a continuum quark field and the power of a arises 
from the dimensional consideration (remember that Yy is dimensionless). 


(8.5) 


* The standard formula differs from this one by an interchange of U and Ut owing to 
the inverse ordering of matrices in the phase factors (see the footnote on p. 88). It 
does not matter how one defines U,,(a) since the Haar measure is invariant under 
Hermitian conjugation. 
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Equation (8.5) together with Eq. (6.10) yields 


Pe WU \(2\beran > pyuh + atp Vi yup + O(a), (8.6) 


where there is no summation over u in the second term on the RHS as 
earlier in this part. The first term cancels when substituted into Eq. (8.2), 
while the second one reproduces the fermionic part of the continuum 
action. The mass term is also reproduced if M = am. 

The fermionic lattice action (8.2) was proposed in [Wil74]. For M = 0 
it is invariant under the global chiral transformation 


c.t. 


Ps —> yy, De an Vee (8.7) 


For this reason, these lattice fermions are called chiral fermions. Since 
the lattice action is both gauge and chiral invariant, there is no Adler— 
Bell—Jackiw anomaly according to the general arguments of Chapter 3. 


Problem 8.1 Show that the lattice action (8.2) is invariant under 


We 2 nays (—1)/* de. (8.8) 
Find 15 further similar transformations. 


Solution Let us define the generators T4 by 


The transformation (8.8) can be performed for each of the d = 4 axes which 
gives 


Ta = iqus(-1)"*/*. (8.10) 


The other generators are given by products of (8.10). Their explicit form 
is [KS8 1a] 


ty,/a 


Ta = 1, irs (1), iu (1) (u >v), 


y4 (anette Peon Ener a (ayer 
(8.11) 


All together there are 1+4+6+4+1 = 16 independent transformations which 
form a discrete subgroup of the U(4) group. 


8.2 Fermion doubling 


As was pointed out at the end of the previous section, the lattice fermionic 
action (8.2) is both gauge and chiral invariant (for M = 0) so that there 
is no chiral anomaly in the continuum. Since the anomaly is present for 
one continuum fermion, this suggests that the action (8.2) is associated 
with more than one species of continuum fermions. 
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In order to verify this explicitly, let us calculate the poles of the lattice 
fermionic propagator. 
As usual, it is easier to work with the Fourier image of wy: 


de = @PS dye, (8.12) 
The free fermionic action then reads as 
T/a 
= dtk - a 
—r/a 
with 
Iá 
Gk) = a 5 iy sin ka (8.14) 
p=1 
for M =0. 


In the naive continuum limit, the sin function in Eq. (8.14) can be ex- 
panded as a power series in a, which results in the free (inverse) continuum 
propagator 


4 
Gk) => iS ok, = ik. (8.15) 
p=1 


Lorentz invariance has been restored after summing over p. 

When passing from the lattice expression (8.14) to the continuum 
one (8.15), it was implicitly assumed that the momentum k, is not of 
the order of 1/a because otherwise the sin function cannot be expanded 
in a. The doubling of relativistic continuum fermionic states occurs ex- 
actly for this reason. 

To find the poles of the propagator, let us return to Minkowski space 
by substituting k4 = iF, where E is the energy. The poles are then 
determined from the dispersion law 


3 
sinh? Ea = sin? p,a. 8.16 
m 
p=1 


Let us look for solutions of Eq. (8.16) with positive energy E > 0 
(solutions with negative energy are associated as usual with antiparticles). 
Suppose that a particle moves along the z-axis so that components of the 
four-momentum 


p) = (E,0,0,p.) (8.17) 
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are related by 
sinh Fa = sinpza, (8.18) 


which follows from the substitution of (8.17) into the dispersion law. 
Since sin is a periodic function, the four-vector 


p? = (£,0,0, 2 — pz) (8.19) 
a 
is also a solution of Eq. (8.18) if (8.17) is. Quite analogously, the four- 
vectors 
T 
p?) = (E, 7,0,p.) ’ 
a 
, (8.20) 
TTET 
p®) = (2,7,7,=—p.) ’ 
aaa 


which are obtained from p“) and p®) by changing zeros for T/a, also 
satisfy Eq. (8.18). Therefore, a quark state with energy F is eightfold 
degenerate. 

The quark states with four-momenta p“,...,p) are different states. 
Their wave functions equal 


UA (t,x, y, z) x exp line ipa ipDy ip z]. (8.21) 


The wave function in the state with momentum p®) differs, say, from the 
wave function in the state p“) by an extra factor of (—1)*/*. In other 
words, it changes strongly as a — 0 with one step along the lattice in the 
x-direction. One more step returns the wave function to the initial value. 

For such functions, the naive continuum limit of the lattice action (8.2) 
is as good as for the slowly varying functions when Eq. (8.5) holds. In 
order to see that, let us rewrite the action (8.2) as 


S[U, p,p] = BSU +M 9 date 


=>) {erat («)Weran — Ut, (@)e-oal }- 


x,p>0 
(8.22) 


Even if Yz has opposite signs at neighboring lattice sites along the u-axis, 
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eee oe ee oe Gd. Oe. ee ok a 
i oe ee ee ee a poh Cae a os ee. ae 
ae Cee Me ak. ea ae Gk, as oh oka a > 
aS de Se, ee ee foe ae Oe See 
oe Goa. oe cee om. oe ae: ee 


Fig. 8.1. Altering signs of Yy on a lattice along (a) one axis and (b) two axes. 


as illustrated by Fig. 8.1a, i.e. 


Wrrap > Ve (8.23) 


then the difference W2+4aj — Yr-an on the RHS of Eq. (8.22) is still of the 
correct order in a: 


= a3/2 £ 
Ya pa), ) A 


Vr+ap am Wr—ap = —2a5/? 9 (£) , 


so that the continuum fermionic action is reproduced except for the sign 
of the y,-matrix which is opposite to that in Eq. (5.13). 

This extra minus sign can be absorbed in the redefinition of the con- 
tinuum fermionic field w(x) — iy ysY(x), which changes its chirality. 
Therefore, the axial charge of the doublers is opposite. Analogously, four 
of the eight doublers have a positive axial charge and the four others have 
a negative one dependent on whether the sign of Yy alters at neighboring 
sites along an even or odd number of axes (see Fig. 8.1). In Euclidean 
space the doubling also occurs along the temporal axis, so the number of 
doublers is equal to 27 = 16: eight of them with positive and eight with 
negative axial charge. This explains why the chiral anomaly cancels. 


Problem 8.2 Calculate the vector and axial charges of the doublers deriving 
the vector and axial currents on a lattice. 


Solution The vector and axial currents on a lattice can be derived using a 
lattice analog of the Noether theorem. The invariance of the lattice fermionic 
action under 


Ye > elo) We We = Ya e712) (8.25) 


results in the lattice vector current 


on i 
JX) = 5 [ew he) beta + dean ny(2)ve] , (8.26) 
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which is conserved in the sense that 


XO [Ai (a) -JY (@- añ) = 0. (8.27) 


H>0 


This can be proven using the lattice (quantum) Dirac equation 


1 ws. Ô 
S Do [Ue Weren— Ut plebaan] + Me E 5 zr (828) 
p>0 z 
which is the lattice analog of Eq. (3.19). 
Analogously, the lattice chiral transformation 
Ype > EN p, Pe —> Yr Às (8.29) 
results in the lattice axial current 
iec - 
Jĝ (æ) = z [Yru U] (E) ve+ap T Vaan nsUyu(2) be] ; (8.30) 


which reproduces (3.10) as a — 0. The current (8.30) is conserved for M = 0. 

It is now easy to verify that 16 generators (8.11) commute with the lattice U (1) 
transformation (8.25) so that the lattice vector current (8.26) is left invariant. 
Analogously, the lattice axial U(1) transformation (8.29) commutes only with 
1+6+1 = 8 of 16 generators (8.11) which are constructed from the products 
of an even number of the generators (8.10) and does not commute with the 
4+4 = 8 other generators. Therefore, the axial current (8.30) is invariant under 
the 1+6+1 = 8 transformations, which are the products of an even number of the 
generators (8.10), and alters its sign under the other 4+ 4 = 8 transformations, 
which are the products of an odd one. Thus, the vector charge of all the doublers 
is the same, while the axial charge is positive for eight and negative for the other 
eight doublers. 


It is worth noting that the mass term in Eq. (8.2) is not y5 invariant, 
but does not remove the fermion doubling. 

One might think of removing the doubling problem by modifying the 
expression for the inverse lattice propagator G~'(k) in the free fermionic 
lattice action (8.13), for instance, by adding next-to-neighbor terms. It 
is easy to see that this does not help if the function G~!(k) is periodic 
as it should be on a lattice. A typical form of G~!(k) as a function of, 
say, k4 is depicted in Fig. 8.2. The behavior around k4 = 0 is prescribed 
by Eq. (8.15) and is just a straight line with a positive slope. Therefore, 
G~1(k) will inevitably have another zero at k4 = m /a owing to periodicity. 

This is the difference between the fermionic and bosonic cases. For 
bosons G~1!(k) is quadratic in k4 near k4 = 0 rather than linear as for 
fermions. The typical behavior of G~!(k) for bosons is shown in Fig. 8.3. 
There is no doubling of states in the bosonic case. 
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Fig. 8.2. Momentum dependence of G~! for the chiral lattice fermions. The 
periodicity leads to an extra zero at k4 = 7/a. 


G1 


Fig. 8.3. Momentum dependence of G~! for the lattice bosons. No doubling of 
states is associated with this behavior. 


Remark on the Nielsen—Ninomiya theorem 


A general proof of the theorem which states that there is no way to avoid 
fermion doubling under natural assumptions concerning the structure of 
a lattice gauge theory was given by Nielsen and Ninomiya [NN81]. It 
is sometimes formulated as an absence of neutrinos on the lattice. In 
other words, this is a no-go theorem for putting theories with an unequal 
number of left- and right-handed massless Weyl particles on a lattice, such 
as in the standard electroweak theory. 

A naive way to bypass the Nielsen—Ninomiya theorem is, say, to choose 
a fermionic lattice action which is highly nonlocal. Then it is possible to 
replace sink,,a in Eq. (8.14) by ka itself to obtain an expression which 
is similar to the continuum propagator (8.15). However, such a nonlocal 
modification is useless in practice. 

Some recent progress [Neu98, Lus98] in formulating chiral gauge the- 
ories on the lattice has been based on the idea of modifying the lattice 
chiral transformation in the spirit of Ginsparg and Wilson [GW82] and 
using a sophisticated lattice approximation of the Dirac operator which 


8.8 Kogut-Susskind fermions 151 


has no doublers but is manifestly invariant under such a modified lattice 
chiral transformation. Ordinary chiral symmetry is then reproduced in 
the continuum limit. 


8.3 Kogut—Susskind fermions 


The number of continuum fermion species is not necessarily equal to 16. 
It can be reduced down to four by a trick which was proposed for the 
Hamiltonian formulation in [KS75, Sus77] and elaborated for the Eu- 
clidean formulation in [STW81, KS81b]. 

Let us substitute 


We aA ETT z/a ot! be (8.31) 


into the free fermionic action. Then it takes the form 


Solw = OS “oN 5 D nalz (I gry [rtan] g LER IAK ) ) 


x i >O 
(8.32) 
which is diagonal with respect to the spinor indices, since 
Hie. a ER (8.33) 
or explicitly 
n(x) = 1, 
mie) = (97%, 
(8.34) 
a E 


does not depend on spinor indices. l 
The idea is to leave only one component of ¢%, in order to reduce the 
degeneracy: 


(8.35) 


COON 


These lattice fermions are known as the staggered fermions, since n(x) 
is staggering from one lattice site to another. They are also often called 
the Kogut-Susskind fermions because of their relation to those of [KS75, 
Sus77]. 
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The action of the Kogut—Susskind fermions is 


S[U, p,p] = BSa [U] + MY Xexe 


1 _ = 
15 a Ny(2) [xe Ul (a) Xz+aû — Xa+afi U(x) Xa} - 
x,p>0 
(8.36) 


It describes 27/2 = 4 species for complex yz or 2%/2-! = 2 species for 
Majorana Xz. Components of a continuum bispinor are distributed in 
this approach over four lattice sites. 

There is no chiral anomaly for the Kogut—Susskind fermions as with 
the chiral fermions. 


Remark on four generations 


It might seem plausible to identify four species of Kogut—Susskind 
fermions with four generations of quarks and leptons (see, for example, 
[KMN83]). Remember that one of the motivations for adding the fourth 
generation to the standard model is to cancel the anomaly. However, there 
are problems with this idea concerning the splitting of fermion masses for 
the four generations. 


8.4 Wilson fermions 


The chiral lattice fermions were proposed by Wilson [Wil74]. Soon after 
that he recognized [Wil75] the problem of fermion doubling and proposed 
a lattice fermionic action that describes only one relativistic fermion in 
the continuum. The latter fermions are called Wilson fermions. 

The lattice action for the Wilson fermions reads 


SU, a, Y] = B Silat [U] + MY ART 


1 = 
-3 DO [Pew UL) beran + Peran (L+ Yu) Un(e) Ve] - 
An (8.37) 


The difference between this action and the action (8.2) for chiral fermions 
arises from the projectors (1 + y,,) which pick only one fermionic state. 

Substituting the expansion (8.5) in the action (8.37), we obtain, in the 
naive continuum limit, the continuum fermionic action (5.13) with the 
mass being 


(8.38) 
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Therefore, the Wilson lattice fermions describe a relativistic fermion of 
the mass m in the continuum when 


M — 44+ma. (8.39) 


In order to see that there are no other relativistic fermion states in the 
limit (8.39), let us consider the fermionic propagator which is given by 


1 ; ; 
Gk) = M-P [0-may]. (8.40) 
p=1 
Introducing the Minkowski-space energy E = —ik,, we obtain the follow- 


ing dispersion law: 


3 2 3 
1+ (m — > cos pa) + J sin? Ppa 
cosh Ea = —— AL Z Ml S, (8.41) 


3 
2(M — De cos pua) 


Let a particle be at rest, i.e. pı = po = p3 = 0 and E = m > 0. Then 
Eq. (8.41) reduces for ma < 1 to the relation (8.39). It is easy to show 
that a particle at rest is the only solution to Eq. (8.41) with finite energy 
as a — 0. 

The difference between the dispersion laws for the chiral and Wilson 
fermions is because the function on the RHS of Eq. (8.41) is no longer 
periodic. It reduces for a > 0 and M — 4 to a usual relation 


E? = P+m? (8.42) 
between the energy and momentum of a relativistic particle. 


Problem 8.3 Show that the solution to the dispersion law (8.41) is unique for 
M x4. 


Solution For M ~ 4, we can replace the LHS of Eq. (8.41) by 1 and substi- 
tute M = 4 on the RHS. Then Eq. (8.41) reduces to the equation for spatial 
components of the four-momentum: 


(3 z Lesna) F (3 = Yoo) = 0, (8.43) 


for which the only solution is pı = p2 = p3 = 0, since both terms on the LHS 
are nonnegative. 


It is instructive to discuss what happens with the fermion doublers 
under the change of +y, by (1 + Yp) in the lattice fermionic action. Let 
us consider one such state, such as that with pı = 7/a, po = p3 = 0. Its 


154 8 Fermions on a lattice 


energy is determined by Eq. (8.41) to be ~ 1/a so that this state is not 
essential as a — 0. 

The chiral anomaly is correctly recovered using the Wilson fermions. 
The 15 states of the mass ~ 1/a play the role of regulators, which results 
in an anomaly as a — 0. 


Problem 8.4 Calculate the masses of all 16 fermionic states. 


Solution Substituting Eqs. (8.23), (8.24) and so on into the action (8.37), we 


obtain 
4 
M-)7 .* 
mog — (8.44) 
a 
where 
+1 py, =0 
Si SS ePEe T (8.45) 
-1 p= 


Therefore, one state is relativistic as M — 4, while 15 others have masses ~ 1/a. 


Remark on backtrackings for Wilson fermions 


Another way to understand why the doubling problem is removed for 
the Wilson fermions is to consider how they propagate on a lattice. The 
projectors 


lE z 7 
O (8.46) 


restrict the propagation of the Wilson fermions. One-half of the states 
propagate only in positive directions and the other half propagate only 
in negative directions. In particular, there are no backtrackings in the 
(lattice) sum over paths, since 


+p- — 
PEP =0 (8.47) 
This removes the doubling. 


Problem 8.5 Represent the fermion propagator in an external Yang-Mills field 
as a sum over paths on a lattice, performing an expansion in 1/M. 


Solution Let us rescale the fermion field, absorbing the parameter M in front 
of the mass term. The fermionic part of the new action is given by 
Sy = X debe—& X [peP U] E) petan + PeranP{Uy(a)ve], (8.48) 
x x,u>0 


where « = 1/M is usually called the hopping parameter. The large-mass expan- 
sion in 1/M is now represented as the hopping parameter expansion in k. 
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Fig. 8.4. A path Py, made out of the string bits, which leads to a nonvanishing 
term of the hopping parameter expansion for the quark propagator (8.49) on 
a lattice. Each site involves at least two quark fields (depicted by the circles). 
Otherwise the Grassmann integral at a given site vanishes. 


It is convenient to depict each of the two terms in square brackets in Eq. (8.48) 
by a string bit as in Fig. 6.2 on p. 101 with the quark fields at the ends and the 
gauge variable at the link. The first term corresponds to the negative direction 
of the link, and the second term corresponds to the positive direction. Substi- 
tuting Eq. (8.48) into definition (8.4) and expanding the exponential in «x, we 
obtain a combination of terms constructed from the string bits. A nonvanishing 
contribution to the quark propagator 


Gan U) = (Wal U) » (8.49) 


where i,j and m,n represent, respectively, color and spinor indices, emerges 

when the links form a path Fyz that connects x and y on the lattice as depicted 

in Fig. 8.4. Otherwise, the average over 7) and 7 vanishes owing to the rules of 

integration over Grassmann variables described in Problem 2.2 on p. 37. 
Therefore, we obtain 


. 1 È 
Gynt: y; U) = So MLO Pyz] II Er , (8.50) 


E 
ye mn 


where Pr or P; are associated with the positive or negative direction of a given 
link € Iys. For the Wilson fermions, they are given by Eq. (8.46), while 


& Y ; 7 
Pp (8.51) 


for chiral fermions. The sum in Eq. (8.50) runs over all the paths between x 
and y on the lattice, while L(T) denotes the length of the path Tyg in the lattice 
units. A continuum counterpart of Eq. (8.50) is derived in Problem 12.1. 


Problem 8.6 Represent the integral over fermions in Eq. (8.3) as a sum over 
closed paths on a lattice, performing an expansion in 1/M. 


Solution The calculation is analogous to that of the previous Problem. The 
result can be written as 


T [ [dve dyre = emsal] (8.52) 


with 


trU [T 4 
Sinal[U] = - Men af 7 ei? ae (8.53) 
T 
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Fig. 8.5. Dependence of the m-meson mass on the lattice quark mass M. At 
M = M, the mt-meson becomes massless and the chiral symmetry is restored. 


where the combinatoric factor 1/L(T) arises from the identity of L links forming 
the closed contour T, and the minus sign is because of fermions. 

Equation (8.53) defines an effective (or induced) action of a pure lattice gauge 
theory, which is nonlocal since it involves arbitrarily large loops. However, it can 
be made the single-plaquette lattice action (6.16) by introducing many flavors 
of lattice fermions [Ban83, Ham83]. 


8.5 Quark condensate 


The lattice action (8.37) is not invariant under the chiral transforma- 
tion. Therefore, the chiral symmetry is broken explicitly for the Wilson 
fermions. 

Nevertheless, one expects a restoration of chiral symmetry as a — 0 
when the relativistic fermion is massless (say, for M = 4 in the free case), 
while heavy states with m ~ 1/a play the role of regulators. For the in- 
teraction theory, this restoration happens at some value M = M,, which 
is no longer equal to 4. A signal of this restoration is the vanishing of 
the mass of the 7-meson (as illustrated by Fig. 8.5). Mm» = 0 is usually 
associated with the fact that the chiral symmetry is realized in a spon- 
taneously broken phase and the 7-meson is the corresponding Goldstone 
boson. 

For the chiral or Kogut—Susskind fermions with M = 0, the lattice 
action is invariant under the global chiral transformation (8.7). The order 
parameter for breaking the chiral symmetry is 


py *s pehy, (8.54) 


which is not invariant under the chiral transformation. Therefore, the 
average of Yy must vanish if the symmetry is not broken spontaneously. * 


* Spontaneous symmetry breaking usually occurs when the vacuum state is not invari- 
ant under the symmetry transformation. 
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Fig. 8.6. Monte Carlo data from Hamber and Parisi [HP81] for the quark con- 
densate in the quenched approximation. 


Such spontaneous breaking results in 


(bb) # 0. (8.55) 


This nonvanishing value of the average of W,wW, does not depend on x 
owing to translational invariance and is called the quark condensate. 
The spontaneous breaking of the chiral symmetry in QCD was demon- 
strated using Monte Carlo calculations of the quark condensate. This 
quantity has a dimension of [mass]? and should depend on g? at small g? 
as prescribed by the asymptotic scaling. The Monte Carlo data for the 
quark condensate from the pioneering paper by Hamber and Parisi [HP81] 
are shown in Fig. 8.6. Its agreement with asymptotic scaling demonstrates 
that the chiral symmetry is spontaneously broken in the continuum QCD. 


Remark on Monte Carlo simulations with fermions 


Monte Carlo simulations with quarks are much more difficult than in a 
pure gauge theory. Integrating over the quark fields using Eq. (2.15), one 
is left with the determinant, say for the Kogut—Susskind fermions, of the 
matrix 


1 
DIU] = Mozy +5 [nu(@) Ul (x) be(@-+ap) — Mul) Uy(x) 52(2—aA) 
u>0 
(8.56) 
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for a given configuration of the gluon field U,,(x). This results in a pure 
gauge-field problem with the effective action given by 


epsa] = det D[U]e PS. (8.57) 


The matrix that appears in this determinant has at least NL* x NL* 
elements, and is to be calculated at each Monte Carlo upgrading of U,,(). 

Several methods are proposed to manage the quark determinant exactly 
or approximately. The simplest one is not to take it into account at all. 
This approximation is known as the quenched approximation when only 
valence quarks are considered, while the effects of virtual quark loops are 
disregarded. Recently, progress in the full theory has been achieved using 
some tricks to evaluate the quark determinants (see, for example, [Aok00] 
for a review of the subject). 


9 


Finite temperatures 


Finite-temperature quantum field theories at thermodynamic equilibrium 
are naturally described by Euclidean path integrals. The time-variable 
in this approach is compactified and varies between 0 and the inverse 
temperature 1/T. Periodic boundary conditions are imposed on Bose 
fields, while antiperiodic ones are imposed on Fermi fields in order to 
reproduce the standard Bose or Fermi statistics, respectively. 

The lattice formulation of QCD at finite temperature is especially sim- 
ple, since the Euclidean lattice has a finite extent in the temporal di- 
rection. The Wilson criterion of confinement is not applicable at finite 
temperatures and is replaced by another one based on the thermal Wil- 
son lines passing through the lattice in the temporal direction. They are 
closed owing to the periodic boundary condition for the gauge field. 

When the temperature increases, QCD undergoes [Pol78, Sus79] a de- 
confining phase transition which is associated with a liberation of quarks. 
At low temperatures below the phase transition, thermodynamical prop- 
erties of the hadron matter are well described by a gas of noninteracting 
hadrons while at high temperatures above the phase transition these are 
well described by an ideal gas of quarks and gluons. 

The situation with the deconfining phase transition becomes less def- 
inite when the effects of virtual quarks are taken into account. The de- 
confining phase transition makes strict sense only for large values of the 
quark mass. For light quarks, a phase transition associated with the 
chiral symmetry restoration at high temperatures occurs with increasing 
temperature. It makes strict sense only for massless quarks. 

In this chapter we first derive a path-integral representation of finite- 
temperature quantum field theories starting from the Boltzmann distribu- 
tion. Then we apply this technique to QCD and discuss the confinement 
criterion at finite temperatures as well as the deconfining and chiral sym- 
metry restoration phase transitions. 
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9.1 Feynman—Kac formula 


Thermodynamic properties of an equilibrium system in 3 + 1 dimensions 
are determined by the thermal partition function 


ATV) = Soe R/T = Tre BP (9.1) 


which is associated with the Boltzmann distribution at the temperature 
T. Here H is a Hamiltonian of the system and Tr is calculated over any 
complete set of states, say, over eigenstates of the Hamiltonian, eigenval- 
ues of which are characterized by the energy levels Ey. 

For a quantum theory of a single scalar field y(#,t), the (Schrödinger) 
states are described by the bra- and ket-vectors (g| and |f}: 


(giz) = g(@), (ef) = f(z), (9.2) 
as is explained in Sect. 1.1. A matrix element of the evolution operator 


exp (— H/T) is given by the formula 


ole Tif = Í Do(@,t) e T #41, (9.3) 


where £ is a proper Lagrangian, say for example, 


a fe 1 À 
ciel = feri atime (9.4) 


for the cubic self-interaction of y. The derivation is quite analogous to 
that of Problem 1.9 on p. 22. 

In order to calculate the trace over states, one should put g(Z) = 
f(Z) and perform the additional integration over f(¥). This yields the 
Feynman—Kac formula* 


TreF/T = / DEE) (fI eT |f) 


= Do(#,t) e7 lo Lla, (9.5) 
¢(€,1/T)=9(£,0) 


Note that the path integral in Eq. (9.5) is taken with periodic boundary 
conditions for the field y: 


p(z,1/T) = (7,0). (9.6) 


* Its derivation in the modern context of non-Abelian gauge theories, which extends 
the Feynman derivation [Fey53] for statistical mechanics, is due to Bernard [Ber74]. 


9.1 Feynman—Kac formula 161 


As T — 0 it reproduces the standard Euclidean formulation of quantum 
field theory which is discussed in Chapter 2. The point is that nothing 
depends on real time for a system at thermodynamic equilibrium. The 
variable ¢ in Eq. (9.5) is just the proper time of the disentangling proce- 
dure. This analogy between the partition functions of statistical systems 
and the Euclidean formulation of quantum field theory has already been 
mentioned in the Remark on p. 33. 


Remark on thermal density matrix 


A statistical-mechanical counterpart of the propagator in Euclidean quan- 
tum field theory is the (unnormalized) thermal density matrix 


(elay = Soe F/T aala): (9.7) 


where Y, (x) denotes the wave function of the nth eigenstate. This equal- 
ity can be derived by inserting a complete set of states. The thermal 
partition function (9.1) is then given by the space integral of the diagonal 


element: 
Le (x | eH? a) ; (9.8) 
V 


For a quantum particle with the nonrelativistic Hamiltonian (1.107), 
the path-integral representation of the thermal density matrix (9.7) is 
given by Eq. (1.118) with r = 1/T. This pursues the analogy between 
Euclidean quantum field theory and statistical mechanics. 

More concerning the thermal density matrix (9.7) can be found in the 
book [Fey72]. 


Problem 9.1 Derive the Feynman-Kac formula for a quantum particle with 
the nonrelativistic Hamiltonian (1.107). 


Solution The matrix element (x |exp (—H/T)| {x} is determined by Eq. (1.118) 
to be 


(z|e peel = | Pale e7 fo’ at L(t) (9.9) 


Zu (0)=£u 
2y(1/T)=2, 


where the Lagrangian L(t) is given by Eq. (1.119). Using Eq. (9.8), we ob- 


tain [Fey53] 
Tre H/T = [ae (a | eH? x) 
V 
Dz,(t) e fo" LO, (9.10) 


Zu (0)=z4(1/T) 


II 
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This integral is over the trajectories with periodic boundary conditions 
Zy(0) = z,(1/T). (9.11) 


Problem 9.2 Calculate the partition function (9.10) for the free case. 


Solution The Gaussian path integral with the boundary conditions 
zu(0) = %(1/T) = ey (9.12) 


is calculated in Sect. 1.5 with the result given by Eq. (1.90). In order to calculate 
the partition function (9.10), we need to integrate this expression over x, which 
yields [Fey53] 
d/2 
T 
Z(T,V) = [ate ama) =V (=) . (9.13) 
V 


The formula (9.13) is to be compared with that given by the Boltzmann dis- 
tribution in classical statistics. Since the energy of a free nonrelativistic particle 
is 

p 
E(p) = T (9.14) 
m 
the Boltzmann distribution is given by the sum over positions of the particle in 
a box of volume V and the integration over its momentum P: 


dip _ 5 mT\ 
Z(T,V) = V| -e POT = V| = 9.15 
ay = vj gae RE), 015) 
which coincides with Eq. (9.13) derived from the path integral. 
Problem 9.3 Calculate the thermal density matrix (9.7) for the free case. 
Solution The calculation is the same as in Sect. 1.5 for 7 = 1/mT. The result 
is 
d/2 
(y | e H/T ë) = (=) ere =u? (9.16) 
T 


This formula can alternatively be derived using Eq. (9.7) for the wave functions 
associated with the plane waves 


1 TER 
p(z) = mo N (9.17) 
Then we obtain 
z x d*p  ipg-2)-p?/2m 
Lewin) = | pror 
d/2 
mT —mT(x—y)?/2 
= — .1 
(=) e (9.18) 


which reproduces Eq. (9.16). 
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Problem 9.4 Calculate the partition function (9.10) for a harmonic oscillator 
with V(r) = mw?z?/2. 


Solution The path integral in Eq. (9.10) can be calculated using the mode 
expansion 


z(t) = aot vay [an cos (2rntT) + bn sin (2rntT) |, (9.19) 


n=1 


where the sin and cos functions form a set of orthogonal basis functions on the 
interval [0, 1/T] and satisfy the boundary condition (9.11). The expansion (9.19) 
is of the same type as Eq. (1.82). 

Substituting (9.19) into the action, we have 


T co 
m m 
0 
Representing the measure as 
d4ag yy d'an dib, 
Dz(t) = 9.21 
z(t) Qn? lI Or) Qr) (9.21) 


which is of the same type as Eq. (1.83), and performing the Gaussian integral 
over the an and bn, we obtain for the partition function (9.10) 


IT. Pim 
ZT) = |== -— 9.22 
(2) ymw HI (2rnT)? + w? ve) 
The infinite product can be calculated by virtue of the formula 
Il (4+ sat NVAB) (9.23) 
—) = —=sinh(r . 
n=1 B VA 
which implies a zeta-function regularization. Finally, we obtain 
1 d 
ZT) = |= .24 
(7 e (2:24) 


for the thermal partition function of a nonrelativistic harmonic oscillator with 
frequency w. Equation (9.24) can be derived alternatively by simply substituting 
the oscillator spectrum En = w (n + 4) into the Boltzmann formula (9.1). 

In contrast with Eq. (9.13), there is no volume-dependence in Eq. (9.24), which 
comes usually from the translational zero mode, since now the particle oscillates 
near the origin. It is clear from the integral over ag that the volume factor is 
reproduced as V ~ (T/mw?)?/? when w — 0. Then Eq. (9.13) is reproduced as 
w— 0. 
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Problem 9.5 Calculate the thermal density matrix (9.7) of the harmonic oscil- 
lator. 


Solution It is convenient to use the mode expansion 


z(t) = za(t)+ V Cn sin (rntT) , (9.25) 
where 
sali Si sinh [w(1/T — t)] F sinh (wt) (9.26) 


sinh (w/T) Y sinh (w/T) 
obeys the classical equation of motion 
ža- wz = 0 (9.27) 
with the boundary condition z(0) = x, z(1/T) = y. This reproduces Eq. (1.84) 
with 7 = 1/T as w — 0. The sin functions form an appropriate set of orthogonal 


basis functions for the interval [0, 1/T]. 
Inserting the mode expansion (9.25) into the action, we obtain 


> J dt (2? +w???) = Salz, y) + S 5 [(anr)? + w?] È, (9.28) 
0 n=1 
where 
Salz, y) = = G +y’) coth(w/T) — 2ay EIT . (9.29) 


Substituting the measure as in Eq. (9.21) and performing the Gaussian integra- 
tion over Cn, we have 


oo d/2 
(y aT a) ox NW eevee: Timi e~ Sale), (9.30) 


mnT )? + w? 


Finally, using Eq. (9.23), we obtain 


4/2 
PER _ Te -Sa (x,y) 1 
(y | i 2) > sinh aaa : ogy) 


for the thermal density matrix of a nonrelativistic harmonic oscillator with fre- 
quency w. The formulas of Sect. 1.5 are reproduced as w — 0 which fixes an 
w-independent normalization factor in Eq. (9.30). The partition function (9.24) 
is reproduced when we set y = x in Eq. (9.31) and integrate over x. 
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Problem 9.6 Calculate the partition function (9.5) for the free case. 


Solution Since the path integral over y(Z, t) is Gaussian, it can be represented 
as 


1 1 
ln Z(T,V) = = ln det (—0; +m?) = -5T ln (0; +m?) 
1 dip 2,2 


where 


w = yP Hm. (9.33) 


We have used the fact that the 7 variable is not restricted, while the remaining 
trace of the one-dimensional operator is to be calculated with periodic boundary 
conditions. 

We shall perform the calculation by expressing the trace via the diagonal 
resolvent of the same operator as has already been done in Problem 4.4 on p. 73. 
The Green function Gu(t — t’) is no longer given by Eq. (1.38) because of the 
periodic boundary conditions. Instead, we obtain the sum over even Matsubara 
frequencies: 


+00 QrinT (t’—t) 


até“) = Ty = 


— 9.34 
e (QrnT)? + w2’ ( ) 


which satisfies Gu (1/T) = Go (0), as it should for periodic boundary conditions, 
and reproduces Eq. (1.38) as T — 0. The diagonal resolvent is given by 


+00 
1 
w = T EEO 
Gu (0) 2 (QrnT)? + w? 
w 
= i coth oF (9.35) 
Therefore, 
w? 1/T 
Tr; In (~D? +w?) = fa J dt Gu (0) 
0 
= fa : coth 
= A ET ee 
= = +2In (1 z ew/T) (9.36) 
modulo an w-independent constant. Substituting into Eq. (9.32), we obtain 
dp pw 
BZT, v) = -v |- [= l (1- RAN 9.37 
nZ(T,V) lor op + in e (9.37) 


which is the standard result for an ideal Bose gas in quantum statistics modulo 
the first term on the RHS associated with the zero-point energy of the vacuum. 
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9.2 QCD at finite temperature 
QCD at finite temperatures is described by the partition function 


AV 2 i, DA, Dp Den So Ht Sy P2L[An 8] (9.38) 


which is the proper analog of Eq. (9.5). The path integral is taken with 
the boundary conditions 


A(Z, 1/T) = Ayo); (9.39) 
Y(Z,1/T) = —y(z,0), (9.40) 
p(z, 1/T) = —(z,0), (9.41) 


which are periodic for the gauge field (gluon) and antiperiodic for the 
Fermi fields (quarks). The antiperiodicity of the Fermi fields is related, 
roughly speaking, with the famous extra minus sign of fermionic loops in 
the vacuum energy. 


Problem 9.7 Calculate the partition function for free massive one-dimensional 
fermions with antiperiodic boundary conditions 


YA/T) = = 40),  %Q/T) = —¥(0). (9.42) 
Solution The calculation is analogous to that of Problem 9.6. We obtain 
lna Z(T,V) = Indet (D +m) = Trln(D+m). (9.43) 


The fermion Green function Gm(t— t’) is given by the sum over odd Matsubara 
frequencies: 


+00 eTi(2n+1)T (tt) 
mt—-t) = T —S>————_——_—- 44 
Gml ) 2 in(Qn+1)T +m’ oe) 
which satisfies Gm(1/T) = —Gm(0), as it should for antiperiodic boundary con- 
ditions. 
As T — 0, we obtain 


+00 f 
de eie(t —t) 
Gm(t—t!) = J2 = (t-t) (9.45) 


=00 


since the contour of integration over € can be closed for t > t’ (t < t’) in the lower 
(upper) half-plane. We have thus reproduced the fermionic Green function (5.34) 
from Problem 5.3 on p. 90. 

The diagonal resolvent is given by 


+00 
1 


1 m 
— tanh — A 
5 tan FT (9.46) 
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which differs from Eq. (9.35) by the change of the coth for tanh. Therefore, 


je 
nZ(T,V) = Jamg tam i 


z = +In (1 y ene) (9.47) 


modulo an m-independent constant. The second term on the RHS involves a plus 
sign, which characterizes Fermi statistics (remember that w = m if there are no 
spatial dimensions). If we were choose periodic boundary conditions instead of 
antiperiodic ones, we would have a minus sign as in Eq. (9.37) which is wrong 
for fermions. The first term on the RHS is again associated with the zero-point 
energy of the vacuum. 

An extension of Eq. (9.47) to d dimensions can be obtained on substituting 
m by w, given by Eq. (9.33), and integrating over the phase space, which results 
in a formula of the type of Eq. (9.37) but with the plus sign in the second term 
on the RHS. 


The discussion of the previous section concerning the relation between 
the finite-temperature and Euclidean formulations explains why the latter 
allows one to calculate only static quantities in QCD, say hadron masses 
or interaction potentials, which do not depend on time. It is also worth 
noting that we did not add a gauge-fixing term in Eq. (9.38), having in 
mind a lattice quantization as before. 

The lattice formulation of finite-temperature QCD is especially simple. 
One should take an asymmetric lattice whose size along the temporal axis 
is much smaller than that along the spatial ones: 

L : L 9.48 
t= Ta < L. (9.48) 
This guarantees that the system is in the thermodynamic limit. Then the 
temperature is given by 


T = — 9.49 
T (9.49) 
i.e. it coincides with the inverse extent of the lattice along the temporal 
axis. The periodic boundary conditions are usually imposed on the lattice 
by construction. 
Since the lattice spacing a and the bare coupling constant g? are related 
by Eq. (6.85), the temperature (9.49) can be rewritten as 
1 dg? 
T = —Agcp exp | a . 9.50 
Li i Bg?) l ) 
Therefore, one can change the temperature on the lattice by varying either 
the size along the temporal axis, Lı, or g?. 
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Fig. 9.1. Polyakov loop which winds around compactified temporal direction. 


9.3 Confinement criterion at finite temperature 


Wilson’s confinement criterion, which is discussed in Sect. 6.6, is not 
applicable at finite temperatures. A proper criterion for confinement at 
finite temperatures was proposed by Polyakov [Pol78]. 

The Polyakov criterion of confinement at finite temperature uses the 
thermal Wilson loop which goes along the temporal direction: 


L(@) = tr Pèl UAE), (9.51) 


It is gauge invariant because of the periodic boundary conditions for the 

gauge field and is called the Polyakov loop or the thermal Wilson line. 

One can imagine that the time-variable t = xq is compactified so that the 

Polyakov loop winds around the temporal direction as shown in Fig. 9.1. 
The lattice Polyakov loop 


Lg = tr [[Vala) (9.52) 


is just the trace of the product of the link variables along a line which 
goes in the temporal direction through the lattice with imposed periodic 
boundary conditions. 

Using the lattice gauge transformation (6.13), almost all link variables, 
associated with links pointing in the temporal direction, can be set equal 
1 except for one time slice since the gauge transformation is periodic: 


#0) = O(#,1/T). (9.53) 


The average of the Polyakov loop is related to the free energy Fo(Z) 
of a single quark (minus that of the vacuum) located at the point 7 of a 
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three-dimensional space by 
(Ea) Ser (9.54) 


If Fo is infinite, which is associated with confinement, then 


(L(@)) = 0 [confinement |. (9.55) 


In contrast, 


(L(@)) # 0 (9.56) 


is associated with deconfinement. This is the Polyakov criterion of con- 
finement at finite temperature. 

This criterion establishes a connection on a lattice between confinement 
and the Z(3) symmetry — the center of SU(3). The Z(3) transformation 
of the link variables 


Ua(r) — Z,y,Ua(x) (Zz, € Z(3)) (9.57) 


leaves the lattice action invariant. This transformation is not of the same 
type as the local gauge transformation (6.13) since only the temporal 
link variables are transformed. The parameter Zx, of the transforma- 
tion (9.57) depends on xg, but is independent of the spatial coordinates 
£ so the symmetry is a global one. 

While the lattice action is invariant under the transformation (9.57), 
the Polyakov loop transforms as 


Lz > ZLz (FETE, (9.58) 


where 


Z = [ha (9.59) 
Ld 


Therefore, Eq. (9.55) holds if the symmetry is unbroken, while Eq. (9.56) 
signals spontaneous breaking of the symmetry. Thus, confinement or 
deconfinement are associated with the unbroken or broken global Z(3) 
symmetry, respectively. 

On a lattice of finite volume, the number of degrees of freedom is finite 
and spontaneous breaking of the Z(3) symmetry is impossible. Then, it 
is more convenient to use a criterion which is based on the correlator of 
two Polyakov loops separated by a distance R along a spatial direction. 
This correlator determines the interaction energy F(R) between a quark 
and an antiquark by the formula 


(LE) o) = eRT, (9.60) 


conn 


170 9 Finite temperatures 


A finite correlation length is now associated with confinement, while an 
infinite one corresponds to deconfined quarks. 

More details concerning the Z7(3) symmetry in finite-temperature lattice 
gauge theories can be found in the review by Svetitsky [Sve86]. 
Problem 9.8 Calculate the correlator (9.60) to the leading order of the strong- 
coupling expansion. 


Solution The calculation is analogous to that of Sect. 6.5. The group integral 
is nonvanishing when the plaquettes completely fill a cylinder, spanned by two 
Polyakov loops, with area equal to R/T. This is analogous to the filling shown 
in Fig. 6.8. Contracting the indices, we find 


(ratty) = [Wp], (9.61) 


where W (0p) is given by Eq. (6.72). This yields the same interaction potential 
E(R) as before (see Eqs. (6.76) and (6.77)). 


Remark on high temperatures 


At high temperatures T — oo, the temporal direction shrinks and the 
partition function (9.38) reduces to a three-dimensional one with the cou- 
pling constant 


as = gT, (9.62) 


which has the dimension of [mass] in three dimensions. Three-dimensional 
QCD and QED always confine. If we take a Wilson loop in the form of a 
rectangle along spatial directions in four-dimensional QCD at high tem- 
perature, its average coincides with that in three dimensions and obeys the 
area law. This does not mean, however, that we are in a confining phase 
since the confinement criterion at finite temperature is different [Pol78]. 


9.4 Deconfining transition 


The effects of finite temperatures are negligible under normal circum- 
stances in QCD where the typical energy scale is of the order of hundreds 
of MeV, while a temperature of, say, T ~ 300 K is associated with the en- 
ergy* kT ~ 3x 107° MeV. However, for times of the order of 1074 seconds 
after the big bang in the very early universe, the energies of thermal fluc- 
tuations were ~ 100 MeV, i.e. of the order of the mass of the 7-meson. 
Therefore, 7-mesons can be created out of the vacuum at those times, 
while their density in a unit volume is described by the thermodynamics 
of an ideal gas. Heavier hadrons are suppressed at these energies by the 
Boltzmann factor. 


* Here k = 8.6 x 1071! MeV K7! is the Boltzmann constant. 
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The energy density €(T) of the hadron matter is given by the standard 
thermodynamical relation 


EIT) = PI RAnY)| (9.63) 


with Z(T, V) being given by Eq. (9.38). 
When the density of hadrons is small, €(T) is given by the formula 
T 
&(T) = a `> gi [mK (m;/T) + 3m?Kə(m;/T)], (9.64) 


1=T1,P,W,... 


where gr = 3, gp = 9, Jw = 3, ... are the statistical weights of the 7, p, 
w, ... mesons, while K; and Kə are the modified Bessel functions. 


Problem 9.9 Derive Eq. (9.64) starting from the partition function (9.37). 


Solution For a dilute gas, the logarithm in Eq. (9.37) can be expanded in 
exp (—E/T). Therefore, we find 


30 
ney aes +vf 5 3 e- VP +m? /T 
T 


T 
cont VTm? 


The second term on the RHS describes the classical statistics of an ideal gas of 
relativistic particles. Equation (9.64) can now be derived by differentiating this 
formula with respect to 1/T according to Eq. (9.63) and taking into account 
the statistical weights of the hadron states. The zero-point energy term gives a 
T-independent contribution to En, which only changes the energy reference level. 


At low temperatures, the hadron matter is in the confinement phase. 
However, when the temperature is increased, a phase transition associ- 
ated with deconfinement occurs at some temperature T = Te as was first 
pointed out by Polyakov [Pol78] and Susskind [Sus79]. For T < T} the in- 
teraction potential between static quarks is linear, as is shown in Fig. 6.9a 
on p. 117, while for T > T, the potential is deconfining, as is shown in 
Fig. 6.9b. The state of the hadron matter with deconfined quarks and 
gluons is often called the quark-gluon plasma. 

There exists a very simple physical argument as to why the deconfining 
phase transition must occur in QCD when the temperature is increased. 
It is based on the string picture of confinement which was considered in 
Sect. 6.6. The string is made of the gluon field between static quarks 
in the confining phase, which are associated with the string end points. 
With increasing temperature, condensation of strings of infinite length 
will inevitably occur owing to the large entropy of such states, which 
corresponds to a deconfining phase transition. 
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Problem 9.10 Derive the temperature of a phase transition for an elastic string 
by analyzing the temperature dependence of its free energy. 


Solution Let us consider the thermodynamics of an elastic string with fixed end 
points. For low temperatures, thermal fluctuations of the length of the string 
are suppressed by the Boltzmann factor since the energy is proportional to the 
length. Therefore, the string is tightened along the shortest distance between 
the quarks which leads to a linear potential. 

When the temperature is increased, entropy effects associated with fluctua- 
tions of the shape of the string become essential. An increment of the string 
length l by Al increases energy by 


Ape mal ESRAR (9.66) 


where K is the string tension as before, but causes a gain of the entropy 


AS = —Al. ; 

S al (9.67) 
The change of free energy is given by 
Os 
AF = AE-TAS = |K- Tr Al. (9.68) 
A phase transition occurs at the temperature 
as\~" 

T = K( => i ; 

( Jl ) (9.69) 


when the changes of energy and entropy compensate each other, so that the free 
energy ceases to depend on Al. Therefore, the phase transition is associated 
with a condensation of arbitrarily long strings. 


The energy density €(T) is described by a free gas of hadrons for low 
temperatures, as has already been mentioned, and by a free gas of quarks 
and gluons at high temperatures. The latter statement is a result of 
asymptotic freedom, which says that the effective coupling constant de- 
scribing a strong interaction at temperature T is given by 


1 


,, ( Aacp \ 
bin ( T ) 
1 


2 


PT) = (9.70) 


with 


and Nr being the number of fermion species (or flavors) with mass much 
less than T. This formula has the same structure as the running constant 
g°(Q), which describes the strong interaction at a momentum of Q. Since 
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Q ~ T for thermal fluctuations, these two coupling constants coincide 
with logarithmic accuracy.* 

The energy density €(T) of the quark—gluon plasma is given by Boltz- 
mann’s law 


2 
T 
Ch) = ayt +B, (9.72) 
where 
7 
Gp = 28+ 5-2-2-3-N5 (9.73) 


is the statistical weight, i.e. the number of independent internal degrees 
of freedom of the particles of the ideal gas. There are two spin and eight 
color states for gluons, and two spin, two particle—antiparticle, three color 
and Npe flavor states for quarks (N¢ = 2 for the u- and d-quarks). The 
factor of 7/8 is the usual one for fermions. 

The T-independent constant B > 0 in Eq. (9.72) is associated with 
the fact that the vacuum energy in the plasma phase is higher than in 
the hadron phase. In other words, the energy density of the perturbative 
vacuum is larger by B than that of a nonperturbative one. It is because of 
this energy difference that hadrons are stable at low temperatures. Such a 
shift of energy densities between perturbative and nonperturbative vacua 
is typical for bag models of hadrons. 

Numerical Monte Carlo simulations of lattice gauge theory at finite 
temperature indicate that the deconfining phase transition is of first or- 
der and occurs at Te ~ 200 MeV. The actual dependence of the energy 
density on T, calculated by the Monte Carlo method, is well described 
by Eq. (9.64) for T < T, and Eq. (9.72) for T > Te. This behavior is 
illustrated in Fig. 9.2. 


Problem 9.11 Calculate T, and the latent heat AE, approximating En by an 
ideal gas of massless 7-mesons. 


Solution It is reasonable to disregard the mass of the z-mesons for T Z 
200 MeV. Then, 
ae 
En (T) = go=-T*, (9.74) 
30 
where gn = 3 as a result of the three isotopic states (n+, m~, and 7°). En (T) 
for the plasma state is given by Eq. (9.72). 


* The perturbative calculations in QCD at finite temperature are described in the book 
by Kapusta [Kap89] and in the more recent review by Smilga [Smi97] and the book 
by Le Bellac [Bel00]. 
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Fig. 9.2. Temperature dependence of the energy density for hadron matter. 
E(T) for the hadron and the plasma phases are given by Eqs. (9.64) and (9.72). 
The difference Ep — En at the temperature Te of the deconfining phase transition 
is equal to the latent heat AE. 


The pressure for the relativistic gases with the energy densities (9.74) and 
(9.72) is given, respectively, by 


T2 


T) = — Tt 9.75 
PR = 955 (9.75) 
and 

T? 4 


The positive constant B in the energy density (9.72) leads to a negative pres- 
sure in the plasma state at low temperatures. Therefore, the hadron phase is 
preferable at low temperatures. This is in the spirit of the bag model of hadrons. 
At high energies the pressure is higher for the plasma phase, since 


I = 37 > Jh =3, (9.77) 


so that the plasma phase is realized. The behavior of the pressure versus T“ is 
shown in Fig. 9.3 for both phases of hadron matter. 

The deconfining phase transition occurs when the pressures in both phases 
coincide. Therefore, we obtain 


T = =e (9.78) 
90 (9p gn) 
and 
AE = &(T)-&(T) = 4B. (9.79) 


If we were set gn = 0 in Eq. (9.78), this would change the value of Te by a few 
per cent. This justifies the approximation of massless 7-mesons. 


9.5 Restoration of chiral symmetry 175 


P 


Fig. 9.3. Pressure versus T4 for the two phases of hadron matter. The solid and 
dashed lines represent Eqs. (9.75) and (9.76), respectively. The hadron phase is 
stable for T < Te, while the plasma phase is stable for T > Te. 


Remark on the deconfining phase transition in the early universe 


The confining phase transition from a quark—-gluon plasma to hadrons 
happened in the early universe when its age was ~ 1075 seconds. The 
equation of state of the hadron matter is described by Eqs. (9.72) and 
(9.76) before that time and by Eqs. (9.64) and (9.75) after that time. 
There are presumably no cosmological consequences of this phase tran- 
sition, which survive to our time, since it happened too long ago. For 
instance, fluctuations of the hadron matter density which might have 
occurred just after the phase transition were washed out by further ex- 
pansion. The confining phase transition in the early universe is considered 
in the review [CGS86], Section 6. 


9.5 Restoration of chiral symmetry 


The chiral symmetry is broken spontaneously in QCD at T = 0, as is 
discussed in Sect. 8.5. With increasing temperature, the chiral symmetry 
should be restored at some temperature Ten (which does not necessarily 
coincide with Te) since perturbation theory is applicable at high T. This 
restoration occurs as a phase transition with (wp) being the proper order 
parameter. Therefore, the quark condensate is destroyed at T = Ton. 
Monte Carlo simulations indicate that this chiral phase transition is of 
first order. 

However, there is a subtlety in the above string picture of quark con- 
finement when virtual quarks are taken into account. The effects of vir- 
tual quarks are suppressed when their mass m is infinitely large and the 
picture of confinement is the same as in pure gluodynamics: quarks are 
permanently confined by strings constructed from the flux tubes of the 
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Fig. 9.4. Breaking of the flux tube by creating a quark—antiquark pair (depicted 
by the open circles) out of the vacuum. 


gluon field. This is associated with a linear interaction potential. 

For light virtual quarks, the flux tube can break creating a quark- 
antiquark pair out of the vacuum, as is shown in Fig. 9.4. This happens 
when the energy saved in the flux tube is large enough to compensate the 
kinetic energy of the particles produced. Hence, the linear growth of the 
potential will stop at such distances. 

The average of the Polyakov loop (9.51) is no longer a criterion for quark 
confinement in the presence of virtual quarks. The test static quark can 
always be screened by an antiquark created out of the vacuum (a quark 
created at the same time will go to infinity). Therefore, the free energy 
Fo in Eq. (9.54) is always finite so that (L(Z)) 4 0 in both phases. 

The effects of virtual quarks usually weaken a phase transition in a 
pure gauge theory. If the deconfining phase transition in the SU(3) pure 
gauge theory was of second order rather than first order, it would pre- 
sumably disappear for an arbitrarily large but finite value of m. Such a 
phenomenon happens in the Ising model where an arbitrarily small ex- 
ternal magnetic field (which is an analog of the quark mass) destroys 
the second-order phase transition. A discontinuity of (L(Z)) at the first- 
order deconfining transition continues in the (T,m)-plane as illustrated 
by Fig. 9.5. It seems to terminate at some value me of the quark mass. 

This situation with the order parameter for the deconfining phase tran- 
sition is somewhat similar to that for the chiral phase transition. (up) 
vanishes in the unbroken phase only for m = 0. If m Æ 0 but is small, 
there is a small explicit breaking of chiral symmetry owing to the quark 
mass. Since the chiral phase transition is of first order for m = 0, it is nat- 
ural to expect that a discontinuity of (by) continues in the (T,m)-plane 
up to some value Men of the quark mass. 

If mn < Me, the phase diagram in the (T,m)-plane may look like 
that shown in Fig. 9.5. In the intermediate region my, < M < Me, the 
behavior of neither (L(#)) nor (77) can answer the question of whether a 
phase transition (or two separate transitions) occurs. A proper parameter, 
which signals a phase transition is this region, could be the temperature- 
dependence of the energy density €(T) that undergoes discontinuities at 
the points of first-order phase transitions. 
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Te 


I 
Hadrons Plasma 


Fig. 9.5. Expected phase diagram of the hadron matter in the (T,m)-plane. 
The deconfining phase transition starts at T = Te for m = co. (L(2)) is its order 
parameter for m > me. The chiral phase transition starts at T = Ty, for m = 0. 
wy is its order parameter for m < meu. 


It is worth noting that an alternative behavior of the phase diagram 
in the (T, m)-plane, when my, > Me, is not confirmed by Monte Carlo 
simulations. 
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Reference guide 


There are many very good introductory lectures/reviews on lattice gauge 
theory. For a perfect description of motivations and the lattice formula- 
tion, I would recommend the original paper [Wil74] and lectures [Wil75] 
by Wilson. Original papers on lattice gauge theories are collected in the 
book edited by Rebbi [Reb83]. Various topics within lattice gauge theory 
are covered in the well-written book by Creutz [Cre83]. The book by 
Seiler [Sei82] contains some mathematically rigorous results. The more 
recently published book by Montvay and Münster [MM94] contains a 
comprehensive look at lattice gauge theory. 

I shall also list some of the old reviews on lattice gauge theory which 
might be useful for deeper studies of the lattice methods. The strong- 
coupling expansion and the mean-field method are discussed in the re- 
view by Drouffe and Zuber [DZ83]. The Monte Carlo method and some 
results of numerical simulations are considered in [CJR83, Mak84]. The 
fermion doubling problem and the Wilson fermions are discussed in the 
lectures [Wil75]. 

An introduction to quantum field theory at finite temperature is given 
in the book by Kapusta [Kap89], which contains, in particular, a dis- 
cussion of perturbation theory in QCD at finite temperature. Lattice 
gauge theory aspects of the deconfining phase transition at finite temper- 
ature are considered in the review by Svetitsky [Sve86]. A description 
of the thermal phases of hadron matter, a comparison with results of 
Monte Carlo simulations and a discussion of the deconfining phase tran- 
sition in the early universe are contained in the review [CGS86]. Various 
physical aspects of thermal QCD are considered in the recent review by 
Smilga [Smi97] and book by Le Bellac [Bel00]. 

Most of the reviews mentioned above were written in the 1980s and 
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contain a description of lattice methods as well as early Monte Carlo 
results. The best way to follow current developments of the subject is via 
plenary talks at the annual Lattice Conference ({Lat00] and those for the 
preceding years). 


Ake93] 
Aok00] 
Are80] 
Ban83}] 
BC81] 


BCL77] 


BDI74] 


Bel00] 
Ber74] 


Bra80] 
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Part 3 
1/N Expansion 


“Can I schedule parades and then call 
them off?” 

“But just send out announcements post- 
poning the parades. Don’t even bother to 
schedule them.” 


J. HELLER, Catch-22 


In many physical problems, especially when fluctuations of scales of differ- 
ent orders of magnitude are essential, there is no small parameter which 
could simplify a study. A typical example is QCD where the effective 
coupling, describing strong interaction at a given distance, becomes large 
at large distances so that the interaction really becomes strong. 

’t Hooft [Hoo74a] proposed in 1974 to use the dimensionality of the 
gauge group SU(N) as such a parameter, considering the number of col- 
ors, N, as a large number and performing an expansion in 1/N. The 
motivation was an expansion in the inverse number of field components 
N in statistical mechanics where it is known as the 1/N-expansion, and 
is a standard method for nonperturbative investigations. 

The expansion of QCD in the inverse number of colors rearranges dia- 
grams of perturbation theory in a way which is consistent with a string 
picture of strong interaction, the phenomenological consequences of which 
agree with experiment. The accuracy of the leading-order term, which is 
often called multicolor QCD or large-N QCD, is expected to be of the 
order of the ratios of meson widths to their masses, i.e. about 10-15%. 

While QCD is simplified in the large-N limit, it is still not yet solved. 
Generically, it is a problem of infinite matrices, rather than of infinite 
vectors as in the theory of second-order phase transitions in statistical 
mechanics. 

We shall start this part by showing how the 1/N-expansion works for 
the O(N)-vector models, and describing some applications to the four- 
Fermi interaction, the y* theory and the nonlinear sigma model. Then 
we shall concentrate on multicolor QCD. 


10 
O(N) vector models 


The simplest models, which become solvable in the limit of a large number 
of field components, deal with a field which has N components forming 
an O(N) vector in an internal symmetry space. A model of this kind was 
first considered by Stanley [Sta68] in statistical mechanics and is known 
as the spherical model. The extension to quantum field theory was made 
by Wilson [Wil73] both for the four-Fermi and y* theories. 

Within the framework of perturbation theory, the four-Fermi interac- 
tion is renormalizable only in d = 2 dimensions and is nonrenormalizable 
for d > 2. The 1/N-expansion resums perturbation-theory diagrams after 
which the four-Fermi interaction becomes renormalizable to each order in 
1/N for 2 < d < 4. An analogous expansion exists for the nonlinear O(N) 
sigma model. The yf theory remains “trivial” in d = 4 to each order of 
the 1/N-expansion and has a nontrivial infrared-stable fixed point for 
2<d<4. 

The 1/N-expansion of the vector models is associated with a resumma- 
tion of Feynman diagrams. A very simple class of diagrams — the bubble 
graphs — survives to the leading order in 1/N. This is why the large-N 
limit of the vector models is solvable. Alternatively, the large-N solution 
is nothing but a saddle-point solution in the path-integral approach. The 
existence of the saddle point is a result of the fact that N is large. This is 
to be distinguished from a perturbation-theory saddle point which arises 
from the fact that the coupling constant is small. Taking into account 
fluctuations around the saddle-point results in the 1/N-expansion of the 
vector models. 

We begin this chapter with a description of the 1/N-expansion of the 
N-component four-Fermi theory analyzing the bubble graphs. Then we 
introduce functional methods and construct the 1/N-expansion of the 
O(N)-symmetric y* theory and nonlinear sigma model. Finally, we dis- 
cuss the factorization in the O(N) vector models at large N. 
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10.1 Four-Fermi theory 


The action of the O(.N)-symmetric four-Fermi theory in a d-dimensional 
Euclidean space* is defined by 


Sma = fate|ddd+miv-2 (dy)?|. aoa) 
2 


Here 0 = Yu, and Y = (Y1,.-., YN) is a spinor field which forms an 
N-component vector in an internal-symmetry space so that 


N 
by = So didi. (10.2) 
i=l 


The dimension of the four-Fermi coupling constant G is 
dim[G] = m*, (10.3) 


For this reason, the perturbation theory for the four-Fermi interaction is 
renormalizable in d = 2 but is nonrenormalizable for d > 2 (and, in par- 
ticular, in d = 4). This is why the old Fermi theory of weak interactions 
was replaced by the modern electroweak theory, where the interaction is 
mediated by the W= and Z bosons. 

The action (10.1) can be rewritten equivalently as 


T E E 2 
sip, px] = | déa(bdvemiv—-xydd+45), (104) 
2G 


where x is an auxiliary field. The two forms of the action, (10.1) and 
(10.4), are equivalent owing to the equation of motion which reads in the 
operator notation as 


x = Gipr:, (10.5) 
where :---: denotes the normal ordering of operators. Equation (10.5) 
can be derived by varying the action (10.4) with respect to x. 


In the path-integral quantization, where the partition function is de- 
fined by 


Z= J Pxvidveslien (10.6) 


with S[v,¥, x] given by Eq. (10.4), the action (10.1) appears after per- 
forming the Gaussian integral over x. Therefore, alternatively one obtains 


y= J Diny (10.7) 


with Sv, y] given by Eq. (10.1). 


* In d = 2 this model was studied in the large-N limit in [GN74] and is often called 
the Gross-Neveu model. 
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The perturbative expansion of the O(N )-symmetric four-Fermi theory 
can be represented conveniently using the formulation (10.4) via the aux- 
iliary field xy. Then the diagrams are of the same type as those in Yukawa 
theory, and resemble those for QED with ~ and w being an analog of the 
electron—positron field and y being an analog of the photon field. 

However, the auxiliary field x(x) does not propagate, since it follows 
from the action (10.4) that 


Do(z—y) = (XXY) cans = GIO(@-y) (10.8) 


or 


Do(p) = (x(—P)x(P))causs = G (10.9) 


in momentum space. 
It is convenient to represent the four-Fermi vertex 


re! = G (ofa; — alot) (10.10) 


as the sum of two terms 


k l k l k l 
o o Ga 
i j i j i j 


where the empty space inside the vertex is associated with the propaga- 
tor (10.8) (or (10.9) in momentum space). The relative minus sign makes 
the vertex antisymmetric in both incoming and outgoing fermions as is 
prescribed by the Fermi statistics. 

The diagrams that contribute to second order in G for the four-Fermi 
vertex are depicted, in this notation, in Fig. 10.1. The O(N) indices 
propagate through the solid lines so that the closed line in the diagram 
in Fig. 10.1b corresponds to the sum over the O(N) indices which results 
in a factor of N. Analogous one-loop diagrams for the propagator of the 
w-field are depicted in Fig. 10.2. 


Problem 10.1 Calculate the one-loop Gell-Mann—Low function of the four- 
Fermi theory in d = 2. 


Solution Evaluating the diagrams in Fig. 10.1 that are logarithmically diver- 
gent in d = 2, and noting that the diagrams in Fig. 10.2 do not contribute to the 
wave-function renormalization of the w-field, which emerges to the next order in 
G, one obtains 

(N —1)G? 


BG) = - . (10.12) 


190 10 O(N) vector models 


8 OK XX 


(b) (c) 


YK XK 


(a) (e) 


Fig. 10.1. Diagrams of second-order perturbation theory for the four-Fermi ver- 
tex. Diagram (b) involves the sum over the O(N) indices. 


(a) (b) 


Fig. 10.2. One-loop diagrams for the propagator of the -field. Diagram (b) 
involves the sum over the O(N) indices. 


The four-Fermi theory in two dimensions is asymptotically free as was first noted 
by Anselm [Ans59] and rediscovered by Gross and Neveu [GN74]. 

The vanishing of the one-loop Gell-Mann-Low function in the Gross-Neveu 
model for N = 1 is related to the same phenomenon in the Thirring model. 
The latter model is associated with the vector-like interaction (~~)? of one 
species of fermions, where 7, are the y-matrices in two dimensions. Since in 
d = 2 a bispinor has only two components 7, and %2, both the vector-like and 
the scalar-like interaction (10.1) for N = 1 reduce to 14 wW2We2, since the square 
of a Grassmann variable vanishes. Therefore, these two models coincide. For 
the Thirring model, the vanishing of the Gell-Mann—Low function for any G was 
shown by Johnson [Joh61] to all loops. 


10.2 Bubble graphs as the zeroth order in 1/N 191 


>OOO:O00K<K 


Fig. 10.3. Bubble diagram which survives the large-N limit of the O(N) vector 
models. 


Remark on auxiliary fields 


The introduction of the auxiliary field is often called the Hubbard- 
Stratonovich transformation in statistical mechanics. The proper term 
used in quantum field theory is just “auxiliary field”. 


10.2 Bubble graphs as the zeroth order in 1/N 


The perturbation-theory expansion of the O(N)-symmetric four-Fermi 
theory contains, in particular, diagrams of the type depicted in Fig. 10.3, 
which are called bubble graphs. Since each bubble has a factor of N, the 
contribution of the n-bubble graph is x G’+!N”, which is of the order of 


GHN” n G (10.13) 
as N — œ, since 
1 
G ~ —. 10.14 
~ (10.14) 


Therefore, all the bubble graphs are essential to the leading order in 1/N. 


Let us denote 
n loops 


= Getta a) on( )-C ) JaA, 


(10.15) 


In fact, the wavy line is nothing but the propagator D of the x field 
with the bubble corrections included. The first term G on the RHS of 
Eq. (10.15) is nothing but the free propagator (10.9). 

Summing the geometric series of the fermion-loop chains on the RHS 
of Eq. (10.15), one obtains analytically* 


sp |(k+im)\(k + p+im 
D-(p) = a-N| a P| ao (10.16) 


G (27)! (k? + m?) [(k + p)? + m2] ` 
* Recall that the free Euclidean fermionic propagator is given by So(p) = (ip + m)~* 


from Eqs. (10.4) and (10.6), and the additional minus sign is associated with the 
fermion loop. 
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Fig. 10.4. Some diagrams of the 1/N-expansion for the O(N) four-Fermi theory. 
The wavy line represents the (infinite) sum of the bubble graphs (10.15). 


This determines the exact propagator of the x field at large N. It is 
O(N =) since the coupling G is included in the definition of the propa- 
gator. 

The idea is now to change the order of summation of diagrams of per- 
turbation theory using 1/N rather than G as the expansion parameter. 
Therefore, the zeroth-order propagator of the expansion in 1/N is defined 
as the sum over the bubble graphs (10.15), which is given by Eq. (10.16). 

Some of the diagrams of the new expansion for the four-Fermi vertex 
are depicted in Fig. 10.4. The first diagram is proportional to G, while 
the second and third ones are proportional to G? or G?, respectively, 
and therefore are of order O(N =A) or O(N =2) with respect to the first 
diagram. The perturbation theory is thus rearranged as a 1/N-expansion. 

The general structure of the 1/N-expansion is the same for all vector 
models, say, for the N-component y* theory which is considered in the 
next section. 

The main advantage of the expansion in 1/N for the four-Fermi in- 
teraction, over the perturbation theory, is that it is renormalizable in 
d < 4, while the perturbation-theory expansion in G is renormalizable 
only in d = 2. Moreover, the 1/N-expansion of the four-Fermi theory 
in 2 < d < 4 demonstrates [Wil73] the existence of an ultraviolet-stable 
fixed point, i.e. a nontrivial zero of the Gell-Mann-Low function. 


Problem 10.2 Show that the 1/N-expansion of the four-Fermi theory is renor- 
malizable in 2 < d < 4 (but not in d = 4). 


Solution In order to demonstrate renormalizability, let us analyze indices of 
the diagrams of the 1/N-expansion. 

First of all, we shall remove an ultraviolet divergence of the integral over the 
d-momentum k in Eq. (10.16). The divergent part of the integral is proportional 
to A¢-? (logarithmically divergent in d = 2), where A is an ultraviolet cutoff. It 
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can be canceled by choosing 
g? 2—d 
Ca (10.17) 


where g? is a proper dimensionless constant which is not necessarily positive 
since the four-Fermi theory is stable with either sign of G. The power of A in 
Eq. (10.17) is consistent with the dimension of G. This prescription works for 
2 < d < 4 where there is only one divergent term, while another divergence 
x p?InA emerges additionally in d = 4. This is why the consideration is not 
applicable in d = 4. 

The propagator D(p) is therefore finite, and behaves at large momenta |p| > m 
as 


D(p) œ |p|. (10.18) 


The standard power-counting arguments then show that the only divergent di- 
agrams appear in the propagators of the w and x fields, and in the w—y-w 
three-vertex. These divergences can be removed by a renormalization of the 
coupling g, mass, and wave functions of w and x. 

This completes a demonstration of renormalizability of the 1/N-expansion for 
the four-Fermi interaction in 2 < d < 4. For more details, see [Par75]. 


Problem 10.3 Calculate in d = 3 the value of g in Eq. (10.17). 


Solution To calculate the divergent part of the integral in Eq. (10.16), we set 
p = 0 and m = 0. Remembering that the y-matrices are 2 x 2 matrices in d = 3, 
we obtain 


A 3 fT. A 3 
dk spkk Bk 1 
Ee = k : 10.1 
J (27)? kk? / QT)? k? bfa lo (019) 


Note that the integral is linearly divergent in d = 3 and A is the cutoff for the 
integration over |k|. This divergence can be canceled by choosing G according 
to Eq. (10.17) with g equal to 


Ge = tx (10.20) 
Problem 10.4 Calculate in d = 3 the coefficient of proportionality in 
Eq. (10.18). 


Solution Let us choose G = r? /NA, as prescribed by Eqs. (10.17) and (10.20), 
and in Eq. (10.16) set m = 0, since we are interested in the asymptotic behavior 
at |p| > m. Then the RHS of Eq. (10.16) can be rearranged as 


3 2 
-on f E Èk k?+kp 1 
PEE k2 


7 if ee p? + kp 
E (27)? k?(k + p)? 


This integral is obviously convergent. 


II 


D (p) 


(10.21) 
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To calculate it, we apply the standard technique of a-parametrization, which 
is based on the formula 


1 
z= fin. (10.22) 
0 
We have 
dèk p? + kp A A 2 
To Im)? A(R + p) = fan fom] E (ERE ee es 


(10.23) 


after which the Gaussian integral over dk can easily be performed. We then 
obtain 


-1 == 2 1 _ 102 2 
ope MO) eae [aes feos (a1 +.a2)°/? ep ( ay + a9? ) ee 
0 0 


The remaining integration over a; and ag can easily be performed by introducing 
the new variables a € [0,00] and x € [0,1] so that 


a = ar, a. = a(l- rz), sean =a. (10.25) 


Finally, this gives 


8 


D = —. 10.2 
© = Fp (10.26) 
Equation (10.26) (or (10.18) in d dimensions) is remarkable since it shows that 

the scale dimension of the field x, which is defined in Sect. 3.5 by Eq. (3.65), 

changes its value from ly = d/2 in perturbation theory to J, = 1 in the zeroth 

order of the 1/N expansion (remember that the momentum-space propagator of 

a field with the scale dimension l is proportional to |p|?’~%). This appearance 

of scale invariance in the 1/N-expansion of the four-Fermi theory at 2<d< 4 

was first pointed out by Wilson [Wil73] and implies that the Gell-Mann—Low 

function B(g) has a zero at g = gx, which is given in d = 3 by Eq. (10.20). 


Problem 10.5 Find the (logarithmic) anomalous dimensions of the fields y and 
x, and of the w~—y-—1) three-vertex in d = 3 to order 1/N. 


Solution The 1/N-correction to the propagator of the ~-field is given by the di- 
agram depicted in Fig. 10.5a. Since we are interested in the ultraviolet behavior, 
we can again set m = 0. Analytically, we have 


= k+p 
S(p) = ip+— tf ee 10.27 
(p) = ip N CETA ( ) 


The (logarithmically) divergent contribution emerges from the domain of inte- 
gration |k| > |p| so we can expand the integrand in p. The p-independent term 
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OE One 


(a) (b) 


Fig. 10.5. Diagrams for the 1/N-correction to the 7-field propagator (a) and 
the three-vertex (b). 


vanishes after integration over the directions of k so that we obtain 


Bk 1 2 A? finite 
S(p) = 1 ID TE eg ae) 
(p) w( +> F Sirr) io( + gay naa t ) 


(10.28) 
The diagram, which gives a nonvanishing contribution to the three-vertex at 
order 1/N, is depicted in Fig. 10.5b. It gives analytically 


dk È+ N È+ A 
T(pi,pe) = 1+5 ae Jae 
N J EE + pi) + Pa) 
where pı and po are the incoming and outgoing fermion momenta, respectively. 


The logarithmic domain is |k| >> |p|max, with |p|max being the largest of |p| and 
|p2|. This gives 


(10.29) 


2 A? finite 
T'(p1, p2) = 1- yn On N n 


(10.30) 


The analogous calculation of the 1/N correction for the field x is slightly 
more complicated since it involves three two-loop diagrams (see, for example, 
[CMS93]). The resulting expression for D~1(p) is given by 


[Dw] = 5+ (-4+4) -y [2a LG in + finite) | 


2 


(10.31) 

The linear divergence is canceled to order 1/N, providing g is equal to 

1 
= 1+>=), 10.32 
s = a(1+5) (10.32) 
which determines g, to order 1/N. After this D~'(p) takes the form 
2 N |p| 16 A? 
D'(p) = —— (1- n=}. 10. 

(p) 3 ( AN "p (10.33) 


To make all three expressions (10.28), (10.30), and (10.33) finite, we need 
logarithmic renormalizations of the wave functions of y- and y-fields and of the 
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vertex I. This can be achieved by multiplying them by the renormalization 
constants 


A2 
Zi(A) = -ylz (10.34) 


where u denotes a reference mass scale and y; are anomalous dimensions. The 
index i denotes w, x, or v for the Y- and y-propagators or the three-vertex I, 
respectively. We have, therefore, calculated 
2 2 16 

Yo = 372 N ) Wwe N ; Yx FT 372N (10.35) 
to order 1/N. Owing to Eq. (10.5) yy coincides with the anomalous dimension 
of the composite field YY: yyy = Yx 

Note that 


i Z i (10.36) 


This implies that the effective charge is not renormalized and is given by 
Eq. (10.32). Thus, the nontrivial zero of the Gell-Mann-Low function persists 
to order 1/N (and, in fact, to all orders of the 1/N-expansion). 


Remark on scale invariance at the fixed point 


The renormalization group says that 
dg? 
= Aexp |- Bn ; 10.37 


which is essentially the same as Eq. (6.85). If 6 has a nontrivial fixed 
point g? near which 


Big’) = b(9?—49?) (10.38) 
with b < 0, then the substitution into Eq. (10.37) gives 
—b 
g = gt (£) (10.39) 


Therefore, the approach to the critical point is power-like rather than 
logarithmic as for the case of g2 = 0 when 


Big?) = bg. (10.40) 
The latter behavior of B results, after the substitution into Eq. (10.37), 
in the logarithmic dependence 

2 1 


go bin(u/A) (10.41) 


when b < 0, which is associated with asymptotic freedom. 
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If g is chosen exactly at the critical point gą, then the renormalization- 
group equations 


= ag) (10.42) 
where T; denotes generically either vertices or inverse propagators, possess 
the scale-invariant solutions 

Ti x pls), (10.43) 


This complements the heuristic consideration of Sect. 3.5 on the rela- 
tion between scale invariance and the vanishing of the Gell-Mann—Low 
function. 

For the four-Fermi theory in d = 3, Eq. (10.43) yields 


S(p) = =(4) (10.44) 


ip \ pu 
8 p Yx 
2\ VW 2 
P2 PiP 
T(pi,p2) = (4) (3, ne) ; (10.46) 
1 1 1 


where f is an arbitrary function of the dimensionless ratios which is not 
determined by scale invariance. Here the indices obey the relation 


1 

w = Wher (10.47) 

which guarantees that Eq. (10.36), implied by scale invariance, is satisfied. 
The indices +; are given to order 1/N by Eqs. (10.35). When expanded 
in 1/N, Eqs. (10.44) and (10.45) obviously reproduce Eqs. (10.28) and 
(10.33). Therefore, one obtains the exponentiation of the logarithms 
which emerge in the 1/N-expansion. The calculation of the next terms of 
the 1/N-expansion for the indices y; is given in [Gra91, DKS93, Gra93}. 


Remark on conformal invariance at fixed point 


Scale invariance implies, in a renormalizable quantum field theory, more 
general conformal invariance as was first pointed out in [MS69, GW70]. 
The conformal group in a d-dimensional space-time has (d + 1)(d + 2)/2 
parameters as illustrated by Table 10.1. More details concerning the 
conformal group can be found in the lecture by Jackiw [Jac72]. 

A heuristic proof [MS69] of the fact that scale invariance implies con- 
formal invariance is based on the explicit form of the conformal current 
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Table 10.1. Contents and the number of parameters of groups of space-time 
symmetry. 


Group Transformations Parameters 


Lorentz aa) rotations r, = Quek aa) 
Poincaré | + d translations T = Tu + ap aa) 
Weyl + 1 dilatation Tu = PT Pate 
; T Tu (d+1)(d+2) 
Conformal | + d special conformal = 5 +a S aaa 
x)? r2 H 2 


K; which is associated with the special conformal transformation, via 


the energy-momentum tensor: 
Kı = (Qx,2° — x7 82) Ov- (10.48) 
Differentiating, we obtain 
pKa = 22% 0 up ; (10.49) 


which is analogous to Eqs. (3.66) and (3.67) for the dilatation current. 
Therefore, both the dilatation and conformal currents vanish simultane- 
ously when 6,,,, is traceless which is provided, in turn, by the vanishing of 
the Gell-Mann—Low function. 

Conformal invariance completely fixes three-vertices as was first shown 
by Polyakov [Pol70] for scalar theories. The proper formula for the four- 
Fermi theory (the same as for Yukawa theory [Mig71]) is given by 


pear — Ww) 


T'(pi,p2) = Tw) 
dt k+ pi k + Bo 1 
AP UCR + py? [Ck F pa Pe? e 
(10.50) 


where the coefficient in the form of the ratio of the [-functions is pre- 
scribed by the normalization (10.44) and (10.45), and the indices are 
related by Eq. (10.47) but can be arbitrary otherwise.* 


* The only restriction yy > 0 is imposed by the Kallén—Lehmann representation of the 
propagator, while there is no such restriction on yy since it is a composite field. 
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Equation (10.50), which results from conformal invariance, unam- 
biguously fixes the function f in Eq. (10.46). In contrast to infinite- 
dimensional conformal symmetry in d = 2, the conformal group in d > 2 
is less restrictive. It fixes only the tree-point vertex while, say, the four- 
point vertex remains an unknown function of two variables. 


Problem 10.6 Calculate the integral on the RHS of Eq. (10.50) in d = 3 to 
order 1/N. 


Solution The integral on the RHS of Eq. (10.50) looks in d = 3 very much 
like that in Eq. (10.29) and can easily be calculated to the leading order in 1/N 
when only the region of integration over large momenta with |k] = |p|max = 
max{|p1|, |p2|} is essential to this accuracy. 

Let us first note that the coefficient in front of the integral is x y, ~ 1/N, 
so that one is interested in the term ~ 1/7, in the integral for the vertex to be 
of order 1. This term comes from the region of integration with |k| Z |p|max- 
Recalling that |p1 — p2| S |plmax in Euclidean space, one obtains 


TZ k+ Pi k+ po 1 
Qn [(k + p1)?] 1/2 [(k + p2)?]1tx/2 |k|1 +27% -7x/2 
F ak 1 
z mamn ~ a mp 10.51) 
‘| k2|l+w 2 Nya ( 
Plax l ] Yv (Dras) 


where Eq. (10.47) has been used and 


P(pi,p2) = (+ Ve (10.52) 


2 
Pmax 


While the integral in Eq. (10.51) is divergent in the ultraviolet for yy < 0, this 
divergence disappears after the renormalization. 

Equation (10.30) is reproduced by Eq. (10.51) when expanding in 1/N. This 
dependence of the three-vertex solely on the largest momentum is typical for 
logarithmic theories in the ultraviolet region where one can set, say, pı = 0 
without changing the integral with logarithmic accuracy. This is valid if the 
integral is quickly convergent in infrared regions which it is in our case. 


Remark on broken scale invariance 


Scale (and conformal) invariance at a fixed point g = gx holds only for 
large momenta |p| > m. For smaller values of momenta, scale invariance 
is broken by masses. In fact, any dimensional parameter breaks scale 
invariance. If the bare coupling g is chosen in the vicinity of g, according 
to Eq. (10.39), then scale invariance holds even in the massless case only 
for |p| >> u, while it is broken if |p| S pu. 
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10.3 Functional methods for yt theory 


The large-N solution of the O(N) vector models, which is given by the 
sum of the bubble graphs, can be obtained alternatively by evaluating the 
path integral at large N using the saddle-point method. We shall restrict 
ourselves to the scalar O(N)-symmetric y* theory, while the analysis of 
the four-Fermi theory is quite analogous. 

The action of the O(N)-symmetric y* theory is given by 


1 À 
= fate g P Hame E, (10.53) 
where ° = (y',...,y%). The coupling À in the action (10.53) must 


be positive for the theory to be well-defined. The vertices of Feynman 
diagrams are associated with —A. 


Problem 10.7 Calculate the one-loop Gell-Mann-Low function of the O(N)- 
symmetric y* theory in d = 4. 
Solution The corresponding diagrams are similar to those of Fig. 10.1, though 
now the arrows are not essential since the field is real. The diagrams are logarith- 
mically divergent in four dimensions. Each diagram contributes with a positive 
sign, while the diagram in Fig. 10.1b now has an extra combinatoric factor of 
1/2. The diagrams in Fig. 10.2 result in a mass renormalization and there is no 
wave-function renormalization of the y-field in one loop so that one obtains 
(N + 8)\? 
B(A) = ———. 10.54 

A) a (10.54) 
The positive sign in this formula is the same as for QED and is associated with 
the “triviality” of the y* theory in four dimensions. It is also worth noting that 
the coefficient (N + 8) is large even for N = 1. 


Introducing the auxiliary field x(x) as in Sect. 10.1, the action (10.53) 
can be rewritten as 


2 
dz |=" CE SA. (10.55 
=| Ka +m? +x) FT ( ) 
The two forms are equivalent owing to the equation of motion 
À 
Ea p GSE., (10.56) 


In other words, x is again a composite field. 
The correlators of y and y are determined by the generating functional 


| Dx(x) | De) 
x exp { -Sle yt, xX] + f atze) orl 2) + | ate K(x)x a}, 


(10.57) 
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which is a functional of the sources J* and K for the fields y® and x and 
extends Eq. (2.49). 

To make the path integral over x(x) in Eq. (10.57) convergent, at each 
point x we integrate over a contour that is parallel to the imaginary axis. 
This is specific to the Euclidean formulation. The propagator of the x- 
field in the Gaussian approximation reads 


Do(p) = (x(—P)x(P)) Gauss = ~À, (10.58) 


which reproduces the four-boson vertex of perturbation theory. 
Since the integral over y“ is Gaussian, it can be expressed via the Green 
function 


G(z,y;X) = (y EN 2) (10.59) 


OF +m? +x 


as 


1 
+ 5 f ate d¢y J (x) G(x, y; x) J (y) 


+ | dz Kla) xla) — Sme} ; 


(10.60) 
Here we have used the obvious notation 
Gtx] = -+m +x. (10.61) 
It will also be convenient to use the short-hand notation 
gof = tgif) = fata fleg (10.62) 


Then, Eq. (10.60) can be rewritten as 


|P exp {AX 45 = J* o G[x] 0 J? 


+Kox— + Tem cpa} . (10.63) 


The exponent in Eq. (10.63) is O(N) at large N so the path integral 
can be evaluated as N — oo by the saddle-point method. The saddle- 
point field configuration x(x) = xsp(#) is determined (implicitly) by the 
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saddle-point equation 


> Ge, T; Xsp) 


+y o G(-, £; Xsp) G(T, *; Xsp) ° J? +AK(x) = 0. (10.64) 


Xsp(x) — 


If K ~ 1/A, each term here is O(1) since 


Aw (10.65) 


1 
N 
in analogy with Eq. (10.14). 

When the sources J“ and K vanish so that the last two terms on the 
LHS of Eq. (10.64) equal zero, this equation reduces to 


AN g 


as (£,£;Xsp) = 0. (10.66) 


Xsp 


Its solution is x-independent owing to translational invariance and can be 
parametrized as 


Xsp = mM- m?, (10.67) 


where m and mp are the bare and renormalized mass, respectively. Equa- 
tion (10.66) then reduces to the standard formula [Wil73] 


m = m2 àN ^A dik 1 
© R 2 J (2m) (k?+m?) 


(10.68) 


for the mass renormalization at large N. 
To take into account fluctuations around the saddle point, we expand 


x(x) = Xsp + x(x) , (10.69) 
where 
õxla) ~ VA ~ N., (10.70) 


The Gaussian integration over x(x) determines the pre-exponential fac- 
tor in (10.63). 

To construct the 1/N expansion of the generating functional (10.63), it 
is convenient to use the generating functional for connected Green func- 
tions, which was already introduced in Eq. (2.52). It is usually denoted 
by W[J“, K] and is related to the partition function (10.57) by 


Z[J®, K] = eWIK], (10.71) 


10.3 Functional methods for pt theory 203 


Then we find 
WIJ, K] = Xp 0 Xap — > Ten Gep] 
+ 55° o G [x o J” + K o Xsp 
— 5 Trin (AD“"[xXsp]) +O(N7t), (10.72) 
where 
Du E= -55(¢ —y)- A G(x, y; x) Gly, £; x) 


+ J? o G6, 23x) G(z, yx) Gy, 5xX)o J. (10.73) 


This operator emerges when integrating over the Gaussian fluctuations 
around the saddle point. The corresponding (last displayed) term on the 
RHS of Eq. (10.72) is associated with the pre-exponential factor and, 
therefore, is ~ 1. 

The next terms of the 1/N expansion can be calculated in a systematic 
way by substituting (10.69) in Eq. (10.63) and performing the perturba- 
tive expansion in dy. 

If the sources J” and K vanish so that the saddle-point value Xsp is 
given by the constant (10.67), then the RHS of Eq. (10.73) simplifies to 


= 1 N 
D! (z, Y; Xsp) = oe (2 — y) = > G(T, Y; Xsp) GY, £i Xsp) - 
(10.74) 
Remembering the definition (10.59) of G and passing to the momentum- 
space representation, we obtain 
1 N f dik 1 
D! = =>- — | —— SS 10.75 
Y= Ts 3) pee ener 
The sign of the first term on the RHS is consistent with Eq. (10.58). 
Equation (10.75) is analogous to Eq. (10.16) in the fermionic case and 
can be obtained alternatively by summing bubble graphs of the type 
shown in Fig. 10.3 for 


D(p) = (x(—p)x(p))- (10.76) 


The extra symmetry factor of 1/2 in Eq. (10.75) is the usual combina- 
toric one for bosons. Therefore, the large-N saddle-point calculation of 
the propagator (10.76) results precisely in the zeroth order of the 1/N- 
expansion. 

We see from Eq. (10.72) the difference between perturbation theory 
and the 1/N-expansion. The perturbation theory in can be constructed 
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as an expansion (10.69) around the saddle point Xsp given again by 
Eq. (10.64), with the omitted second term on the LHS, which is now 
justified by the fact that is small (even for N ~ 1). The second term on 
the RHS of Eq. (10.72), which is associated with a one-loop diagram, ap- 
pears in perturbation theory as a result of Gaussian fluctuations around 
this saddle point. 


Remark on the effective action 
The effective action is a functional of the mean values of fields 


ôW ôW 


palt) = E Xa(v) = KO (10.77) 


in the presence of the external sources. The effective action is defined as 
the Legendre transformation of W[J®, K] by 


Tii Xa] = -W + J° oyp +K oxa, (10.78) 


where the sources J® and K, which are regarded as functionals of y% and 
Xcel, are to be determined by an inversion of Eq. (10.77). To the leading 
order in 1/N we obtain 


J*(z) = o oe 
Xe(x) a Xsp(z) + O(N"). 


When Eq. (10.79) (with the 1/N correction included) is substituted 
into Eq. (10.78) and account is taken of the 1/N terms, most of them 
cancel and we arrive at the relatively simple formula 


(10.79) 


Tyas Xa] = -5 xa o Xel + A Trn GH [xa] 
+5080 yal] o på + 5 Trin (AD [xal) + O(N), 
(10.80) 
where 
Dy Ney = - 55 =y)= Xale, Y; Xa) G(Y, £; Xal) 
+ pale) G(x, y; Xa) paly) (10.81) 


coinciding with (10.73) to the leading order in 1/N. 

The second and fourth terms on the RHS of Eq. (10.80), which involve 
Tr, are associated with one-loop diagrams of the fields y* and y, respec- 
tively, in the classical background fields y% and xe- Higher orders in 1/N 
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are given by diagrams which are one-particle irreducible with respect to 
both y and x. 
It follows immediately from the definitions (10.77) and (10.78) that 


ol ol 
EJ 
me E Se) 


Therefore, y%(x) and xalx) are determined in the absence of external 
sources by the equations 


= K(2). (10.82) 


Vyaxal _ 9 Taxa _ 4 (10.83) 
õph (x) l 


dX c1(2) 
Substituting (10.80) into Eqs. (10.83), we get to the leading order in 
1/N, respectively, the equations 


[-82 +m? + xal) v(x) = 0 (10.84) 
and 
À AN 
Xalz) = ZF Pelz) ~a(x) + -7 Clr, T; Xa). (10.85) 


The first equation is just a classical equation of motion in an external 
field xalx), while the second one is just the average of the (quantum) 
equation (10.56). Equation (10.85) is often called the gap equation. 

A solution to Eqs. (10.84) and (10.85) depends on what initial (or 
boundary) conditions are imposed. 


Problem 10.8 Find translationally invariant solutions to Eqs. (10.84) and 
(10.85) and calculate the corresponding effective potential. 


Solution The effective potential V (%%, xc) is defined via the integrand in the 
effective action T'[y%, Xa] for translationally invariant 


gale) = °, xa = % (10.86) 


i.e. it is given by T divided by the volume of Euclidean space. From Eq. (10.80), 
at large N we find 


1 > N f^ dik a Se ne et ee n 
= -— — —— ln (k = 10.87 
V airs / aman ( +m +X) +5 (m + x) ¢, ( ) 


which obviously recovers Eqs. (10.84) and (10.85) after varying with respect to 
constant ~* and x. 


It is convenient to perform renormalization by introducing, in d = 4, the 
renormalized coupling AR given by 


(10.88) 


AR rn 2) E ~ xt 


1 1 1 T dtk 1 1 N A? 
————a n ——<——t 
(27)4 k? (k2? + m2) A 3m? m 
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and ýr = ¥ +m. Assuming that ýr < A? (also mp < A as usual) and 
representing Eq. (10.68) in the form 


2 2 
MR m N 19 
— = — - A 10.89 
AR A 32m2 ( ) 
we rewrite Eqs. (10.84) and (10.85) as [Sch74, CJP74] 
re? = 0 (10.90) 
and 
_ ARN | XR — 9 ÀR 
XR (1 = Ree In = = met z: (10.91) 


Equation (10.87) then gives the renormalized effective potential 


VR 


25 = 
MRXR N _» 1 XR ee 

—_— —~+ln-> = 10.92 

Da XRT a + ( + aže) +5 f ( ) 


which obviously reproduces Eqs. (10.90) and (10.91). 
Equations (10.90) and (10.91) possess the solutions 


g = 0, Xk = m}, form_>O, (10.93) 


g# = - À Xr = 0 for må <0. (10.94) 
AR 

The first of them is associated with an unbroken O(N) symmetry, while the 
second one corresponds to a spontaneous breaking of O(N) down to O(N —1). 
Both formulas look like the proper tree-level ones, while the only effect of loop 
corrections at large N is the renormalization of the coupling constant and mass. 
A subtle point is the question of the stability of these solutions. For small 
deviations of Ø? from the mean value given by Eqs. (10.93) and (10.94), the 
effective potential Va is a monotonically increasing function of °, as can be 
shown for ARN < 327°? by eliminating the auxiliary field ¥r from Eq. (10.92) by 
solving the gap equation (10.91) iteratively in °, and the solutions are locally 
stable. Both solutions are, however, unstable globally with respect to large 
fluctuations of the fields. This can be seen by eliminating Ø? from Vp by solving 

the gap equation (10.91) for Ø? which yields 


1 1 N x N 
Ve = Xk ( l x ) - —— z. (10.95) 


AR 3272 i me 
This function is monotonically decreasing for very large 
XR > må eð ARN, (10.96) 


where the theory becomes unstable. This is related to the usual problem of 
“triviality” of the y+ theory, which makes sense only for small couplings Ar N 
as an effective theory and cannot be fundamental at very small distances of the 
order of 

ro ~ MR 


e7167? /ARN (10.97) 
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Problem 10.9 Find a solution to Eqs. (10.84) and (10.85) which decreases 
exponentially as 


pals) = Empe"? for T> -00, (10.98) 
where T = x4 and ¿° is an O(N) vector. 


Solution The difference with respect to the previous Problem is that pe is 
no longer translationally invariant along the time-variable owing to the initial 
condition (10.98). Let us denote 


galt) = (7r),  xalz) = v(7). (10.99) 
The the saddle-point equations (10.84) and (10.85) can be rewritten as 
[-D? +m? +v(r)] (r) = 0 (10.100) 
and 
v(Tr) = Zerre) + | S GolT, T; v), (10.101) 
where 


D = ay w = Vk?+m? (10.102) 
T 


and we have introduced the Fourier image of the Green function (10.59) 


GulT, T; v) = EG T), (T, 0); v) 


= (7 


with respect to the spatial coordinate. 
The solution to Eqs. (10.100) and (10.101) can be easily found to be 


r) (10.103) 


-D? +w? +v 


a MRT À 
dor = mR our) = Ror(7)H(7), (10.104) 

1 — ÀR e2mRT 2 

16 
where the renormalized coupling 
= AR 

In a oei 10.105 
eT A R 


differs from Eq. (10.88) only by an additional final renormalization and the 
renormalized mass mpg is defined in Eq. (10.68). This solution is nontrivial for 
€? ~ N and obviously satisfies the initial condition (10.98). 

The solution is so simple because the diagonal resolvent (10.103) takes the 
very simple form 


1 v (T) 


NEA (10.106) 
2w 4w(w? — mz) 


for the potential v(T) given by Eq. (10.104). This can be verified by substituting 
into the Gel’fand—Dikii equation (1.127) with G = 1. This is a feature of an 
integrable potential, which was already discussed in Problem 4.4 on p. 73. 
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The function ®*(7) given by Eq. (10.104) describes large-N amplitudes of 
multiparticle production at a threshold [Mak94]. 


10.4 Nonlinear sigma model 


The nonlinear O(N) sigma model* in two Euclidean dimensions is defined 
by the partition function 


[rre — =) exp [-5 [we (au), (10.107) 


where ñ = (n1,... ny) is an O(N) vector. While the action is pure 
Gaussian, the model is not free owing to the constraint 
1 
(xr) = 3, (10.108) 
g 


which is imposed on the ñ field via the (functional) delta-function. 
The sigma model in d = 2 is sometimes considered as a toy model for 
QCD since it possesses: 


(1) asymptotic freedom [Pol75]; 
(2) instantons for N = 3 [BP75]. 


The action in Eq. (10.107) is ~ N as N — co but the entropy, i.e. 
the contribution from the measure of integration, is also ~ N so that a 
straightforward saddle point is not applicable. 

To overcome this difficulty, we proceed as in the previous section, in- 
troducing an auxiliary field u(x), which is ~ 1 as N — ov, and rewrite 
the partition function (10.107) as 


Z x [Puc ) | Die )exp {5 f ae hom a 


where the contour of integration over u(x) is parallel to the imaginary 
axis. 
Performing the Gaussian integration over ñ, we find 


Z x [Puc epf -FT [-07 + u(x)] + sa few) 


(10.110) 


* The name comes from elementary particle physics where a nonlinear sigma model in 
four dimensions is used as an effective Lagrangian for describing low-energy scattering 
of the Goldstone 7-mesons. 
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The first term in the exponent is as before nothing but the sum of one-loop 
diagrams in two dimensions, 


(10.111) 


where the auxiliary field u is again denoted by a wavy line. Equation 
(10.110) looks very much like Eq. (10.63) if we set J? = K = 0. The 
difference is that the exponent in (10.110) involves the term which is 
linear in u, while the analogous term in (10.63) is quadratic in y. 

Now the path integral over u(x) in Eq. (10.110) is a typical saddle-point 
one: the action ~ N, while the entropy ~ 1 since only one integration 
over u is left. The saddle-point equation for the nonlinear sigma model 


1 
ge ee) = 0 (10.112) 


is quite analogous to Eq. (10.66) for the y* theory, while G is defined by 


G(z,ysu) = (x! : v) (10.113) 


2 
=0 Fü 


which is an analog of Eq. (10.59). 

Introducing sources for the 7 and u fields, we can derive the analogs 
of Eqs. (10.84) and (10.85) for yt theory which are given for the sigma 
model by 


[-02 + ua(z)| alz) = 0, (10.114) 


and 
1 r l 
z = nale) + NG(zx, x; ua). (10.115) 
For a translationally invariant solution when fig(x) = 0 and ualz) = usp, 
we recover Eq. (10.112). 

The coupling g? in Eq. (10.112) is ~ 1/N, as prescribed by the con- 
straint (10.108), which involves a sum over N terms on the LHS. This 
guarantees that a solution to Eq. (10.112) exists. Next orders of the 
1/N-expansion for the two-dimensional sigma model can be constructed 
analogously to the previous section. 

The 1/N-expansion of the two-dimensional nonlinear sigma model has 
many advantages over perturbation theory, which is usually constructed 
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by solving the constraint (10.108) explicitly, say, by choosing 


(10.116) 


N-1 
1—g? Ss n2 
a=1 


and expanding the square root in g?. Only N — 1 dynamical degrees 

of freedom are left so that the O(N)-symmetry is broken in perturba- 

tion theory down to O(N — 1). The particles in perturbation theory are 

massless (like Goldstone bosons) and it suffers from infrared divergences. 
In contrast, the solution to Eq. (10.112) has the form 


usp = må = Mee, (10.117) 


where A is an ultraviolet cutoff. Therefore, all N particles acquire the 
same mass mp in the 1/N-expansion so that the O(N) symmetry is re- 
stored. This appearance of mass is a result of the dimensional transmu- 
tation which says in this case that the parameter mp rather than the 
renormalized coupling constant g is observable. The emergence of the 
mass cures the infrared problem. 


Problem 10.10 Show that (10.117) is a solution to Eq. (10.112). 


Solution Let us look for a translationally invariant solution usp(x) = m2. Then 
Eq. (10.112) in the momentum space gives 


A2 


AS i k 1 N dk? 
go (27)? k? +m? 4r J k2 +m? 
N A? 
= —h—. 10.11 
Gea (10.118) 


The exponentiation results in Eq. (10.117). 
Equation (10.118) relates the bare coupling g? and the cutoff A and allows us 
to calculate the Gell-Mann—Low function, yielding 


B(g’) = a OMe: (10.119) 


The analogous one-loop perturbation-theory formula for any N is given by 
[Pol75] 


(10.120) 


Thus, the sigma model is asymptotically free in two dimensions for N > 2, which 
is the origin of the dimensional transmutation. There is no asymptotic freedom 
for N = 2 since O(2) is Abelian. 
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10.5 Large-N factorization in vector models 


The fact that a path integral has a saddle point at large N implies a very 
important feature of large-N theories — the factorization. It is a general 
property of the large-N limit and holds not only for the O(N) vector 
models. However, it is useful to illustrate it by these solvable examples. 

The factorization at large N holds for averages of singlet operators, for 
example 


(u(x1) +--+ u(xe) ) 
= =u = rin 2 yu Gy Pru 
= Z J Duen -Fim (= +u) +5 nfa | 
x u(x1) +--+ U(rz) (10.121) 


in the two-dimensional sigma model. 

Since the path integral has a saddle point at some configuration u(x) = 
Usp(x) (which is, in fact, x-independent owing to translational invariance), 
we obtain to the leading order in 1/N: 


(u(x1)-+-u(te)) = Usp(x1) +++ Usp(te) + O(N!) ; (10.122) 


which can be written in the factorized form 


(u(a1)---u(ap)) = (ul(az))-++ (ulk) + O(N7") . (10.123) 


Therefore, u becomes “classical” as N — oo in the sense of the 1/N- 
expansion. This is an analog of the WKB-expansion in h = 1/N. “Quan- 
tum” corrections are suppressed as 1/N. 

We shall return to discussing large-N factorization in the next chapter 
when considering the large-N limit of QCD. 


11 
Multicolor QCD 


The method of 1/N-expansion can be applied to QCD. This was done by 
’t Hooft [Hoo74a] using the inverse number of colors for the gauge group 
SU(N) as an expansion parameter. 

For an SU(N) gauge theory without virtual quark loops, the expansion 
goes in 1/N? and rearranges diagrams of perturbation theory according 
to their topology. The leading order in 1/N? is given by planar diagrams, 
which have the topology of a sphere, while the expansion in 1/N? plays 
the role of a topological expansion. This is similar to an expansion in the 
string coupling constant in string models of the strong interaction, which 
also has a topological character. 

Virtual quark loops can be easily incorporated in the 1/N-expansion. 
One distinguishes between the ’t Hooft limit when the number of quark 
flavors Nf is fixed as N — oo and the Veneziano limit [Ven76] when the 
ratio N¢/N is fixed as N — oo. Virtual quark loops are suppressed in 
the ’t Hooft limit as 1/N and lead in the Veneziano limit to the same 
topological expansion as dual-resonance models of strong interaction. 

The simplification of QCD in the large-N limit arises from the fact that 
the number of planar graphs grows with the number of vertices only ex- 
ponentially rather than factorially as do the total number of graphs. Cor- 
relators of gauge-invariant operators factorize in the large-N limit, which 
looks like the leading-order term of a “semiclassical” WKB-expansion in 
1/N. 

We begin this chapter with a description of the double-line represen- 
tation of diagrams of QCD perturbation theory and rearrange it as the 
topological expansion in 1/N. Then we discuss some properties of the 
1/N-expansion for a generic matrix-valued field. 


213 


214 11 Multicolor QCD 


11.1 Index or ribbon graphs 


In order to describe the 1/N-expansion of QCD, the extension of which 
to N colors has already been considered in Sect. 5.1, it is convenient to 
use the matrix-field representation (5.5). 

In this chapter we shall use a slightly different definition 


[Ae = So oe, (11.1) 


which is similar to that used by ’t Hooft [Hoo74a] and differs from (5.5) 
by a factor of g: 


A(x) = gA (x). (11.2) 
The matrix (11.1) is Hermitian. g 
The propagator of the matrix field A” (x), in this notation, takes the 
form 


(Au (x) AN(y)) (stot Š aio") Dw(a—y), (11.3) 


Gauss 


where we have assumed, as usual, a gauge-fixing to define the gluon prop- 
agator in perturbation theory. For instance, one has 


E on 
D(z- y) = me (11.4) 


in the Feynman gauge. 
Equation (11.3) can be derived immediately from the standard formula 


CHOE) C (11.5) 
Gauss 

multiplying by the generators of the SU(N) gauge group according to the 

definition (5.5) and using the completeness condition 


N?—1 
7 rae T 2s 
Seay = (ssh - 540") for SU(N)|. (11.6) 


a=1 


We shall explain in Sect. 13.1 how Eq. (11.3) can be derived directly from 
a path integral over matrices. 

We concentrate in this chapter only on the structure of diagrams in the 
index space, i.e. the space of the indices associated with the SU(N) group. 
We shall not consider, in most cases, space-time structures of diagrams 
which are prescribed by Feynman’s rules. 
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Omitting at large N the second term in parentheses on the RHS of 
Eq. (11.3), we depict the propagator by the double line 


(Ad (2) AB)) x dlghi = =S . (11.7) 
Each line, often termed the index line, represents the Kronecker delta- 
symbol and has an orientation which is indicated by arrows. This notation 
is obviously consistent with the space-time structure of the propagator 
that describes a propagation from z to y. M 

The arrows are a result of the fact that the matrix A,? is Hermitian 
and its off-diagonal components are complex conjugate. The independent 
fields are, say, the complex fields Aj? for i > j and the diagonal real fields 
Aï. The arrow represents the direction of the propagation of the indices 
of the complex field Aj? for i > j, while the complex-conjugate field, 
Aj! = (Aj/)", propagates in the opposite direction. For the real fields Aï, 
the arrows are not essential. 

The double-line notation (11.7) looks similar to that of Sect. 6.5. The 
reason for that is deep: double lines appear generically in all models 
describing matrix fields in contrast to vector (in internal symmetry space) 
fields, the propagators of which are depicted by single lines as in the 
previous chapter. 

The three-gluon vertex, which is generated by the action (5.13), is de- 
picted in the double-line notation as 


i1 


Ay ya jı 
#2 eas Js 32 gat 8 
J2 i3 j3 


(A 
™ (11.8) 
where the subscripts 1, 2 or 3 refer to each of the three gluons. The 
relative minus sign arises from the commutator in the cubic-in-A term 
in the action (5.13). The color part of the three-vertex is antisymmetric 
under an interchange of gluons. The space-time structure, which is given 
in the momentum space as 


Yur uous (p1, p2, p3) 
= Ôp po (pı = P2) 11g + Spo ps (p2 -= P3) + Ôp u3 (p3 = Pi) us ) 
(11.9) 


is antisymmetric as well. We consider all three gluons as incoming so that 
their momenta obey pı + p2 + p3 = 0. The full vertex is symmetric as 
prescribed by Bose statistics. 
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= ee 


Fig. 11.1. Double-line representation of a one-loop diagram for the gluon prop- 
agator. The sum over the N indices is associated with the closed index line. The 
contribution of this diagram is ~ g?N ~ 1. 


The color structure in Eq. (11.8) can alternatively be obtained by mul- 
tiplying the standard vertex 


[214243 


11213 (p1, p2, p3) = SOP irina (p1, p2, p3) (11.10) 
by (t01) (¢92)'292 (¢93)'393 with fac being the structure constants of the 
SU(N) group, and using the formula 


putts (ayh (422292 (t)i =j (81s 821 51832 = Gita 8233 631) l 
(11.11) 


which is a consequence of the completeness condition (11.6). 

The four-gluon vertex involves six terms — each of them is depicted by 
a cross — which differ by interchanging of the color indices. We depict the 
color structure of the four-gluon vertex for simplicity in the case when 
ii = j2 = i, i2 = j3 = j, i3 = ja = k, i4 = jı = l, but i,j, k,l take on 
different values. Then only the following term is left: 


ead 
a hee 


and there are no delta-symbols on the RHS since the color structure is 
fixed. In other words, we pick up only one color structure by equating 
indices pairwise. 

The diagrams of perturbation theory can now be completely rewritten 
in the double-line notation [Hoo74a]. The simplest one which describes 
the one-loop correction to the gluon propagator is depicted in Fig. 11.1. 
This diagram involves two three-gluon vertices and a sum over the N in- 
dices which is associated with the closed index line analogous to Eq. (6.70). 
Therefore, the contribution of this diagram is ~ g?N. 


; (11.12) 
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In order for the large-N limit to be nontrivial, the bare coupling con- 
stant g? should satisfy 
P ~ 2 (11.13) 
N° : 


This dependence on N is similar to Eqs. (10.14) and (10.65) for the vector 
models and is prescribed by the asymptotic-freedom formula 


127° 
2 
= E A OAR 11.14 
A IIN In (A/Aqcp) aie 
of the pure SU(N) gauge theory. 
Thus, the contribution of the diagram in Fig. 11.1 is of order 
Fig. 11.1 ~ gN ~ 1 (11.15) 


in the large-N limit. 

The double lines of the diagram in Fig. 11.1 can be viewed as bounding 
a piece of a plane. Therefore, these lines represent a two-dimensional 
object rather than a one-dimensional one as the single lines do in vector 
models. In mathematics these double-line graphs are often called ribbon 
graphs or fatgraphs. In the following we shall see their connection with 
Riemann surfaces. 


Remark on the U(N) gauge group 


As was mentioned previously, the second term in the parentheses on 
the RHS of Eq. (11.6) can be omitted at large N. Such a complete- 
ness condition emerges for the U (N) group, the generators of which, T4 
(A=1,..., N?), are 


TA = Q VN), tr TTB = 6^, (11.16) 
They obey the completeness condition 
DC a EE for U(N)|. (11.17) 
A=1 


The point is that elements of both the SU(N) group and the U(N) group 
can be represented in the form 

U = e, (11.18) 
where B is a general Hermitian matrix for U (N) and a traceless Hermitian 
matrix for SU(N). 

Therefore, the double-line representation of the perturbation-theory di- 
agrams which is described in this chapter holds, strictly speaking, only 
for the U(N) gauge group. However, the large-N limit of both the U (N) 
group and the SU(N) group is the same. 
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Fig. 11.2. Double-line representation of a four-loop diagram for the gluon prop- 
agator. The sum over the N indices is associated with each of the four closed 


index lines, the number of which is equal to the number of loops. The contribu- 
tion of this diagram is ~ g®N4 ~ 1. 


11.2 Planar and nonplanar graphs 


The double-line representation of perturbation-theory diagrams in the 
index space is very convenient to estimate their orders in 1/N. Each 
three- or four-gluon vertex contributes a factor of g or g?, respectively. 
Each closed index line contributes a factor of N. The order of g in 1/N 
is given by Eq. (11.13). 

Let us consider a typical diagram for the gluon propagator depicted in 
Fig. 11.2. It has eight three-gluon vertices and four closed index lines, 
which coincides with the number of loops. Therefore, the order of this 
diagram in 1/N is 


Fig. 11.2 ~ (g?N)* ~ 1. (11.19) 


The diagrams of the type in Fig. 11.2, which can be drawn on a sheet 
of paper without crossing any lines, are called planar diagrams. For such 
diagrams, the addition of a loop inevitably results in the addition of two 
three-gluon (or one four-gluon) vertices. A planar diagram with nz loops 
has nə closed index lines. It is of order 


n2-loop planar diagram ~ (P N)” ~ l, (11.20) 


so that all planar diagrams survive in the large-N limit. 

Let us now consider a nonplanar diagram of the type depicted in 
Fig. 11.3. This diagram is a three-loop one and has six three-gluon ver- 
tices. The crossing of the two lines in the middle does not correspond to 
a four-gluon vertex and is merely a result of the fact that the diagram 
cannot be drawn on a sheet of paper without crossing the lines. The di- 
agram has only one closed index line. The order of this diagram in 1/N 
is 

: 1 
Fig. 11.3 ~ g°N ~ ce (11.21) 
It is therefore suppressed at large N by 1/N?. 
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_ KA 


Fig. 11.3. Double-line representation of a three-loop nonplanar diagram for 
the gluon propagator. The diagram has six three-gluon vertices but only one 
closed index line (although it has three loops!). The order of this diagram is 
~ gîN ~1/N?. 


The nonplanar diagram in Fig. 11.3 can be drawn without line-crossing 
on a surface with one handle which in mathematics is usually called a torus 
or a surface of genus one. A plane is then equivalent to a sphere and has 
genus zero. Adding a handle to a surface produces a hole according to 
mathematical terminology. A general Riemann surface with h holes has 
genus h. 

The above evaluations of the order of the diagrams in Figs. 11.1-11.3 
can be described by the single formula 


1 genus 
genus-h diagram ~ (=) . (11.22) 
Thus, the expansion in 1/N rearranges perturbation-theory diagrams ac- 
cording to their topology [Hoo74a]. For this reason, it is referred to as 
the topological expansion or the genus expansion. The general proof of 
Eq. (11.22) for an arbitrary diagram is given in Sect. 11.4. 

Only planar diagrams, which are associated with genus zero, survive 
in the large-N limit. This class of diagrams is an analog of the bubble 
graphs in the vector models. However, the problem of summing the pla- 
nar graphs is much more complicated than that of summing the bubble 
graphs. Nevertheless, it is simpler than the problem of summing all the 


graphs, since the number of planar graphs with no vertices grows geomet- 
rically at large no [Tut62, KNN77] 


# (no) = no of planar graphs ~ const”, (11.23) 


while the total number of graphs grows factorially with no. There is no 
dependence in Eq. (11.23) on the number of external lines of a planar 
graph which is assumed to be much less than no. 

It is instructive to see the difference between the planar diagrams and, 
for instance, the ladder diagrams which describe ete~ elastic scattering in 
QED. Let the ladder have n rungs. Then there are n! ladder diagrams, but 
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Fig. 11.4. Cutting a planar graph into two graphs. The cutting is along the 
dotted line. The numbers of vertices of each part and of the whole graph obey 
Eq. (11.24). 


only one of them is planar. This simple example shows why the number 
of planar graphs is much smaller than the total number of graphs, most 
of which are nonplanar. 

In the rest of this book, we shall discuss what is known concerning 
solving the problem of summing the planar graphs. 


Problem 11.1 Show that Eq. (11.23) for the number of planar graphs is con- 
sistent with its independence of the number of external lines. 


Solution Let us split a planar graph into two parts by cutting along some line 
as depicted in Fig. 11.4. The numbers of vertices of each part, np and ng, are 
obviously related to that of the original graph, no, by 


notng = no. (11.24) 


We assume that both nj and ng are large. 

The number of cut lines is ~ ,/no for a planar graph in contrast to that for 
a generic nonplanar one, when it would be ~ no. Disregarding the cut lines, we 
obtain 


#p(Nno) = #p(no) : #p(n0) (11.25) 
which is obviously satisfied by the formula (11.23) accounting for Eq. (11.24). 
Problem 11.2 Cutting all loops of a planar graph, obtain the upper bound 
#p < (1024)™ (11.26) 
for the number of planar graphs with na loops. 


Solution Since #, does not depend on the number of external lines (see Prob- 
lem 11.1), let us consider a one-particle irreducible planar graph with one ex- 
ternal line and cut all the loops as depicted in Fig. 11.5a. By a continuous 
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(a) (b) 
Fig. 11.5. Cutting a planar graph into trees and arches. The line of cutting is 


depicted in (a) by a dotted line. The combination of tree and arches in (b) is 
obtained from (a) by a continuous distortion. 


(a) (b) 


Fig. 11.6. Alternative cutting of the same planar graph as in Fig. 11.5 into trees 
and arches. 


distortion, it can be depicted as in Fig. 11.5b, where below the dotted line we 
have a tree with no vertices and above the dotted line we have nz arches. The 
latter number coincides with the number of loops of the planar graph. The 
number of tips of the tree is 2ng. 

Since each planar graph can be cut in several ways, #p is bounded from above 
by 


L 


H p < #a (n2) #rT(No, 2n2) , (11.27) 


where #4 (n2) denotes the number of arches and #7r (no, 2n2) denotes the number 
of trees with no vertices and 2nə tips. An alternative way of cutting the same 
planar graph, which leads to a different combination of arches and trees, is 
depicted in Fig. 11.6. 
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Fig. 11.7. A tree graph (the solid lines) and its dual (the dashed arches). 


VX. Rae 


Fig. 11.8. Recurrence relation for the number of arches. The dotted line sepa- 
rates a configuration of n arches into two pieces: n’ to the left and n — n’ to the 
right. 


The number of arches is well-known in mathematics and is given by the Cata- 
lan number of order n: 


2n! PERNAS 
#a(n) = TEE 4”. (11.28) 


The number of trees is not independent since a graph, dual to a tree graph, 
consists of arches as is illustrated by Fig. 11.7. The number of arches of this 
dual graph equals the sum of the number no of vertices and the number 2n2 
of tips, i.e. equals no + 2n2. Given the number nz of loops, the number ng of 
vertices is maximal when all vertices are trivalent, so that 


no < 2n2-1 (11.29) 


(no = 2n for trivalent and no = nəz for fourvalent vertices when nz is large). 
Therefore, the number of arches of the dual graph is bounded by 4ng, so that 


#r(no,2n2) < #a(4ne). (11.30) 


Substituting in (11.27), we obtain [KNN77] the inequality (11.26). 
Finally, Eq. (11.23) can be obtained by noting that no ~ nə for large no. 


Problem 11.3 Derive Eq. (11.28) for the number of arches. 


Solution Let us consider a general configuration of n arches as depicted in 
Fig. 11.8. Let us pick up the leftmost arch, splitting the configuration into two 
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Fig. 11.9. Recurrence relation for the number of trees. The trees inside the left 
and right dotted circles have n’ and n — n’ tips, respectively. 


pieces: n’ arches to the left and n—n’ arches to the right of the dotted line. The 
number of arches obviously satisfies the recurrence relation 


n 


#a(n Do #a( n' —1) \#a(n—n’), (11.31) 


where the number of arches to the left of the dotted line is described by 
#a(n’ — 1) because one arch encircles n’ — 1 others. Equation (11.31) expresses 
#a(n) recurrently via #4 (0) = 1. 

Introducing the generating function 


S- 9" Haln), (11.32) 
we rewrite Eq. (11.31) as the quadratic equation 
fa(g)-—9 = fa(g)- (11.33) 
Its solution 
_ 41 (2n)! 
a 11.34 
falg) = Y -5s an (11.34) 


gives Eq. (11.28) for the number of arches. 
Problem 11.4 Improve the inequality (11.26), calculating the number of triva- 
lent tree graphs with n tips. 


Solution Let us first note that the number of vertices of a trivalent tree graph 
with n tips equals n — 1. Hence, we are interested in 


#r(n) = #r(n-1,n) (11.35) 


in the notation of Problem 11.2. Picking up the first vertex in a tree as depicted 
in Fig. 11.9, we obtain the following recursion relation for the number of trivalent 
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tree graphs: 
ae #r(n') #r(n—1’), (11.36) 
n’=1 


which expresses #7(n) via #7(1) = 1. 
Introducing the generating function 


Do -lrp(n (11.37) 


where g”~! corresponds to n — 1 vertices of each tree, we rewrite Eq. (11.36) as 
the quadratic equation 


fr(g)-1 = gft(g)- (11.38) 
Its solution 
1-/1=4_ SG 44 (2n—2)! 
2 = eee 11.39 
fr(9) 3g 2.9 OEN (11.39) 
gives 
#o(n) = 2-9) (11.40) 
T ni(n — 1) 
Returning to Problem 11.2, it is shown that 
H#rT (no, 2n2) < #r(2Nn2 — 1, 2n2) = #a(2n2 — 1). (11.41) 


The inequality here is a result of (11.29) and the equality is because of the explicit 
formulas (11.28) and (11.40). Thus we have improved the estimate (11.30) having 
calculated the number of tree graphs. The inequality (11.26) is now improved as 


#p < (64)”. (11.42) 


The actual number of planar graphs was first evaluated by Tutte [Tut62]. In 
Sect. 13.2 we shall obtain the estimate 


Hy x (123) ” (11.43) 


for the number of trivalent planar graphs at asymptotically large ng. 


11.3 Planar and nonplanar graphs (the boundaries) 


Equation (11.22) holds, strictly speaking, only for the gluon propagator, 
while the contribution of all planar diagrams to a connected n-point Green 
function is ~ g"~?, which is its natural order in 1/N. The three-gluon 
Green function is ~ g, the four-gluon one is ~ g? and so on. In order 
to make contributions of all planar diagrams to be of the same order 
~ 1 in the large-N limit, independently of the number of external lines, 
it is convenient to contract the Kronecker delta-symbols associated with 
external lines. 
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Fig. 11.10. Generic index diagram with no = 10 vertices, nı = 10 gluon prop- 
agators, n2 = 4 closed index lines, and B = 1 boundary. The color indices of 
the external lines are contracted by the Kronecker delta-symbols (represented 
by the single lines) in a cyclic order. The extra factor of 1/N arises from the 
normalization (11.44). Its order in 1/N is ~ 1/N? in accord with Eq. (11.22). 


Let us do this in a cyclic order as depicted in Fig. 11.10 for a generic con- 
nected diagram with three external gluon lines. The extra delta-symbols, 
which are added to contract the color indices, are depicted by the single 
lines. They can be viewed as a boundary of the given diagram. The actual 
size of the boundary is not essential — it can be shrunk to a point. Then a 
bounded piece of a plane will be topologically equivalent to a sphere with 
a puncture. I shall prefer to draw planar diagrams in a plane with an 
extended boundary (boundaries) rather than in a sphere with a puncture 
(punctures). 

It is clear from the graphical representation that the diagram in 
Fig. 11.10 is associated with the trace over the color indices of the three- 
point Green function 


3 
g 
GO) aug (€1,02,03) = wy ("MA (21) Apa (22) Aus (#3)]) - (11.44) 


Here we have introduced the factor of g?/N to make G®) of O(1) in the 
large-N limit. Therefore, the contribution of the diagram in Fig. 11.10 
having one boundary should be divided by N, while the factor of g? 
is naturally associated with three extra vertices which appear after the 
contraction of color indices. 

The extension of Eq. (11.44) to multipoint Green functions is obvious: 


(eh Br Comme ae I (te [Apes (21) + Ayn (@n)])- (11.45) 
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VAN 
ES T 


(a) (b) 


Fig. 11.11. Planar (a) and nonplanar (b) contributions of the two color struc- 
tures in Eq. (11.8) for three-gluon vertex to G®) in the lowest order of pertur- 
bation theory. 


The factor of 1/N, which normalizes the trace, provides the natural nor- 
malization GO) = 1 of the averages. 

Though the two terms in the index-space representation (11.8) of the 
three-gluon vertex look very similar, their fate in the topological expan- 
sion is quite different. When the color indices are contracted anticlock- 
wise, the first term leads to the planar contributions to G®), the simplest 
of which is depicted in Fig. 11.1la. The anticlockwise contraction of the 
color indices in the second term leads to a nonplanar graph in Fig. 11.11b 
which can be drawn without a crossing of lines only on a torus. Therefore, 
the two color structures of the three-gluon vertex contribute to different 
orders of the topological expansion. The same is true for the four-gluon 
vertex. 


Remark on oriented Riemann surfaces 


Each line of an index graph of the type depicted in Fig. 11.10 is oriented. 
This orientation continues along a closed index line, while the pairs of 
index lines of each double line have opposite orientations. The overall 
orientation of the lines is prescribed by the orientation of the external 
boundary which we choose to be, say, anticlockwise. Since the lines are 
oriented, the faces of the Riemann surface associated with a given graph 
are also oriented — all in the same way — anticlockwise. Vice versa, such an 
orientation of the Riemann surfaces unambiguously fixes the orientation 
of all the index lines. This is the reason why we shall often omit the 
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Q? aes 
xy Ee, 
(a) (b) 


Fig. 11.12. Example of (a) connected and (b) disconnected planar graphs. 


arrows associated with the orientation of the index lines: their directions 
are obvious. 


Remark on cyclic-ordered Green functions 


The cyclic-ordered Green functions (11.45) arise naturally in the expan- 
sion of the trace of the non-Abelian phase factor for a closed contour, 
which was considered in Problem 5.2 on p. 89. One obtains 


1 
(x tr Ped fr Bu 
SS i Tn—1 
= 5 P g aat Jar ae [ace ene eee 
n=0 T xı zı 


(11.46) 


The reason for this is that the ordering along a closed path implies cyclic- 
ordering in the index space. 


Remark on generating functionals for planar graphs 


By connected or disconnected planar graphs we mean, respectively, the 
graphs which were connected or disconnected before the contraction of 
the color indices as illustrated by Fig. 11.12. The graph in Fig. 11.12a is 
connected-planar, while the graph in Fig. 11.12b is disconnected-planar. 

The usual relation (2.52) between the generating functionals W [J] and 
Z|J| for connected graphs and all graphs, which is discussed in the Re- 
mark on p. 44, does not hold for the planar graphs. The reason for 
this is that exponentiation of such a connected planar diagram for the 
cyclic-ordered Green functions (11.45) can give disconnected nonplanar 
diagrams. 
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The generating functionals for all and connected planar graphs can 
be constructed [Cvi81] by means of introducing noncommutative sources 
j (£). “Noncommutative” means that there is no way to transform 
Fp (21) jpa (£2) into J,,,(%2)5,,,(%1). This noncommutativity of the 
sources reflects the cyclic-ordered structure of the Green functions (11.45) 
which possess only cyclic symmetry. 

Using the shorthand notation (10.62) where the symbol o includes the 
sum over the d-vector (or whatever is available) indices except for the 
color ones: 


pae DE C (11.47) 
u 


we write down the definitions of the generating functionals for all planar 
and connected planar graphs, respectively, as 


Zij) = D (Faga) (11.48) 
n=0 
and 
Wi] = L r( rga") (11.49) 
n=0 conn 


The planar contribution to the Green functions (11.45) and their con- 
nected counterparts can be obtained, respectively, from the generating 
functionals Z[j] and W[j] by applying the noncommutative derivative 
which is defined by 

AOE Su (@ —y) £5) (11.50) 
Sj E)” yY)J\J uv yY) J\I), . 


where f is an arbitrary function of j,,. In other words, the derivative 
picks up only the leftmost variable. 
The relation which replaces Eq. (2.52) for planar graphs is 


Zij] = W(92Z{3]], (11.51) 
while the cyclic symmetry gives 
WI9Z[9]] = WIZI] J]. (11.52) 


A graphical derivation of Eqs. (11.51) and (11.52) is given in Fig. 11.13. 
In other words, given W[j], one should construct an inverse function as 
the solution to the equation 


ja) = Ja) Why], (11.53) 
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Fig. 11.13. Graphical derivation of Eq. (11.51): Z[j] is denoted by an empty 
box, W[J] is denoted by a shaded box, j is denoted by a filled circle. By picking 
the leftmost external line of a planar graph, we end up with a connected planar 
graph, whose remaining external lines are somewhere to the right interspersed 
by disconnected planar graphs. It is evident that j Z[j] plays the role of a new 
source for the connected planar graph. If we instead pick up the rightmost 
external line, we obtain the inverse order Z[j] j, which results in Eq. (11.52). 


after which Eq. (11.51) gives 
Zij] = Wid]. (11.54) 


More concerning this approach to the generating functionals for planar 
graphs can be found in [CLS82]. 


Problem 11.5 Solve Eq. (11.51) iteratively for the Gaussian case. 
Solution In the Gaussian case, only G®) is nonvanishing which yields 
Wij] = 1-g9joDoj, (11.55) 


where the propagator D is given by Eq. (11.4). Using Eq. (11.51), we find 
explicitly 


Zij] = L-g? | ate d!y Duley) 5p) Zili) ZU]: (11.56) 


While this equation for Z [j] is quadratic, its solution can be written only as 
a continued fraction owing to the noncommutative nature of the variables. In 
order to find it, we rewrite Eq. (11.56) as 


a eee e a 


149? Í déa dy Darle — y) j (2) ZiO) 


the iterative solution of which is given by [Cvi81] 
; 1 
Anei (11.58) 
o e a 
LEI jopo 
1 +g j— j 
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(a) (b) 


Fig. 11.14. Diagrams for the gluon propagator with a quark loop which is rep- 
resented by the single lines. Diagram (a) involves one quark loop and has no 
closed index lines so that its order is ~ g? ~ 1/N. Diagram (b) involves three 
loops, one of which is a quark loop. Its order is ~ g°N? ~ 1/N. 


11.4 Topological expansion and quark loops 


It is easy to incorporate quarks in the topological expansion. A quark field 
belongs to the fundamental representation of the gauge group SU(N) and 
its propagator is represented by a single line 


(pip) «x 6 = i—i. (11.59) 


The arrow indicates, as usual, the direction of propagation of a (complex) 
field Y. We shall omit these arrows for simplicity. 

The diagram for the gluon propagator which involves one quark loop 
is depicted in Fig. 11.14a. It has two three-gluon vertices and no closed 
index lines so that its order in 1/N is 


1 
Fig. 11.14a ~ g? ~ TA (11.60) 


Analogously, the order of a more complicated tree-loop diagram in 
Fig. 11.14b, which involves one quark loop and two closed index lines, 
is 


1 
Fig. 11.14b ~ g®N? ~ a (11.61) 


It is evident from this consideration that quark loops are not accom- 
panied by closed index lines. One should add a closed index line for each 
quark loop in order for a given diagram with L quark loops to have the 
same double-line representation as for pure gluon diagrams. Therefore, 
given Eq. (11.22), diagrams with L quark loops are suppressed at large 
N by 


1 L+2- genus 
) (11.62) 


L k | ~ |>= 
quark loops ( N 
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Fig. 11.15. Generic diagram in the index space which has L = 1 quark loop and 
B = 1 loop associated with the external boundary. Its order in 1/N is described 
by Eq. (11.70). 


The single-line representation of the quark loops is similar to that of the 
external boundary in Fig. 11.10. Moreover, such a diagram emerges when 
one calculates perturbative gluon corrections to the vacuum expectation 
value of the quark operator 


O = iiy, (11.63) 


where the factor of 1/N is introduced to make it O(1) in the large-N 
limit. Therefore, the external boundary can be viewed as a single line 
associated with valence quarks. The difference between virtual quark 
loops and external boundaries is that each of the latter has a factor of 
1/N owing to the definitions (11.45) and (11.63). 

In order to prove Eqs. (11.22) and its quark counterpart (11.62), let 


us consider a generic diagram in the index space which has ne three- 


point vertices (either three-gluon or quark-gluon ones), nl) four-gluon 
vertices, nı propagators (either gluon or quark ones), nə closed index 
lines, L virtual quark loops and B external boundaries. A typical such 


diagram is depicted in Fig. 11.15. Its order in 1/N is 


1 ,@io,@ nO -nO 

wes” +n y2 ~ prno AM (11.64) 
as has already been explained. The extra factor of 1/N? arises from the 
extra normalization factor of 1/N in operators associated with external 
boundaries. 


The number of propagators and vertices are related by 


any = 3n® + An, (11.65) 
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since three- and four-point vertices emit three or four propagators, re- 
spectively, and each propagator connects two vertices. Using the rela- 
tion (11.65), we rewrite the RHS of (11.64) as 


Nr ny /2-n9-B _ Nra—m tno B (11.66) 


where the total number of vertices 
no = ne? +n) (11.67) 
is introduced. 

The exponent on the RHS of Eq. (11.66) can be expressed via the Euler 
characteristic x of a given graph of genus h. Let us first mention that an 
appropriate Riemann surface, which is associated with a given graph, is 
open and has B+ L boundaries (represented by single lines). This surface 
can be closed by attaching a cap to each boundary. The single lines then 
become double-lines together with the lines of the boundary of each cap. 
We have already considered this procedure when deducing Eq. (11.62) 
from Eq. (11.22). 

The number of faces for a closed Riemann surface constructed in such 
a manner is nz + L+ B, while the number of edges and vertices are nı 
and no, respectively. Euler’s theorem states that 


x = 2-2h = not L+B-m+%n. (11.68) 
Therefore the RHS of Eq. (11.66) can be rewritten as 
NM +n0—B = N27-2h-L—2B | (11.69) 


We have thus proven that the order in 1/N of a generic graph does not 
depend on its order in the coupling constant and is completely expressed 
via the genus h and the number of virtual quark loops L and external 


boundaries B by 
1 \ 2ht+£+2(B-1) 
) (11.70) 


; PO S 
generic grap ( N 


For B = 1, we recover Eqs. (11.22) and (11.62). 


Remark on the order of gauge action 


We see from Eq. (11.45) that the natural variables for the large-N limit 
are the calligraphic matrices A,, which include the extra factor of g with 
respect to A, (see Eq. (11.2)). For these matrices 


L (tr Ayn (21) + Ayn (20) ) SK Doaa “Leriy 


so that they are O(1) in the large-N limit since the trace is O(N). 
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In these variables, the gluon part of the QCD action (5.13) takes the 
simple form 


a fee tr F? (2). (11.72) 


Since g? in this formula is ~ 1/N and the trace is ~ N, the action is 
O(N?) at large N 

This result can be anticipated from the free theory because the kinetic 
part of the action involves the sum over N? — 1 free gluons. Therefore, 
the non-Abelian field strength (3.62) is ~ 1 for g? ~ 1/N. 

The fact that the action is O(N 2?) in the large-N limit is a generic 
property of the models describing matrix fields. It will be crucial for de- 
veloping saddle-point approaches at large N which are considered below. 


Problem 11.6 Rederive the formula (11.70) using the calligraphic notation. 


Solution The propagator of the A-field is ~ g?, while both three- and four- 
gluon vertices are now ~ g7? as a consequence of Eq. (11.72). The contribution 
of a generic graph is now of the order 


(92)"—" N78 ies Nr2-mtno—B (11.73) 


for g? ~ 1/N. This coincides with the RHS of Eq. (11.66) which results in 
Eq. (11.70). 


11.5 ’t Hooft versus Veneziano limits 


In QCD there are several species or flavors of quarks (u-, d-, s- and so 
on). We denote the number of flavors by N¢ and associate a Greek letter 
a or @ with a flavor index of the quark field. 

The quark propagator then has the Kronecker delta-symbol with re- 
spect to the flavor indices in addition to Eq. (11.59): 


(ved?) KOM Oy. (11.74) 


Their contraction results in 


Shea = Nes (11.75) 


Therefore, an extra factor of Nf corresponds to each closed quark loop for 
the Ne flavors. 
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Fig. 11.16. Diagrams with quark loops in the Veneziano limit. Color and flavor 
indices of a quark loop are represented by the solid and dashed single lines, 
respectively. Diagram (a) is ~ g?N¢ ~ Ne/N. Diagram (b) is ~ g®N?2Np ~ 
N/N. 


The limit when JN; is fixed as N — oo, as was considered in the original 
paper by ’t Hooft [Hoo74a], is called the ’t Hooft limit. Only valence 
quarks are left in the ’t Hooft limit. Hence, it is associated with the 
quenched approximation which was discussed in the Remark on p. 158. 
In order for a meson to decay into other mesons built out of quarks, say 
for a p-meson to decay into a pair of 7-mesons, a quark—antiquark pair 
must be produced out of the vacuum. Consequently, the ratios of meson 
widths to their masses are 


Total Med Ne 
M N 


in the ’t Hooft limit. The ratio on the LHS of Eq. (11.76) is 10-15% 
experimentally for the p-meson. The hope of solving QCD in the ’t Hooft 
limit is the hope to describe QCD with this accuracy. 

An alternative large-N limit of QCD when Ne ~ N as N — oo was 
proposed by Veneziano [Ven76]. Some diagrams for the gluon propagator, 
which involve one quark loop, are depicted in Fig. 11.16. The dashed 
single line represents propagation of the flavor index. Each closed loop of 
the dashed line is associated with the factor of Np according to Eq. (11.75). 
This is analogous to the vector models which exactly describe the O(N) 
flavor symmetry in this notation. 

The diagrams in Fig. 11.16 contribute, respectively, 


N 


(11.76) 


Fig. 11.16a ~ g? Ne ~ (11.77) 
and 

i 6172 Ng 

Fig. TL16 ~ g°N?N; ~ = (11.78) 


in the limit (11.13). 
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Likewise, a more general diagram with L quark loops will contribute 


N, L 1 genus 
L quark loops ~ (=) (=) : (11.79) 


This formula obviously follows from Eq. (11.62) since each quark loop 
results in Ne. 

We see from Eq. (11.79) that quark loops are not suppressed at large 
N in the Veneziano limit 


Ne ~N > œ (11.80) 


if the diagram is planar. Furthermore, the representation of a flavored 
quark by one solid and one dashed line is obviously similar to the double- 
line representation of a gluon. All that is said above concerning the 
topological expansion of pure gluodynamics holds for QCD with quarks 
in the Veneziano limit. 

It is the Veneziano limit (11.80) that is related to the hadronic topo- 
logical expansion in the dual-resonance models. In the Veneziano limit 
hadrons can have finite widths according to Eq. (11.76). I refer the reader 
to the original paper by Veneziano [Ven76] for further details. 

There is an alternative way to show why virtual quarks are suppressed 
in the ’t Hooft limit and survive in the Veneziano limit. Let us integrate 
over the quark fields which yields 


[re Dy e7 Saz (dVetmpy) = eT In(V+m) (11.81) 


as is discussed in Sect. 2.2. The trace in the exponent involves summation 
both over color and flavor indices, so that 


Trin (v + m) a NENG: (11.82) 


The order in N of the pure gluon action is O(N 2?) as was discussed in 
the Remark on p. 232. Hence, the quark contribution to the action is 
~ Ng/N in comparison with the gluon one. The quark determinant can 
be disregarded in the ’t Hooft limit, but is essential in the Veneziano limit. 

The consideration of the previous paragraph also explains why each 
quark loop contributes a factor of ~ Nt/N. The exponent on the RHS of 
Eq. (11.81) is associated with one-loop diagrams. A diagram with L quark 
loops corresponds to the Lth term of the expansion of the exponential. 
This explains the factor of (N¢/N)” in Eq. (11.79). A diagram with 
two quark loops, which appears in the second order of this expansion, is 
depicted in Fig. 11.17. 
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Fig. 11.17. Diagram with two quark loops in the Veneziano limit. The diagram 
is ~ gÊN N? ~ (Ne/N)?. 


Remark on asymptotic freedom in the Veneziano limit 


Though the number of flavors becomes large in the Veneziano limit, this 
does not mean that asymptotic freedom is lost. The leading-order coef- 
ficient of the B-function of QCD with N colors and Nẹ flavors is given 
by 


1 11 2 
= —5(--—N+=N 11. 
b Ta ( ys r) (11.83) 
which reproduces Eq. (9.71) for N = 3. It is still negative if Ne/N < 11/2 
in the Veneziano limit. 


Remark on phenomenology of multicolor QCD 


While N = 3 in the real world, there are phenomenological indications 
that 1/N may be considered as a small parameter. We have already 
mentioned some of them in the text — the simplest one is that the ratio of 
the p-meson width to its mass, which is ~ 1/N, is small. Considering 1/N 
as a small parameter immediately leads to qualitative phenomenological 
consequences which are preserved by the planar diagrams associated with 
multicolor QCD, but are violated by the nonplanar diagrams. 

The most important consequence is the relation of the 1/N-expansion to 
the topological expansion in the dual-resonance model of hadrons. Vast 
numbers of properties of hadrons are explained by the dual-resonance 
model. A very clear physical picture behind this model is that hadrons 
are excitations of a string with quarks at the ends. 

I shall briefly list some consequences of multicolor QCD. 


(1) The “naive” quark model of hadrons emerges at N = co. Hadrons 
are built out of a pair of (valence or constituent) quark and anti- 
quark qq, while exotic states like qqqq do not appear. 


(2) The partial width of decay of the ¢-meson, which is built out of ss 
(the strange quark and antiquark), into K+K- is ~ 1/N, while that 
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into rtnn? is ~ 1/N?. This explains Zweig’s rule. The masses of 
the p- and w-mesons are degenerate at N = oo. 


(3) The coupling constant of the meson—meson interaction is small at 
large N. 


(4) The widths of glueballs are ~ 1/N?, i.e. they should be even nar- 
rower than mesons built out of quarks. The glueballs do not interact 
or mix with mesons at N = oo. 


All of these hadron properties (except the last one) agree approximately 
with experiment, and were well-known even before 1974 when multicolor 
QCD was introduced. Glueballs have not yet been detected experimen- 
tally (possibly because of their property listed in item (4)). 


11.6 Large-N factorization 


The vacuum expectation values of several colorless or white operators, 
which are singlets with respect to the gauge group, factorize in the large- 
N limit of QCD (or other matrix models). This property is similar to 
that already discussed in Sect. 10.5 for the vector models. 

The simplest gauge-invariant operator in a pure SU(N) gauge theory 
is the square of the non-Abelian field strength: 


O(x) = 5 tr Fi, (2). (11.84) 


The normalizing factor provides the natural normalization 
1 2 1 a a 
wa F(E) = ye Fw (2) Be). ~ 1. (11.85) 


In order to verify the factorization in the large-N limit, let us consider 
the index-space diagrams for the average of two colorless operators O(21) 
and O(x2), which are depicted in Fig. 11.18. 

The graph in Fig. 11.18a represents the zeroth order of perturbation 
theory. It involves four closed index lines (the factor of N4) and the 
normalization factor of 1/N* according to the definition (11.84). Its con- 
tribution is 


1 1 
Fig. 11.18a ~ ane aa ~ 1, (11.86) 


i.e. O(1) in accord with the general estimate (11.85). 
The graph in Fig. 11.18b involves a gluon line which is emitted and 
absorbed by the same operator O(21). It has five closed index lines (the 
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E 


(c) (a) 


Fig. 11.18. Demonstration of the large-N factorization to the lowest orders 
of perturbation theory. The closed double line represents the average of the 
operator (11.84) to the zeroth order in g. Diagrams (a) and (b), which are 
associated with the factorized part of the average on the LHS of Eq. (11.90), 
are O(1). Diagrams (c) and (d), which would violate the factorization, are 
suppressed by 1/N?. 


factor of N°), the normalization factor of 1/N*, and g? owing to two 
three-gluon vertices. Its contribution is 


Fig. 11.18b ~ N ~ 1, (11.87) 


i.e. also O(1) in the limit (11.13). 

The graph in Fig. 11.18c is of the same type as the graph in Fig. 11.18a, 
but the double lines now connect two different operators. It has two closed 
index lines (the factor of N?) and the normalization factor of 1/N*, so 
that its contribution 


f 1 
Fig. 11.18 ~ +5 (11.88) 
is suppressed by 1/N?. 

The graph in Fig. 11.18d, which is of the same order in the coupling 
constant as the graph in Fig. 11.18b, involves only three closed index lines 
(the factor of N3) and is of order 1/N?: 


1 


1 
Fig. 11.18d ~ Ce are 


(11.89) 
Therefore, it is suppressed by 1/N? in the large-N limit. For this graph, 


the gluon line is emitted and absorbed by different operators O(a) and 
O(x2). 
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This lowest-order example illustrates the general property that only 
(planar) diagrams with gluon lines emitted and absorbed by the same 
operators survive as N — oo. Hence, correlations between the colorless 
operators O(x1) and O(22) are of order 1/N?, so that the factorization 
property holds as N — co: 


N2 


= (te) (a t?) ) + ON). (11.90) 


(x tr P(r) tr F*(t2)) 


For a general set of gauge-invariant operators O1, ..., On, the factor- 
ization property can be represented by 
(O1-+On) = (O1) (On) + O(N). (1191) 


This is analogous to Eq. (10.123) for the vector models. 

The factorization in large-N QCD was first discovered by A.A. Migdal 
in the late 1970s. The important observation that the factorization im- 
plies a semiclassical nature of the large-N limit of QCD was made by 
Witten [Wit79]. We shall discuss this in the next two sections. 

The factorization property also holds for gauge-invariant operators con- 
structed from quarks as in Eq. (11.63). For the case of several flavors Nf, 
we normalize these quark operators by 


ye = 
Or = —~vTwv. 11.92 
i MY sum 
Here I denotes one of the combination of the y-matrices: 
: 1 
r = I, Y5, Yu, V5, Xuv = z MW gaat (11.93) 


The lowest-order diagrams of perturbation theory for the average of 
two quark operators (11.92) are depicted in Fig. 11.19. The estimation 
of their order in 1/N is analogous to that for the pure gluon graphs in 
Fig. 11.18. 

The graph in Fig. 11.19a represents the zeroth order of perturbation 
theory for the average of two quark operators. It involves two closed 
color and two closed flavor index lines (the factor of NÊN?) and the 
normalization factor of 1/(N¢N)? according to the definition (11.92). Its 
contribution is 


1 
NN? 


Fig. 11.19a ~ NÊN? ~ 1. (11.94) 


This justifies the normalization factor in Eq. (11.92). 
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Fig. 11.19. Same as in Fig. 11.18 but for quark operators (11.92). The solid 
and dashed lines are associated with color and flavor indices, respectively. Dia- 
grams (a) and (b), which contribute to the factorized part of the average on the 
LHS of Eq. (11.98), are O(1). Diagrams (c) and (d), which would violate the 
factorization, are suppressed by 1/(NsN) and 1/N?, respectively. 


The graph in Fig. 11.19b involves a gluon line which is emitted and 
absorbed by the same quark operator. It has three closed color and two 
closed flavor index lines (the factor of N?.N®), the normalization factor of 
1/(N;N)?, and g? arising from two quark-gluon vertices. Its contribution 
is 

1 
Fig. 11.19b ~ wena ig N? ~g@Nw~l (11.95) 
in full analogy with the pure gluon diagram in Fig. 11.18b. 

The graph in Fig. 11.19c is similar to the graph in Fig. 11.18c — the 
lines connect two different quark operators. It has one closed color and 
one closed flavor index lines (the factor of N¢N) and the normalization 
factor of 1/(N;N)?, so that its contribution 


1 
Fig. 1.190 ~ 55 (11.96) 
is suppressed by 1/(N¢N). 

Finally, the graph in Fig. 11.19d involves a gluon line which is emitted 
by one quark operator and absorbed by the other. It has one closed color 
and two closed flavor index lines (factor of NÊN), the normalization factor 
of 1/(N¢N)?, and g? owing to two quark-gluon vertices. Its contribution 


22 2? 1 


Fig. 11.19d ~ NN E a (11.97) 


1 
N?N? 
is suppressed by 1/N? in the limit (11.13). 


11.6 Large-N factorization 241 


We see that the factorization of the gauge-invariant quark operators 
holds both in the ’t Hooft and Veneziano limits: 


(Orit Orn) = (Ori) e (Ora) +OU/(NeN)). (11.98) 


The nonfactorized part, which is associated with connected diagrams, is 
~ 1/N in the ’t Hooft limit. This leads, in particular, to the coupling 
constant of meson—meson interaction of order 1/N, clarifying the property 
of multicolor QCD listed in item (3) on p. 237. The Veneziano limit is 
analogous to pure gluodynamics as has already been mentioned. 

It is worth noting that the factorization can be seen alternatively (at 
all orders of perturbation theory) from Eq. (11.70) for the contribution of 
a generic connected graph of genus A with B external boundaries which 
are precisely associated with the quark operators Or, as is explained in 
Sect. 11.4. The diagrams with gluon lines emitted and absorbed by the 
same operator as in Fig. 11.19b are products of diagrams having only 
one boundary. Hence, their contribution is of order one. Otherwise, the 
diagrams with gluon lines emitted and absorbed by two different operators 
as in Fig. 11.19d have two boundaries. According to Eq. (11.70), their 
contribution is suppressed by 1/N?. Alternatively, the diagrams as in 
Fig. 11.19c (including its planar dressing by gluons) have one boundary.* 
Their contribution is O(1) times 1/(N;N) coming from the normalization 
of the operator (11.92). This proves the factorization property (11.98) at 
all orders of perturbation theory. 


Remark on factorization beyond perturbation theory 


The large-N factorization can also be verified at all orders of the strong- 
coupling expansion in the SU(N) lattice gauge theory. A nonperturbative 
proof of the factorization will be given in the next chapter using quantum 
equations of motion (the loop equations). 


Problem 11.7 Prove the factorization of the Wilson loop operators within the 
strong-coupling expansion of the SU(N) lattice gauge theory as N — oo. 


Solution Let us first estimate the order in N of the Wilson loop average (6.42). 
The explicit result to the leading order in ( is given by Eqs. (6.73) and (6.72), 
where 


B~ N? (11.99) 


in the limit (11.13) as prescribed by Eq. (6.32). Therefore, W (C) ~ 1 in the 
large-N limit. 


“In the dual-resonance model, they are associated with the meson—meson interaction 
arising from an exchange of constituent quarks. 
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Fig. 11.20. Factorization of the Wilson loop operators in the strong-coupling 
expansion as N — co. The surfaces are constructed from plaquettes which 
come from the expansion of the exponential of the lattice action. Each link 
in the surface is passed at least twice: otherwise the result vanishes. Diagram 
(a) involves two separate surfaces enclosed by Wilson loops. It contributes to 
the factorized part of the average on the LHS of Eq. (11.101). The surface in 
diagram (b) connects two different Wilson loops and would violate factorization. 
It has two boundaries and its contribution is suppressed by 1/N? according to 
the general formula (11.100). 


To be precise, we first perform the strong-coupling expansion in @ and then 
set N — oo in each term of the strong coupling expansion. As we shall see in a 
moment, the actual parameter is 3/N?, so that the limits 8 — 0 and N — co 
are interchangeable. 

It is easy to estimate the order in N of any graph of the strong coupling ex- 
pansion for W(C), which looks like that in Fig. 6.8 on p. 116. Let the plaquettes 
fill an arbitrary surface enclosed by the loop C, with nz, nı, and no being the 
number of plaquettes, links, and sites which belong to the surface. Each pla- 
quette contributes 3/N since it comes from the expansion of the exponential of 
the lattice action, each link contributes 1/N owing to Eq. (6.60), and each site 
contributes N since it is associated with summing over the color indices owing 
to Eq. (6.70). Accounting for the normalization factor of 1/N?, where B = 1 is 
the number of boundaries, the contribution is of order 


n n n 2h+2(B—1 
B ? Nri tno-B Ay B g Nr2-nitno—B ay BX Í 1 í ) 
N N? N? N , 


(11.100) 
where we have used Euler’s theorem (11.68). In the limit (11.99), the contri- 
bution does not depend on the order of the strong-coupling expansion and is 
completely determined by the number B of boundaries and the genus h of the 
surface. This is analogous to the perturbation theory. For the minimal surface, 
we reproduce previous results. 

We are now in a position to analyze the order in N of different terms in the 
strong-coupling expansion of the average of two Wilson loop operators. The 
factorized part results from the surfaces of the type depicted in Fig. 11.20a, 
which are spanned by each individual loop. Its contribution is O(1) as N — oo. 
A nonfactorized part emerges from surfaces of the type depicted in Fig. 11.20b, 
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which connect two different Wilson loops. They look like a cylinder and have two 
boundaries. Their contribution is suppressed by 1/N? according to the general 
formula (11.100). 

Thus, we have proven the factorization property 


(FPU) FUC) = (Fauc) (FHU) +0) 


(11.101) 
at all orders of the strong-coupling expansion. 


Problem 11.8 Find the relation between the Wilson loop averages in the fun- 
damental and adjoint representations for an SU(N) pure gauge theory at large 
N. 


Solution The characters in the fundamental and adjoint representations are 
related by Eq. (6.28). Using the factorization formula (11.101) with coinciding 
contours Cı and C2, we obtain 


Waaj(C) = [Wrun(C)]? +O(N-?). (11.102) 


As was discussed in Part 2, the Wilson loop average in the fundamental repre- 
sentation obeys the area law (6.75). The same is true at N = oo for the Wilson 
loop average in the adjoint representation owing to Eq. (11.102). In particular, 
the string tensions in the fundamental and adjoint representations at N = oo 
are related by 


Kadj — 2K tun - (11.103) 


On the other hand, the adjoint test quark can be screened at finite N by a gluon 
produced out of the vacuum. This is similar to the breaking of the flux tube in 
the fundamental representation by a quark—antiquark pair, which is discussed in 
Sect. 9.5. Therefore, the perimeter law (6.79) must dominate for large contours. 
The point is that the perimeter law appears owing to connected diagrams which 
are suppressed as 1/N?: 


arge 1 
Waaj(C) large C eh cae (11.104) 


These properties of the adjoint representation were first pointed out in [KM8]1]. 


11.7 The master field 


The large-N factorization in QCD assumes that gauge-invariant objects 
behave as c-numbers, rather than as operators. Likewise for vector mod- 
els, this suggests that the path integral is dominated by a saddle point. 

We have already seen in Sect. 10.5 that the factorization in the vector 
models does not mean that the fundamental field itself, for instance ñ in 
the sigma-model, becomes “classical”. It is the case, instead, for a singlet 
composite field. 


244 11 Multicolor QCD 


We are now going to apply a similar idea to the Yang—Mills theory, the 
partition function of which is 


Z = f papetti, (11.105) 


The action, ~ N?, is large as N — oo, but the entropy is also ~ N? as a 
result of the N? — 1 integrations over Ale 


2 
DAS ~ e. (11.106) 


Consequently, the saddle-point equation of the large-N Yang-Mills theory 
is not the classical one which is given by* 


5S 
JAS 


= 2a = 0. (11.107) 


The idea is to rewrite the path integral over A, for the Yang-Mills 
theory as that over a colorless composite field ®[A], likewise this was 
done in Sect. 10.4 for the sigma-model. The expected new path-integral 
representation of the partition function (11.105) would be something like 


1 _wn2s76| 
Z x Jag e : (11.108) 
DAF 
The Jacobian 
O®[A]| nesta] 
FA — e (11.109) 


in Eq. (11.108) is related to the old entropy factor, so that J[®] ~ 1 in 
the large-N limit. 
The original partition function (11.105) can be then rewritten as 


Z x [ paene, (11.110) 


where S{®] represents the Yang-Mills action in the new variables. The 
new entropy factor of D® is O(1) because the variable ®[A] is a color 
singlet. The large parameter N enters Eq. (11.110) only in the exponent. 
Therefore, the saddle-point equation can be immediately written as 

ôS oJ 


* It was already discussed in Problem 5.1 on p. 87. 
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Remembering that ® is a functional of A,, ® = [A], we rewrite the 
saddle-point equation (11.111) as 


ôS a oJ 
As —(VaFw)" = AS 


(11.112) 


It differs from the classical Yang-Mills equation (11.107) by the term on 
the RHS coming from the Jacobian (11.109). 

Given J[®], which depends on the precise from of the variable ®[A], 
Eq. (11.112) has a solution 


Ap (£) = AÑ (£x). (11.113) 


Let us first assume that there exists only one solution to Eq. (11.112). 
Then the path integral is saturated by a single configuration (11.113), 
so that the vacuum expectation values of gauge-invariant operators are 
given by their values at this configuration: 


Oss ee 0(Ag(@)) (11.114) 


The factorization property (11.91) will obviously be satisfied. 

The existence of such a classical field configuration in multicolor QCD 
was conjectured by Witten [Wit79]. It was discussed in the lectures by 
Coleman [Col79] who called it the master field. Equation (11.112) which 
determines the master field is often referred to as the master-field equa- 
tion. 

A subtle point with the master field is that a solution to Eq. (11.112) 
is determined only up to a gauge transformation. To preserve gauge 
invariance, it is more reasonable to speak about the whole gauge orbit 
as a solution of Eq. (11.112). However, this will not change Eq. (11.114) 
since the operator O is gauge invariant. 

The conjecture concerning the existence of the master field has surpris- 
ingly rich consequences. Since vacuum expectation values are Poincaré 
invariant, the RHS of Eq. (11.114) is also. This implies that Ad (x) must 
itself be Poincaré invariant up to a gauge transformation: a change of 
Ad (x) under translations or rotations can be compensated by a gauge 
transformation. Moreover, there must exist a gauge in which Ad (x) is 
space-time-independent: Adl(z) = A% (0). In this gauge, rotations must 
be equivalent to a global gauge transformation, so that A‘l(0) transforms 
as a Lorentz vector. 

In fact, the idea concerning such a master field in multicolor QCD 
may not be correct as was pointed out by Haan [Haa81]. The conjecture 
concerning the existence of only one solution to the master-field equa- 
tion (11.112) seems to be too strong. If several solutions exist, one needs 
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an additional averaging over these solutions. This is a very delicate mat- 
ter, since this additional averaging must still preserve the factorization 
property. One might be better to think about this situation as if A‘l(0) 
were an operator in some Hilbert space rather than a c-valued function. 
This is simply because A‘l(0) is, in the matrix notation (11.1), an N x N 
matrix which becomes, as N — oo, an infinite matrix, or an operator in 
Hilbert space. Such an operator-valued master field is sometimes called 
the master field in the weak sense, while the above conjecture concerning 
a single classical configuration of the gauge field, which saturates the path 
integral, is called the master field in the strong sense. 

The concept of the master field is rather vague until a precise form of 
the composite field ®[ A], and consequently the Jacobian ®[A] that enters 
Eq. (11.112), is defined. However, what is important is that the master 
field (in the weak sense) is space-time-independent. This looks like a 
simplification of the problem of solving large-N QCD. A Hilbert space, in 
which the operator A‘(0) acts, should be specified by ®[A]. In the next 
section we shall consider a realization of these ideas for the case of ®[A] 
given by the trace of the non-Abelian phase factor for closed contours. 


Remark on noncommutative probability theory 


An adequate mathematical language for describing the master field in 
multicolor QCD (and, generically, in matrix models at large N) was found 
by I. Singer in 1994. It is based on the concept of free random variables of 
noncommutative probability theory, introduced by Voiculescu [VDN95]. 
How to describe the master field in this language and some other applica- 
tions of noncommutative free random variables to the problems of planar 
quantum field theory are discussed in [Dou95, GG95). 


11.8 1/N as semiclassical expansion 


A natural candidate for the composite operator ®[A] from the previous 
section is given by the trace of the non-Abelian phase factor for closed 
contours — the Wilson loop. It is labeled by the loop C in the same sense 
as the field A,,(a) is labeled by the point x, so we shall use the notation 


BC) = PA] = Tir PelofoeArlo), (11.115) 


Nobody up to now has managed to reformulate QCD at finite N in 
terms of ®(C) in the language of the path integral. This is due to the 
fact that self-intersecting loops are not independent (they are related by 
the so-called Mandelstam relations [Man79]),* and the Jacobian is huge. 


* See, for example, Appendix C of the review [Mig83]. 
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The reformulation was performed [MM79] in the language of Schwinger- 
Dyson or loop equations which will be described in the next chapter. 

Schwinger—Dyson equations are a convenient way of performing the 
semiclassical expansion, which is an alternative to the path integral. Let 
us illustrate an idea of how to do this by an example of the y? theory, 
the Schwinger—-Dyson equations of which are given by Eq. (2.47). 

The RHS of Eq. (2.47) is proportional to Planck’s constant ñ as is 
explained in Sect. 2.5. In the semiclassical limit A — 0, we obtain 


À 
(—Of + m?) (p(x1) +++ p(an)) + a (p° (1) plEn)}) = 0, (11.116) 
the solution of which is of the factorized form 


(p(a1) +++ p(@n)) = (plz1)) +++ (PlEn)) + Oh) (11.117) 
provided that 


(p(z)) = palz) (11.118) 
obeys 
(-0 + m?) pale) + ŽA) = 0. (11.119) 


Equation (11.119) is nothing but the classical equation of motion for the 
y® theory, which specifies extrema of the action (2.22) entering the path 
integral (2.2). Thus, we have reproduced, using the Schwinger-Dyson 
equations, the well-known fact that the path integral is dominated by a 
classical trajectory as h — 0. It is also clear how to perform the semiclas- 
sical expansion in A in the language of the Schwinger—Dyson equations: 
one should solve Eq. (2.47) by iteration. 

The reformulation of multicolor QCD in terms of the loop functionals 
(C) is, in a sense, a realization of the idea of the master field in the weak 
sense, when the master field acts as an operator in the space of loops. The 
loop equation of the next chapter will be a sort of master-field equation 
in the loop space. 


Remark on the large-N limit as statistical averaging 


There is yet another, purely statistical, explanation why the large-N limit 
is a “semiclassical” limit for the collective variables ®(C). The matrix 
U [Crx], that describes the parallel transport along a closed contour Crx, 
can be reduced by the unitary transformation to 


UG] = Cra] diag ( el), ..., esaw (0)) [Caz]. (11.120) 
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Then ®(C) is given by 
IA 
= iga; (C 
DO). Ge 2 gigolo), (11.121) 


The phases aj;(C) are gauge invariant modulo permutations and normal- 
ized so that aj(C) ~ 1 as N — oo. For simplicity we omit below all the 
indices (including space ones) except for color. 

The commutator of ®s can be estimated using the representation 
(11.121). Since 


[ai(C), a;(C)] « diz, (11.122) 
one obtains 
COREN PD ~ (11.123) 


in the limit (11.13), i.e. the commutator can be neglected as N — ov, and 
the field ®(C’) becomes classical. 

Note that the commutator (11.123) is of order 1/N?. One factor of 
1/N is because of g in the definition (11.121) of ®(C), while the other has 
a deeper reason. Let us image the summation over j in Eq. (11.121) as 
some statistical averaging. It is well-known in statistics that such averages 
fluctuate weakly as N — oo, so that the dispersion is of order 1/N. It is 
this factor that emerges in the commutator (11.123). 

The factorization is valid only for the gauge-invariant quantities which 
involve the averaging over the color indices, such as that in Eq. (11.121). 
There is no reason to expect factorization for gauge invariants which do 
not involve this averaging and therefore fluctuate strongly even at N = oo. 
An explicit example of such strongly fluctuating gauge-invariant quanti- 
ties was first constructed in [Haa81]. 

This Remark may be summarized to give that the factorization arises 
from the additional statistical averaging in the large-N limit. There is 
no reason to assume the existence of a master field in the strong sense in 
order to explain the factorization. 


12 
QCD in loop space 


QCD can be entirely reformulated in terms of the colorless composite field 
(C) — the trace of the Wilson loop for closed contours. This fact involves 
two main steps: 


(1) all of the observables are expressed via ®(C); 


(2) the dynamics is entirely reformulated in terms of ®(C). 


This approach is especially useful in the large-N limit where everything 
is expressed via the vacuum expectation value of ®(C) — the Wilson loop 
average. Observables are given by summing the Wilson loop average over 
paths with the same weight as in free theory. The Wilson loop average 
itself obeys a close functional equation — the loop equation. 

We begin this chapter by presenting the formulas which relate observ- 
ables to Wilson loops. Then we translate the quantum equation of motion 
of Yang-Mills theory into loop space. We derive the closed equation for 
the Wilson loop average as N — oo and discuss its various properties, 
including a nonperturbative regularization. Finally, we briefly comment 
on what is known concerning solutions of the loop equation. 


12.1 Observables in terms of Wilson loops 


All observables in QCD can be expressed via the Wilson loops ®(C) 
defined by Eq. (11.115). This property was first advocated by Wilson 
[Wil74] on a lattice. Calculation of QCD observables can be divided into 
two steps: 


(1) calculation of the Wilson loop averages for arbitrary contours; 


(2) summation of the Wilson loop averages over the contours with some 
weight depending on a given observable. 
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T2 
T2 


Tı Tı 


(a) (b) 


Fig. 12.1. Contours in the sum over paths representing observables: (a) in 
Eq. (12.3) and (b) in Eq. (12.4). The contour (a) passes xı and x2. The contour 
(b) passes x1, £2, and z3. 


At finite N, observables are expressed via the n-loop averages 
Wal(Ci,---,Cn) = (®(C1)---®(C,)), (12.1) 


which are analogous to the n-point Green functions (2.45). The appro- 
priate formulas for the continuum theory can be found in [MM81]. 

Great simplifications occur in these formulas at N = co, when all ob- 
servables are expressed only via the one-loop average 


W(C) = (®(C)) = (pirPeifcdre) (12.2) 


This is associated with the quenched approximation discussed in the Re- 
mark on p. 158. 

For example, the average of the product of two colorless quark vector 
currents (11.92) is given at large N by 


(byes) pwel) = X Iw(C)(®(C)), (12.3) 


C321,£2 


where the sum runs over contours C passing through the points xı and 
X2 as is depicted in Fig. 12.1a. An analogous formula for the (connected) 
correlators of three quark scalar currents can be written as 


(pple) pyle) peles) Yon = >, A(C)(B(C)), (12.4) 


C321 ,22,23 


where the sum runs over contours C passing through the three points z1, 
x2, and x3 as depicted in Fig. 12.1b. A general (connected) correlator of 
n quark currents is given by a similar formula with C passing through n 
points 71, ..., Zn (some of them may coincide). 
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The weights J,,,(C) in Eq. (12.3) and J(C) in Eq. (12.4) are completely 
determined by free theory. If quarks were scalars rather than spinors, then 
we would have 


Ho) = bh AHO = anO Ragu], (125) 


where L(C) is the length of the (closed) contour C, as was shown in 
Sect. 1.6. Using the notation (1.156), we can rewrite Eq. (12.4) for scalar 
quarks as 


(yty ove) pela) = YY (@(C))- (126) 


C£1,%2,%3 


Therefore, we obtain the sum over paths of the Wilson loop, likewise in 
Sect. 1.7 and Problem 5.4 on p. 91. 

For spinor quarks, an additional disentangling of the y-matrices is 
needed. This can be done in terms of a path integral over the momentum 
variable, with k,(t) (0 < t < 7) being an appropriate trajectory. The 
result is given by [BNZ79] 


J(C) = Í Dk, (t) sp PoI kuolu -m (Om) (12.7) 


and 


Iw(C) = J Druso P hute) eT So U liku Oltu- (Hl +m} 


(12.8) 
where the values tı and tg of the parameter t are associated with the 
points xı and x2 in Eq. (12.3), and the symbol of P-ordering puts the 
matrices y, and y, at a proper order. 


Problem 12.1 Derive Eqs. (12.7) and (12.8). 


Solution Since the spinor field w enters the QCD action quadratically, it can 
be integrated out in the correlators (12.3) and (12.4), so that they can be rep- 
resented, in the first quantized language, via the resolvent of the Dirac operator 
in the external field A, with subsequent averaging over A,,. Proceeding as in 
Chapter 1, we express the resolvent by 


(v= ie for ( (yle ee) x) (12.9) 


and represent the matrix element of the exponential of the Dirac operator as 


ly le ae (V+m) | x) = e™Pe- So dt V(t) 5(4) (a = y) J (12.10) 
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In order to disentangle the RHS, we insert unity, represented by 


= | Bt ) | Dont oni Se tru (An (E) (12.11) 


u(0)=£u 


where the path integration over p,,(t) is unrestricted, i.e. the integrals over p, (0) 
and p,(T) are included. Then we obtain 


(y le- aH) ls) — enn / Dzy(t ) | Pople 


Zu (0)=£ p 


x Pew Jo 4t {ipu (t) ża (t) -lipu (+i Ap (Eyn E) +3 (t) žu} ED (x — y), 


(12.12) 


the equivalence of which to the original expression is obvious since everything 
commutes under the sign of the P-ordering (so that we can substitute p, (t) = 
—ið,„(t) in the integrand). 

By making the change of the integration variable, p, (t) = k,(t)—A,(t), and 
proceeding as in Problem 1.13 on p. 29, we represent the RHS of Eq. (12.12) by 


(y |e- atele = ae ) | Drut 


Zp(0)=@y 


x P o7 Je Miku On O- w(x OAn +y Eul 5M (q y) 

_ em f Dz,(t) () f Dist 4) Pile dzu An (2) P omi Sa thule) lO) | 
Zu (0)=2£ u 
2u(T)=Yp (12.13) 


where the first P-exponential on the RHS depends only on color matrices (it is 

nothing but the non-Abelian phase factor), and the second one depends only on 

spinor matrices. In [BNZ79], Eq. (12.13) is derived by discretizing paths. 
Equation (12.13) leads to Eqs. (12.7) and (12.8). 


Remark on renormalization of Wilson loops 


Perturbation theory for W(C) can be obtained by expanding the path- 
ordered exponential in the definition (12.2) in g (see Eq. (11.46)) and 
averaging over the gluon field A,,. Because of ultraviolet divergences, we 
need a (gauge-invariant) regularization. After such a regularization has 
been introduced, the Wilson loop average for a smooth contour C of the 
type in Fig. 12.2a reads as 


o(N? — 1) L(C) 


W(C) = exp|—g IN T 


Wren(C) , (12.14) 


where a is the cutoff, L(C) is the length of C, and Wyen(C) is finite when 
expressed via the renormalized charge gr. The exponential factor is a 
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(a) (b) 


Fig. 12.2. Examples of (a) a smooth contour and (b) a contour with a cusp. 
The tangent vector to the contour jumps through an angle y at the cusp. 


result of the renormalization of the mass of a heavy test quark, which was 
already discussed in the Remark on p. 113. This factor does not emerge 
in the dimensional regularization where d = 4 — e. The multiplicative 
renormalization of the smooth Wilson loop was shown in [GN80, Pol80, 
DV80]. 

If the contour C has a cusp (or cusps) but no self-intersections as is 
illustrated by Fig. 12.2b, then W(C) is still multiplicatively renormaliz- 
able [BNS81]: 


W(C) = Z(Y) Wren(C); (12.15) 


while the (divergent) factor of Z(y) depends on the cusp angle (or angles) 
y (or ys) and Wren (C) is finite when expressed via the renormalized charge 


JR- 


Problem 12.2 Calculate the divergent parts of the Wilson loop average (12.2) 
for contours without self-intersections to order g?. Consider the cases of a smooth 
contour C and a contour with a cusp. 


Solution Expanding the Wilson loop average (12.2) in g? (see Eq. (11.46) and 
Problem 5.2 on p. 89), we obtain 


Ww(c) = 14+W(C) + O(94) (12.16) 
with 
wc) = -pE y foe fay, Duley), (02.17) 
C C 


where D,,,(x — y) is the gluon propagator (11.4). 
Since the contour integral in Eq. (12.17) diverges for x = y, we introduce the 
regularization by 


Dule -y) = alo ie (12.18) 
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with a being the ultraviolet cutoff. Parametrizing the contour C using the func- 
tion z,,(0), we rewrite the contour integral in Eq. (12.17) as 


fo fue =e = fas far; Tea a eee a oe 


Choosing the proper-length parametrization (1.101) when 2,,(s)Z,,(s) = 0, ex- 
panding in powers of t, and assuming that the contour C is smooth as is depicted 
in Fig. 12.2a, we obtain for the integral (12.19) 


pose’ (s s) [tapers = T fas VFS = ZLO). (12.20) 


t2 +a? 


Typical values of t in the last integral are ~ a, which justifies the expansion in 
t: the next terms lead to a finite contribution as a —> 0. 
Thus, we find 


ay Se Ae 


w(C) ATN 


+ finite term as a — 0 (12.21) 


for a smooth contour. This is precisely the renormalization of the mass of a 
heavy test quark owing to the interaction. 

If the contour C is not smooth and has a cusp at some value so of the pa- 
rameter, as depicted in Fig. 12.2b, then an extra divergent contribution in the 
integral (12.19) emerges when s ~% so, t ~ to. Introducing As = s — so and 
At = t — to, we represent this extra divergent term by 


1 
£also +0)t so -0) [aas [atm 
PENER ltn(so +0)As — &,,(s9 — 0)At]? + a? 


= (ycoty-— 1)ln HO) : (12.22) 


where y is the angle of the cusp (cos y = #,,(80+0)#,,(s9 —0)) and the upper limit 
of the integrations is chosen to be L(C) with logarithmic accuracy. Collecting 
all of this together, we obtain finally for the divergent part of W(?)(C): 


2 
Diy = 22D Ae t ies 
WOO) = -9N STE ae 
+ finite term as a —> 0. (12.23) 


The second term in square brackets is associated with the bremsstrahlung radi- 
ation of a particle changing its velocity when passing the cusp. The answers in 
the Abelian and non-Abelian cases coincide to this order in g?. 


Problem 12.3 Obtain Coulomb’s law of interaction in Maxwell’s theory by 
calculating the average of a rectangular Wilson loop. 
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Solution Performing the Gaussian averaging over A,, in Maxwell’s theory, we 
obtain from Eqs. (6.50) and (6.51) 


-mw(c) = 5 f ate f avt) Dw (a — y) J” (y) 
Siy page: D(z — y). (12.24) 


The interaction potential is now determined by Eq. (6.43) for a rectangular con- 
tour depicted in Fig. 6.6 on p. 111 as 7 œ R. The contribution to the interaction 
potential arises when the photon line is emitted by the upper part of the rect- 
angular contour and absorbed by the lower part. Otherwise, we obtain singular 
terms associated with the renormalization of the Wilson loop as discussed in the 
previous Problem. 

Choosing the parametrization with x, = (R,...,s) for the upper part and 
x, = (0,...,t) for the lower part of the rectangular contour with 0 < s,t < T, 
we have 


T 
1 
V(R)T — Jd 12.2 
(R) Ar? =| fo (s— (s —t)? + R2 + R2 ( 5) 
0 
Introducing u = (s + t)/2 and v = s — t, we obtain 
T T 
V(R)T - fa i dic er (12.26) 
= — / du v=o = — . 
Ar? v? + R? 4nR 
0 T 


which reproduces Coulomb’s law. 


12.2 Schwinger—Dyson equations for Wilson loop 


The dynamics of (quantum) Yang-Mills theory is described by the quan- 
tum equation of motion 


ô 


Vo pe Was? 
(2) h SAL (x) 


u © py 


(12.27) 


which is analogous to Eq. (2.27) for the scalar field, and is again under- 
stood in the weak sense, i.e. for the averages 


-(VRFR@QIA) = a(z) 0228) 


The standard set of Schwinger-Dyson equations of Yang-Mills theory 
emerges when the functional Q[A] is chosen in the form of the product of 
An; as in Eq. (11.45). 

Strictly speaking, the last statement is incorrect, since in Eqs. (12.27) 
and (12.28) we have not added contributions coming from the variation 
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of gauge-fixing and ghost terms in the Yang—Mills action. However, these 
two contributions are mutually canceled for gauge-invariant functionals 
Q|[A]. We shall deal only with such gauge-invariant functionals (the Wil- 
son loops). This is why we have not considered the contribution of the 
gauge-fixing and ghost terms. 

It is also convenient to use the matrix notation (5.5), when Eq. (12.27) 
for the Wilson loop takes the form 


1 i g ô i A 
-( qt PV Fuloe feara) = (Ser. fo a6" ry, 


(12.29) 


where we have restored the units with A = 1. 
The variational derivative on the RHS can be calculated by virtue of 
the formula 


Ail (y) (a) ilskj _ + sig ski 
ss ey = ilki — = gi 12. 
FAR (a) Ono? (x = y) | 8'8 N? ô (12.30) 
which is a consequence of 
õAn (y) 
H = (D(a — y) 5”. 12.31 
E = wle- (12.31) 


The second term in the parentheses in Eq. (12.30) — same as in Eq. (11.6) 
— is because A,, is a matrix from the adjoint representation of SU(N). 

By using Eq. (12.30), we obtain for the variational derivative on RHS 
of Eq. (12.29): 


tr agr data if dy, 5) (a — y) 
C 


1 i 1 i 1 ; 
x [tr Peller Ae ty P eony 184 rtr Pel oat Av 


(12.32) 


The contours Cy, and Cry, which are depicted in Fig. 12.3, are the parts 

of the loop C: from x to y and from y to x, respectively. They are always 

closed owing to the presence of the delta-function. It implies that x and 

y should be the same points of space but not necessarily of the contour 

(i.e. they may be associated with different values of the parameter o). 
Finally, we rewrite Eq. (12.29) as 


1 : 
i (x tr PV Fule) fe a) 


= Af amO- y) KAC Ca) — ye (H(C))], 0238) 
Cc 
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Ci 


Fig. 12.3. Contours Cy, and Cz, which enter the RHSs of Eqs. (12.29) and 
(12.33). 


where we have introduced the ’t Hooft coupling 
`= GN (12.34) 


Note that the RHS of Eq. (12.33) is completely represented via the 
(closed) Wilson loops. 


Problem 12.4 Prove the cancellation of the contributions of the gauge-fixing 
and ghost terms in the Lorentz gauge. 


Solution The Yang-Mills action, associated with the Lorentz gauge, is given 
by 


Z 5 fe É te F2, + tr (OAF (12.35) 


Since ®(C) is gauge invariant, the (infinite) group-volume factors, in the numer- 
ator and denominator in the definition of the average, cancel when fixing the 
gauge (see the Remark on p. 109), and we obtain 


__ [Pave sec) DA eS (C) _/ DA, det (3u V p) e79 (C) 
L~ (12.36) 
o [omes e7 JPA, det (3u V p) e758 


where det (0,,V,,) is associated with ghosts. 
The Schwinger—Dyson equation for the Yang-Mills theory in the Lorentz gauge 


ô 
_ yab pb ws. a 
Vira) E + 8,,0,,A% (2) + 


0 
soeale(a! = 2,4), 
ðr, 
(12.37) 
where GÙ: (x', x; A) is the Green function of the ghost in an external field A,,. 
euy g H 


Applying this equation to the Wilson loop and using the gauge Ward identity 
(the Slavnov-Taylor identity), we transform the contribution from the second 
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term on the RHS to 
iy eoae 
= G tr BALAU (Caa) ) 


gf 


= ef dê, (x tr [Cet UC] VEE CE, a) 


gf 
0/1 6) 
= Pf aug (xt [U(Cen)t°U (Cre)t"] meena) 
C 
= g LUG ey at aoe (GS eae .4)) (12.38) 
gf 


which exactly cancels the contribution from the ghost term in Eq. (12.37). 

We have thus proven that the contribution of gauge-fixing and ghost terms 
in Eq. (12.37) are mutually canceled, when applied to the Wilson loop (and, in 
fact, to any gauge-invariant functional). 


12.3 Path and area derivatives 


As we already mentioned, the RHS of Eq. (12.33) is completely repre- 
sented via the (closed) Wilson loops. It is crucial for the loop-space 
formulation of QCD that the LHS of Eq. (12.33) can also be represented 
in loop space as some operator applied to the Wilson loop. To do this we 
need to develop a differential calculus in loop space. 

Loop space consists of arbitrary continuous closed loops, C. They can 
be described in a parametric form by the functions z (o) € L2,* where 
oo <o < cı and u = 1,...,d, which take on values in a d-dimensional 
Euclidean space. The functions x,,(o0) can be discontinuous, generally 
speaking, for an arbitrary choice of the parameter o. The continuity of 
the loop C implies a continuous dependence on parameters of the type of 


proper length 
= fao (209, (12.39) 
oo 


where t (o) = dz„(0)/do. 
The functions x (o) € L2 which are associated with the elements of 
loop space obey the following restrictions. 


(1) The points o = oo and o = 0; are identified: x,,(00) = £u (01) — the 
loops are closed. 


* Let us remind the reader that Lə denotes the Hilbert space of functions x,(c), the 
square of which is integrable over the Lebesgue measure: Jz do z? (o) < o0. We 
have already mentioned this in the Remark on p. 19. 
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(2) The functions x,,(0) and Ay, x,(o) + a,, with Av and a, indepen- 
dent of g, represent the same element of the loop space — rotational 
and translational invariance. 

(3) The functions «,,(o) and x,(0’) with o’ = f(a), f’(o) > 0 describe 
the same loop — reparametrization invariance. 


An example of functionals which are defined on the elements of loop 
space is the Wilson loop average (12.2) or, more generally, the n-loop 
average (12.1). 

The differential calculus in loop space is built out of the path and area 
derivatives. 

The area derivative of a functional F(C) is defined by the difference 


5F(C) 1 7 
Mey a ona : 


(12.40) 


where an infinitesimal loop ôC, (£) is attached to a given loop at the point 
x in the (u, v)-plane and 60,,, denotes the area enclosed by Cuu (x). For 
a rectangular loop dC,,,(x), one finds 


0a = dz, ^dzy, (12.41) 


where the symbol ^A implies antisymmetrization. The sign of ôo, is 
determined by the orientation of dC, (x). 
Analogously, the path derivative is defined by 


1 
s Er = Tr ~~ FE ’ 
On FG sx) So F È 


(12.42) 


where the point x is shifted from the loop along an infinitesimal path oT’, 
and 0x, denotes the length of oI’,,. The sign of ôx, is determined by the 
direction of ôI,- 

As is usual in quantum field theory, the typical size of ôC, in the def- 
inition of the area derivative as well as the length of oI’, in the definition 
of the path derivative should be smaller than the size of an ultraviolet 
cutoff. 

These two differential operations are well-defined for so-called function- 
als of the Stokes type which satisfy the backtracking condition — they do 
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not change when a small path passing back and forth is added to the loop 
at some point x: 


F = F . (12.43) 


This condition is equivalent to the Bianchi identity of Yang-Mills theory 
and is obviously satisfied by the Wilson loop (12.2) owing to the properties 
of the non-Abelian phase factor (see Eq. (5.47)). Such functionals are 
known in mathematics as Chen integrals.* 

A simple example of the Stokes functional is the area of the minimal 
surface, Amin(C). It obviously satisfies Eq. (12.43). Otherwise, the length 
L(C) of the loop C is not a Stokes functional, since the lengths of contours 
on the LHS and RHS of Eq. (12.43) are different. 

For the Stokes functionals, the variation on the RHS of Eq. (12.40) is 
proportional to the area enclosed by the infinitesimally small loop Cu (£) 
and does not depend on its shape. Analogously, the variation on the RHS 
of Eq. (12.42) is proportional to the length of the infinitesimal path ôT, 
and does not depend on its shape. 

If x is a regular point (such as any point of the contour for the func- 
tional (12.2)), the RHS of Eq. (12.42) vanishes owing to the backtracking 
condition (12.43). In order for the result to be nonvanishing, the point x 
should be a marked (or irregular) point. A simple example of the func- 
tional with a marked point x is 


P[O] = La (ee e! cea eee) (12.44) 


with the SU(N) generator t° being inserted in the path-ordered product 
at the point zx. 

The area derivative of the Wilson loop is given by the Mandelstam 
formula 


5 1 . i 
T are = vir Fpa taAa (12.45) 
pv 


In order to prove this, it is convenient to choose ôC y(x) to be a rectangle 
in the (u, v)-plane, as was done in Problem 5.8 on p. 94, and use straight- 
forwardly the definition (12.40). The sense of Eq. (12.45) is very simple: 


* See, for example, [Tav93] which contains definitions of path and area derivatives in 
this language. 
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Table 12.1. Vocabulary for translation of Yang-Mills theory from ordinary 
space into loop space. 


Ordinary space 


[A] Phase factor (C) Loop functional 
ô 
F(x) Field strength Area derivative 
Oop (2) 

Vi, Covariant derivative ð; Path derivative 

V AF =0_ Bianchi identity Stokes functionals 
SV pw Schwinger—Dyson Loop 
= 6/dA, equations equations 


F is a curvature associated with the connection A,,, as we discussed in 
the Remark on p. 95. 

The functional on the RHS of Eq. (12.45) has a marked point x, and 
is of the same type as in Eq. (12.44). When the path derivative acts on 
such a functional according to the definition (12.42), the result is given 
by 


1 1 
Oi = te P B(a) efo ath Ae = Ft PV pB(2) el to Ee (12.46) 

where 
V,B = 0B-i[A,,B (12.47) 


is the covariant derivative (5.10) in the adjoint representation (see also 
Problem 5.7 on p. 93). 

Combining Eqs. (12.45) and (12.46), we finally represent the expression 
on the LHS of Eq. (12.29) (or Eq. (12.33)) as 


i ifo dt An _ ô 1 i fo dt A 
yY PV,Fuw(e) fe = Oita WEP er gMAy (12.48) 


i.e. via the action of the path and area derivatives on the Wilson loop. It 
is therefore rewritten in loop space. 

A summary of the results of this section is presented in Table 12.1 as 
a vocabulary for translation of Yang-Mills theory from the language of 
ordinary space in the language of loop space. 
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Remark on Bianchi identity for Stokes functionals 


The backtracking condition (12.43) can be represented equivalently as 


ô 


Euvàp On Toya(x) (C) = 0, (12.49) 


by choosing the small path in Eq. (12.43) to be an infinitesimal straight 
line in the p-direction and applying Stokes’ theorem geometrically. Using 
Eqs. (12.45) and (12.46), Eq. (12.49) can in turn be rewritten as 


1 ; 
eua i TP Vp Fale) e fot As = 0, (12.50) 
Therefore, Eq. (12.49) represents the Bianchi identity (5.18) in loop space. 


Remark on the regularized length 


The length L(C) can be approximated by the Stokes functional 


= fdas fae = ° aor F TC). A251) 


This works for ihe contours, the size of which is much larger than the 
ultraviolet cutoff a. The area derivative of the functional L,(C) is finite 
at finite a but does not commute with taking the limit a — 0. This 
illustrates the above statement that the size of the variation should be 
much smaller than the ultraviolet cutoff. 

Problem 12.5 Prove Eq. (12.51). 


Solution The calculation is similar to that in Problem 12.2 on p. 253. We have 


1 
Jos uls) f atèsta) 3 e(2(s+t)—2(s))? /2a? 
V 470 


e7?”(s) 77/2 


$ fds t? (s) 


—0O 


z Jav = Toy, (12.52) 


where T = t/a. This proves Eq. (12.51). 


Remark on the relation with the variational derivative 


The standard variational derivative, 6/dx,,(7), can be expressed via the 
path and area derivatives using the formula 


5 
= i Elo — oi), 12. 
TE é,(¢) — zo ata (o — 9%) (12.53) 
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where the sum on the RHS is present for the case of a functional hav- 
ing m marked (irregular) points x; = x(o;). The simplest example of 
the functional with m marked points is just a function of m variables 
Li; Tm. 

Using Eq. (12.53), the path derivative can be calculated as the limiting 
procedure 


ô 


uo) _ 1 
On do TAD ; 


o—0 


(12.54) 


The result is obviously nonvanishing only when Of is applied to a func- 
tional with z(o) being a marked point. 

It is nontrivial that the area derivative can also be expressed via the 
variational derivative [Pol80]: 


o+0 
ô ligi =g ô ô 
So yv(a(o)) fi ge Fe) Sx, (0) ` (12.55) 


The point is that the six-component quantity, 5/do, (a#(c)), is expressed 
via the four-component one, 6/6x,,(0), which is possible because the com- 
ponents of 6/da,,(x(a)) are dependent owing to the loop-space Bianchi 
identity (12.49). 


12.4 Loop equations 


By virtue of Eq. (12.48), Eq. (12.33) can be represented completely in 
loop space: 


z ô 
POO wi (£ 


j ®(C)) 
1 
= Ag dy, 5x y) (]®(Cyn) Cry) — xe (C)]). (12.5) 
C 
or, using the definitions (12.1) and (12.2) of the loop averages, as 


ai. 
POC ila) 


1 


aro] . 


W(C) = À f dy 6%) (x — y) Wale Cry) = 
C 

(12.57) 

This equation is not closed. Having started from W(C), we obtain 

another quantity, W2(C1, C2), so that Eq. (12.57) connects the one-loop 

average with a two-loop one. This is similar to the case of the (quantum) 
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y-theory, whose Schwinger-Dyson equations (2.47) connect the n-point 
Green functions with different n. We shall derive this complete set of 
equations for the n-loop averages later in this section. 

However, the two-loop average factorizes in the large-N limit: 


W2(C1, C2) = W (C1) W (C2) + O(N~?) j (12.58) 


as was discussed in Sect. 11.6. Keeping the constant À (defined by 
Eq. (12.34)) fixed in the large-N limit as prescribed by Eq. (11.13), we 
obtain [MM79] 


pied E 
H Fou, (a) WiC) = sf 5 (x — y) W (Cyx) W (Cry) (12.59) 


as N — œ. 

Equation (12.59) is a closed equation for the Wilson loop average in 
the large-N limit. It is referred to as the loop equation or the Makeenko- 
Migdal equation. 

To find W(C), Eq. (12.59) should be solved in the class of Stokes func- 
tionals with the initial condition 


wo) = 1 (12.60) 


for loops which are shrunk to points. This is a consequence of the obvious 
property of the Wilson loop 


ifod An |] (12.61) 


and the normalization (1) = 1 of the averages. 
The factorization (12.58) can itself be derived from the chain of loop 
equations. Proceeding as before, we obtain 


1 ô 


iaa et Chn) 
1 
= paw 6) (a — y) [Warr Cay Cyz, Perera Ch) = pa WCs, ww .C)| 
Cy 
1 
+> wa f iw — y) [wa (0105, Ta Cj, et Cn) 
22, 
-Wp (C1, - Cn) | . (12.62) 


Here x belongs to C1; C1C; denotes the joining of C1 and C}; C; denotes 
that Cj is omitted. _ 
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Equation (12.62) looks like Eq. (2.47) for y?-theory. Moreover, the 
number of colors N enters Eq. (12.62) simply as a scalar factor, N~?, 
likewise Planck’s constant ñ enters Eq. (2.47). It is the major advantage 
of the use of loop space. What was mentioned in Sect. 11.8 concerning the 
“semiclassical” nature of the 1/N-expansion of QCD is realized explicitly 
in Eq. (12.62). Its expansion in 1/N is straightforward. 

At N = œ, Eq. (12.62) is simplified to 


5 
e—_w,(Ch,...) = à $ dy a E We Cn E S 
ouu (x) 


(12.63) 
This equation possesses [Mig80] a factorized solution 


Wr(Ciy.++3Cn) = (®(C1))--- (G(Cn)) + O(N) 
= W(C))---W(C,) + O(N?) (12.64) 


provided W(C) obeys Eq. (12.59) which plays the role of a “classical” 
equation in the large-N limit. Thus, we have given a nonperturbative 
proof of the large-N factorization of the Wilson loops. 


Problem 12.6 Derive a lattice analog of the loop equation. 


Solution The derivation is similar to that in Problem 6.3 on p. 105 for the 
classical case. We perform the shift (6.22) in the definition (6.42) of the lattice 
Wilson loop average. Similarly to Eqs. (6.24) and (12.59), we obtain 


aw (Cap) —W(Cap7)] = Y seyt (1) W (Cya) W (Cay) - 


lEC 
(12.65) 


Here we use the notations of Problem 5.6 on p. 92 so that the contours C 0p and 
C Op~! are obtained from C,, by adding the boundary of the plaquette p (Op! 
denotes that the orientation of the boundary is opposite) and the sum over p 
goes over the 2(d — 1) plaquettes involving the link at which the shift of U, (<x) 
is performed. These contours are depicted in Fig. 12.4. 

The sum on the RHS goes over the links belonging to the contour C. The 
unit vector 7,(1) = 0,1 denotes the projection of the (oriented) link | € C on 
the axis v (7,(1) = 1, —1 or 0 when the directions are parallel, antiparallel, or 
perpendicular, respectively). The point y is defined as the beginning of the link 
l if it has positive direction, or as the end of l if it has negative direction. Such 
an asymmetry arises from the fact that we have performed the right shift (6.22) 
of U,(x). The Kronecker symbol sy guarantees that Cy, and C,, are always 
closed. 

Equation (12.65) is a lattice regularization of the continuum loop equation 
(12.59). The loop equation on the lattice was first discussed in [Foe79, Egu79] 
and with quarks in [Wei79]. 
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(a) (b) 


Fig. 12.4. Contours (a) C Op and (b) C dp! on the RHS of the lattice loop 
equation (12.65). 


Problem 12.7 Find a solution to the lattice loop equation (12.65) at small 
B/N?. 


Solution A strong-coupling solution to Eq. (12.65) can be obtained iteratively 
in 3/N?. Let us choose the contour C to be the boundary Opo of a plaquette po. 
Since dz, on the RHS of Eq. (12.65) is nonvanishing only when y coincides with 
x, we rewrite Eq. (12.65) as 


W(ôpo) = an LW (Opo Op) — W (Apo Op~*)] . (12.66) 


One of the terms on the RHS is 


W (po Op) = w( | ll) = W0) = 1, (12.67) 


when p and po have opposite orientations as depicted in Fig. 6.7 on p. 115, owing 
to the backtracking condition (12.43) and the initial condition (12.60). We thus 
obtain 


W(dp) = (12.68) 


2N? 


to the leading order in 6/N?, which reproduces Eq. (6.72). The other terms on 
the RHS of Eq. (12.66) are of the next order in 3/N?. 

Analogously, Eq. (6.73) is reproduced for a general contour C to the leading 
order in 3/N?, since 


min{A(Cdp)} = Amin (C) —1 (12.69) 


in the lattice units. 
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Fig. 12.5. Graphical representation of the terms on the RHS of Eq. (12.70). 


12.5 Relation to planar diagrams 


The perturbation-theory expansion of the Wilson loop average can be 
calculated from Eq. (11.46), which we represent in the form 


W(C) = 1+ So Pact G dage- f datr 
Rae! oO C C 


EA OR E TA E A En); (12.70) 
where @,(1,2,...,) orders the points 21,...,2%, along the contour in 


cyclic order and CO. is given by Eq. (11.71). This 6-function has the 
meaning of the propagator of a test heavy particle on contour C (see 
Problem 5.3 on p. 90). 

We assume, for definiteness, dimensional regularization throughout this 
section to make all the integrals well-defined. 

Each term on the RHS of Eq. (12.70) can be conveniently represented 
by the diagram in Fig. 12.5, where the integration over contour C is 
associated with each point x; lying on contour C. 

These diagrams are analogous to those discussed in Sect. 11.3 with one 
external boundary — the Wilson loop in the given case. This was already 
mentioned in the Remark on p. 227. In the large-N limit, only planar 
diagrams survive. Some of them, which are of the lowest order in A, 
are depicted in Fig. 12.6. The diagram in Fig. 12.6a has already been 
considered in Problem 12.2 (see Eq. (12.17)). 

The large-N loop equation (12.59) describes the sum of the planar di- 
agrams. Its iterative solution in À reproduces the set of planar diagrams 
for W(C) provided the initial condition (12.60) and some boundary con- 
ditions for asymptotically large contours are imposed. 
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(a) (b) (c) 


Fig. 12.6. Planar diagrams for W (C): (a) of order \ with a gluon propagator, 
and of order A? (b) with two noninteracting gluons and (c) with the three-gluon 
vertex. Diagrams of order \? with one-loop insertions to the gluon propagator 
are not shown. 


Equation (12.70) can be viewed as an ansatz for W(C) with some un- 


) 


known functions Emo (%1,...,%n) to be determined by substitution into 
the loop equation. To preserve symmetry properties of W(C), the func- 
tions G must be symmetric under a cyclic permutation of the points 
1,...,n and depend only on a; — x; (translational invariance). The main 
advantage of this ansatz is that it corresponds automatically to a Stokes 
functional, owing to the properties of vector integrals, and the initial 
condition (12.60) is satisfied. 

The action of the area and path derivatives on the ansatz (12.70) is 
easily calculable. For instance, the area derivative is given by 


(oe) 


W (C n+1) H n 
a = ai fo Caso set) 
x ( Cee ott Ge Hints ha) 


+i (pgðva — Suadvp) Og? (24%) 81y---2n)| - 
(12.71) 
The analogy with the Mandelstam formula (12.45) is obvious. 


More concerning solving the loop equation by the ansatz (12.70) can 
be found in [MM81, BGS82, Mig83]. 


Problem 12.8 Solve Eq. (12.59) to order A using the ansatz (12.70). 


Solution To order À, we can restrict ourselves by the n = 2 term in the 
ansatz (12.70). For the 6-function, we have 


6.(1,2) = 5 (1,2) + 0(2, 1) = : (12.72) 
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The meaning of this formula is obvious: there is no cyclic ordering for two points. 
We therefore rewrite the ansatz as 


w(c) = 1- Z f dey fav D(z — y) + O(A?) (12.73) 
C C 


with some unknown function D u(x — y). Its tensor structure reads 
Du(e-y) = SvD- y) + 3p fE- Y). (12.74) 


The second (longitudinal) term in this formula does not contribute to W (C) 
since the contour integral of this term vanishes in Eq. (12.73). We can thus 
write 


W(C) = 1- 5 f dey fav D(z — y) + O(A’). (12.75) 
C C 


The area derivative can be calculated easily using Stokes’ theorem, which gives 


ae f diy f dy, D(w—y) = 2 [fa ô D(z — y) — f ay, dv D(z — v) 
HILG C Cc C 


(12.76) 
and 
jpeg mere -y) = 2 $ dy, 0? D(z — y) (12.77) 
BrT 
n% c 
since 
On $ don 3v D(z- y) = 0. (12.78) 
Substituting into the loop equation (12.59), we find 
- fan PDle-y) = famdO@-y) (12.79) 
c G 


which is equivalent to 
-8 D(z- y) = 8®(z— y) (12.80) 


since the contour C is arbitrary. The solution to Eq. (12.80) is unique, provided 
D(a — y) decreases for large x — y, and recovers the propagator (11.4). 


12.6 Loop-space Laplacian and regularization 


The loop equation (12.59) is not yet entirely formulated in loop space. It 
is a d-vector equation, both sides of which depend explicitly on the point 
x which does not belong to loop space. The fact that we have a d-vector 
equation for a scalar quantity means, in particular, that Eq. (12.59) is 
overspecified. 
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A practical difficulty in solving Eq. (12.59) is that the area and path 
derivatives, ô/ðo y(x) and 07, which enter the LHS are complicated, gen- 
erally speaking, noncommutative operators. They are intimately related 
to the Yang—Mills perturbation theory where they correspond to the non- 
Abelian field strength Fy and the covariant derivative V,,. However, it 
is not easy to apply these operators to a generic functional W (C) which 
is defined on elements of loop space. 

A much more convenient form of the loop equation can be obtained by 
integrating both sides of Eq. (12.59) over dx, along the same contour C, 
which yields 


f dr, & zo” (C25 f di f ins (@ — wO W (Cry) 
. g Ç (12.81) 


Now both the operator on the LHS and the functional on the RHS are 
scalars without labeled points and are well-defined in loop space. The 
operator on the LHS of Eq. (12.81) can be interpreted as an infinitesimal 
variation of elements of loop space. 

Equations (12.59) and (12.81) are completely equivalent. A proof of 
equivalence of the scalar Eq. (12.81) and original d-vector Eq. (12.59) is 
based on the important property of Eq. (12.59), for which both sides are 
identically annihilated by the operator 0%. It is a consequence of the 
identity (see Sect. 5.1) 


1 
VaV Fw = -g Fw Fu] = 0 (12.82) 


in ordinary space. Owing to this property, the vanishing of the contour 
integral of some vector is equivalent to the vanishing of the vector itself, 
so that Eq. (12.59) can in turn be deduced from Eq. (12.81). 

Equation (12.81) is associated with the second-order Schwinger-Dyson 
equation 


oe 5 ws. ea ae ee d 
~ J eve o EE h f azaua ”) SAO AG) 
(12.83) 


in the same sense as Eq. (12.59) is associated with Eq. (12.27). It is 
called “second order” since the RHS involves two variational derivatives 
with respect to A,. 

The operator on the LHS of Eq. (12.81) is a well-defined object in 
loop space. When applied to regular functionals which do not have 
marked points, it can be represented, using Eqs. (12.54) and (12.55), 
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in an equivalent form 


spit E [ow fv GTI (12.84) 


As was first pointed out by Gervais and Neveu [GN79b], this operator 
is nothing but a functional extension of the Laplace operator, which is 
known in mathematics as the Lévy operator.* Equation (12.81) can be 
represented in turn as an (inhomogeneous) functional Laplace equation 


T f te f dy, 5 (a —-y)W(Cya) W (Cay). (12.85) 


We shall refer to this equation as the loop-space Laplace equation. 

The form (12.85) of the loop equation is convenient for a nonperturba- 
tive ultraviolet regularization. 

The idea is to start from the regularized version of Eq. (12.83), replacing 
the delta-function on the RHS by the kernel of the regularizing operator: 


EDE (x — y) E (y| R” 


a = RY 5 (x —y) (12.86) 
with 
ab 
Be oS (PE) (12.87) 


where V,, is the covariant derivative in the adjoint representation. The 
regularized version of Eq. (12.83) is 


- f ds VF Pek eT) => n | atva’y (y |R” zr 


5 5 
asa ) Ab (ax) 
(12.88) 


To translate Eq. (12.88) in loop space, we use the path-integral repre- 
sentation (see Problem 5.5 on p. 91) 


(y|R*| 2) a Dr,(t)e Blo O tr (EU riet U (ray) 
ry (=p 
nap (12.89) 
with 
U (rye) = Peder Ane), (12.90) 


* See the book by Lévy [Lev51] and the review [Fel86]. 
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Fig. 12.7. Contours Cyzray and Cyyry, which enter the RHSs of Eqs. (12.92) 
and (12.93). 


where the integration is over regulator paths r,,(t) from z to y, for which 
the typical length is ~ a. The conventional measure is implied in (12.89) 
so that 


1 paz 4, 29 1 2/92 
—L so dt72(t) a,b] _ gab —(a—y)* /2a 
Dr,,(t) e7? Jo wu) tr |e t” 0 Gra ° . 
Tu (0)=2, 
ru (a? )=yu (12.91) 


Calculating the variational derivatives on the RHS of Eq. (12.88), using 
Eq. (12.89) and the completeness condition (11.6), we obtain as N — co 


Jisas (y|R"|©) aw a oe 


= Af deu f m i Dry(t)e “BIG ath P (Cya zy) O(CryTyx) , 
Ty W= Tu 


ry (a? )=Yu (12.92) 


where the contours Cyrfey and Cyyry, are depicted in Fig. 12.7. 
Averaging over the gauge field and using the large-N factorization, we 
arrive at the regularized loop-space Laplace equation [HM89] 


AW (C) 
> A f dou faw I Dry(t) eTo dtiu) W (CyT xy) W (Cryrys) 


ry (0)=2y 


ru (a? )=Yu (12.93) 


which manifestly recovers Eq. (12.85) when a —> 0. 

The constructed regularization is nonperturbative, while perturbatively 
it reproduces regularized Feynman diagrams. An advantage of this regu- 
larization of the loop equation is that the contours Cyzrzy and Cryfyz on 
the RHS of Eq. (12.93) are both closed and do not have marked points if C 
does not have one. Therefore, Eq. (12.93) is written entirely in loop space. 
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Remark on functional Laplacian 


It is worth noting that the representation of the functional Laplacian 
on the RHS of Eq. (12.84) is defined for a wider class of functionals 
than Stokes functionals. The point is that the standard definition of 
the functional Laplacian from the book by Lévy [Lev51] uses solely the 
concept of the second variation of a functional U [z], namely the term in 
the second variation which is proportional to [5z,,(o)]?: 


Ula] = ; f E A +--+. (12.94) 


T0 


The functional Laplacian A is then defined by the formula 
o1 
AU[z] = [eo U! [a] - (12.95) 


90 


Here U[z] can be an arbitrary, not necessarily parametric invariant, func- 
tional. To emphasize this obstacle, we use the notation U[z] for generic 
functionals which are defined on Lə space in comparison with U(C) for 
the functionals which are defined on elements of loop space. It is easier 
to deal with the whole operator A, rather than separately with the area 
and path derivatives. 

The functional Laplacian is parametric invariant and possesses a num- 
ber of remarkable properties. While a finite-dimensional Laplacian is a 
second-order operator, the functional Laplacian is of first order and sat- 
isfies the Leibnitz rule 


A(UV) = (AU)V+U(AV). (12.96) 


The functional Laplacian can be approximated [Mak88] in loop space by 
a (second-order) partial differential operator in such a way as to preserve 
these properties in the continuum limit. This loop-space Laplacian can 
be inverted to determine a Green function G (C, C”) in the form of a sum 
over surfaces Sco connecting two loops: 


GOC) = So-., (12.97) 


Soot 


which is analogous to the representation (1.102) of the Green function of 
the ordinary Laplacian. The standard perturbation theory can then be 
recovered by iterating Eq. (12.85) (or its regularized version (12.93)) in A 
with the Green function (12.97). 
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12.7 Survey of nonperturbative solutions 


While the loop equations were proposed long ago, not much is known 
concerning their nonperturbative solutions except in two dimensions. We 
briefly list some of the available results. 

It was shown [MM80] that the area law 


W(C) = (®(C)) œ e7% Aminl(C) (12.98) 


satisfies the large-N loop equation for asymptotically large C. However, a 
self-consistency equation for K, which should relate it to the bare charge 
and the cutoff, was not investigated. In order to do this, one needs more 
detailed information concerning the behavior of W(C) for intermediate 
loops. 

The free bosonic Nambu-Goto string which is defined as a sum over 
surfaces spanned by C 


WiC) = So. eee), (12.99) 
S:0S=C 


with the action being the area A(S) of the surface S, is not a solution 
for intermediate loops. Consequently, QCD does not reduce to this kind 
of string, as was expected originally in [GN79a, Nam79, Pol79]. Roughly 
speaking, the ansatz (12.99) is not consistent with the factorized structure 
on the RHS of Eq. (12.59). 

Nevertheless, it was shown that if a free string satisfies Eq. (12.59), 
then the same interacting string satisfies the loop equations for finite N. 
Here “free string” means, as is usual in string theory, that only surfaces of 
genus zero are present in the sum over surfaces, while surfaces or higher 
genera are associated with a string interaction. The coupling constant of 
this interaction is O(N =2); 

A formal solution of Eq. (12.59) for all loops was found by Migdal 
[Mig81] in the form of a fermionic string 


we) = S [Pie a ree (12.100) 
S:0S=C 


where the world sheet of the string is parametrized by the coordinates £ 
and £ for which the two-dimensional metric is conformal, i.e. diagonal. 
The field 7)(€) describes two-dimensional elementary fermions (elves) liv- 
ing in the surface S, and m denotes their mass. Elves were introduced to 
provide a factorization which now holds owing to some remarkable prop- 
erties of two-dimensional fermions. For large loops, the internal fermionic 
structure becomes frozen, so that the empty string behavior (12.98) is re- 
covered. For small loops, the elves are necessary for asymptotic freedom. 
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However, it is unclear whether or not the string solution (12.100) is prac- 
tically useful for a study of multicolor QCD, since the methods of dealing 
with the string theory in four dimensions have not yet been developed. 

A very interesting solution of the large-N loop equation on a lattice, 
found by Eguchi and Kawai [EK82], shows that the SU(N) gauge theory 
on an infinite lattice and a unit hypercube are equivalent at N = oo. 
With slight modifications this large-N reduction holds in the continuum 
theory as well, so that the space-time can be absorbed by the internal 
symmetry group. More concerning the large-N reduction will be said in 
Part 4. 


12.8 Wilson loops in QCD» 


Two-dimensional QCD (QCDg2) has been popular since the paper by 
’t Hooft [Hoo74b] as a simplified model of QCDg. 
One can always choose the axial gauge 


A, = 0, (12.101) 


so that the commutator in the non-Abelian field strength (5.14) vanishes 
in two dimensions. Therefore, there is no gluon self-interaction in this 
gauge and the theory looks, at first glance, like the Abelian one. 

The Wilson loop average in QCD, can be calculated straightforwardly 
via the expansion (12.70) where only disconnected (free) parts of the cor- 
relators G(”) for even n should be left, since there is no interaction. Only 
the planar structure of color indices contributes at N = oo. Diagrammat- 
ically, the diagrams of the type depicted in Figs. 12.6a and b are relevant 
for contours without self-intersections, while that in Fig. 12.6c should be 
omitted in two dimensions. 

The color structure of the relevant planar diagrams can be reduced by 
virtue of the formula 


Sey ane (12.102) 


which is a consequence of the completeness condition (11.6) at large N. 
We have 


wc) = 1+). E aatt fay ne fault, $ des 
k C C C C 
x A.(1, 2,... , 2k) Duy, (x1 = £2) dik Duyry (£2k—1 = Tək) ; 


(12.103) 


where the points 71,...,29, are still cyclic ordered along the contour. 
Similarly to Problem 5.2 on p. 89, we can exponentiate the RHS of 
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T2 = Y2 


Fig. 12.8. Graphical representation of the contour integral on the LHS of 
Eq. (12.108) in the axial gauge. The bold line represents the gluon propaga- 
tor (12.105) with x2 = y2 owing to the delta-function. 


Eq. (12.103) to obtain finally 


WO See l-2 $ da” $ a” Dule = v) (12.104) 


This is the same formula as in the Abelian case if À denotes e?. 
The propagator D,,(z,y) is, strictly speaking, the one in the axial 
gauge (12.101) which is given by 


1 
Dw (@—y) = 58282 |e1 — 91] ED (£2 — yp). (12.105) 


However, the contour integral on the RHS of Eq. (12.104) is gauge invari- 
ant, and we can simply choose 


Deeg). = ôw D(z -— y). (12.106) 
In two dimensions* we have 
Desy) Lpa (12.107) 
xn — In ——, $ 
? dn (a — y)* 


where £ is an arbitrary parameter with dimension of length. Nothing 
depends on it because the contour integral of a constant vanishes. 

The propagator (12.106) is usually associated with the Feynman gauge. 
The explicit form (12.104) indicates that a contribution of diagrams with 
vertices, which are present in the Feynman gauge, vanishes in two dimen- 
sions. 

The contour integral in the exponent on the RHS of Eq. (12.104) can 
be represented graphically as depicted in Fig. 12.8, where £2 = yo owing 


* In d dimensions 


12.8 Wilson loops in QCD, 277 


to the delta-function in Eq. (12.105) and the bold line represents |x, — yj]. 
This gives 


aot $ dy’ Dye —y) = A(C), (12.108) 
C C 


where A(C) is the area enclosed by the contour C. Finally, we obtain 
W(C) = e 24) (12.109) 


for contours without self-intersections. 

Therefore, the area law holds in two dimensions both in the non-Abelian 
and Abelian cases. This is, roughly speaking, because of the form of the 
two-dimensional propagator (12.107), which decreases with distance only 
logarithmically in the Feynman gauge. 


Problem 12.9 Prove Eq. (12.109) in the Feynman gauge. 


Solution To prove Eq. (12.108) in the Feynman gauge (12.106) and (12.107), 
we note that the area element in two dimensions can be represented by 


do” (x) = dr” Ada” = c#’d?x, (12.110) 
where e”” is the antisymmetric tensor £1? = —e?! = 1. Therefore, the area can 
be represented by the double integral 

1 
AC) = 5 f dot” (x) ‘| dot” (y) 5) (a — y) (12.111) 
S(C) S(C) 


which goes along the surface S(C) enclosed by the (nonintersecting) loop C. 
Applying Stokes’ theorem, we obtain 


faa" fapa — y) J do” (x) ð, fapa — y) 

c c s(C) c 

— i do”” (x) T do”? (y) 0,0,D(« — y) 
sic) sic) 


se / do!” (x) / do” (y) @D(x — y) 


S(C) S(C) 


1 
Sn i do” (x) j dot” (y) 5) (a — y). 
s(C) s(C) 
(12.112) 
Using Eq. (12.111) we prove Eq. (12.109) in the Feynman gauge. 
It is worth noting that Eq. (12.112) is based only on Stokes’ theorem and holds 


for contours with arbitrary self-intersections. In contrast, Eq. (12.111) itself is 
valid only for nonintersecting loops. 
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Aj A 


(a) (b) 


Fig. 12.9. Contours with one self-intersection: A; and A> denote the areas of 
the proper windows. The total area enclosed by the contour in (a) is Ay + A2. 
The areas enclosed by the exterior and interior loops in (b) are Ay + Ag and Ao, 
respectively, while the total area of the surface with the folding is A; + 2Ao. 


The difference between the Abelian and non-Abelian cases shows up 
for the contours with self-intersections. 

We first note that the simple formula (12.108) does not hold for con- 
tours with arbitrary self-intersections. 

The simplest contours with one self-intersection are depicted in 
Fig. 12.9. There is nothing special about the contour in Fig. 12.9a. 
Equation (12.108) still holds in this case with A(C) being the total area, 
A(C) = A, + Ao. 

The Wilson loop average for the contour in Fig. 12.9a coincides both 
for the Abelian and non-Abelian cases and equals 


W(C) = e72(Ai+A2), (12.113) 


This is nothing but the exponential of the total area. 
For the contour in Fig. 12.9b, we obtain 


f aa” $ dy’ Dyulx = y) = AÁı +442. (12.114) 
C C 


This is easy to understand in the axial gauge where the ends of the propa- 
gator line can lie both on the exterior and interior loops, or one end at the 
exterior loop and the other end on the interior loop. These cases are illus- 
trated by Fig. 12.10. The contributions of the diagrams in Figs. 12.10a-d 
are A41 +42, A2, A2, and Ag, respectively. The result given by Eq. (12.114) 
is obtained by summing over all four diagrams. 

For the contour in Fig. 12.9b, the Wilson loop average is 


W(C) = ea HA) (12.115) 
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OG & 


(a) (b) (c) (d) 


Fig. 12.10. Three type of contribution in Eq. (12.114). The ends of the propa- 
gator line lie both on (a) exterior and (b) interior loops, or (c), (d) one end on 
the exterior loop and another end on the interior loop. 


in the Abelian case and 
W(C) = (1—AAg) e72(41+242) (12.116) 


in the non-Abelian case at N = oo. They coincide only to order A as they 
should. 

The difference to the next orders is because only the diagrams with one 
propagator line connecting the interior and exterior loops are planar and, 
therefore, contribute in the non-Abelian case. Otherwise, the diagram is 
nonplanar and vanishes as N — oo. 

Note that the exponential of the total area A(C) = A; + 2A» of the 
surface with the folding, which is enclosed by the contour C, appears in 
the exponent for the non-Abelian case. The additional pre-exponential 
factor could be associated with the entropy of folding the surface. 

The Wilson loop averages (12.113) and (12.116) in QCD» at large N 
as well as those for contours with arbitrary self-intersections, which have 
a generic form 


W(C) = P(Ay...,An)e724O), (12.117) 


where P is a polynomial of the areas of individual windows and A(C) is 
the total area of the surface with foldings, were first calculated in [KK80] 
by solving the two-dimensional loop equation and in [Bra80] by applying 
the non-Abelian Stokes theorem. The lattice version is given in [KK81]. 


Problem 12.10 Demonstrate that Eq. (12.104) satisfies the Abelian loop equa- 
tion 
ô 
z ——W(C) = Addyd%(a — ; 12.11 
iz gO = Apaw a e—y Wwe). a2) 
C 


Solution The calculation is the same as in Problem 12.8 on p. 268. In d = 2 
one can alternatively use [OP81] the expression on the RHS of Eq. (12.112). 
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Problem 12.11 Obtain Eqs. (12.113) and (12.116) for the contours with one 
self-intersection by solving the loop equation (12.59). 


Solution Let us multiply Eq. (12.59) in d = 2 by €p and integrate over 
dz? along a small (open) piece C” of the contour C including the point of self- 
intersection. We obtain 


ay i dz, a WiC) = py j: dz, f dy, 6°) (£ — y) W(Cyx) W (Czy) - 
Tp (x) 
C’ Cc’ Cc 


(12.119) 

The RHS of Eq. (12.119) can be calculated analogously to the known repre- 

sentation for the number of self-intersections of a loop in two dimensions. For 
the case of one self-intersection, we have 


cw | dxo $ dyn 6°) (29 — y) W (Cyn) W (Cry) = W(C1) W (C2), (12.120) 
Cc’ Cc 


where C and C2 denote, respectively, the upper and lower loops in Fig. 12.9a 
or the exterior and interior loops in Fig. 12.9b. 
The LHS of Eq. (12.119) can be transformed as 


gs ð 7 > ô 
em | ax, Mec A = [aw A a oe (12.121) 
Cc’ Cc’ 


where 6/d0(a#) denotes the variational derivative with respect to the “scalar” 
area 


do(“) = Zero” (2). (12.122) 


The integrand on the RHS of Eq. (12.121) is a total derivative and the contour 
integral reduces to the difference of the Q-variations at the end points of the 
contour C’, which would vanish if there were no self-intersections. The RHS 
of Eq. (12.119) also vanishes if no self-intersections are present, so W(C) is 
determined in this case by Eq. (12.118) rather than Eq. (12.119). 

For the contour in Fig. 12.9a, this gives 


At At ð ə 
2 = (12.123) 


The Q-variation of the contour on the LHS represents the variational derivative. 
The minus sign in front of 0/OA; on the RHS is because adding the Q-variation 
in the first term on the LHS decreases the area A1, while that in the second term 
increases Ay. Then, for the contour in Fig. 12.9a, Eq. (12.119) takes the form 


T. 
(A P x) W(C) = AW(C) (Cs) . (12.124) 
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For the contour in Fig. 12.9b, we obtain quite similarly 


o o 
A A = [2 
1 1 E =) W(C). 
Ag Ag 
(12.125) 


Now adding the Q-variation in the first term on the LHS increases A; and de- 
creases Ay, while that in the second term decreases A;. Equation (12.119) takes 
the form 


ð ə 
e-a) W(C) = AW(C)W(C2). (12.126) 


The RHSs of Eqs. (12.124) and (12.126) are known since Cı and C2 have 
no self-intersections so that Eq. (12.109) holds for W (C1) and W(C2). Finally, 
Eqs. (12.124) and (12.126) take the explicit form [KK80] 


and 


respectively. Their solution is given uniquely by Eqs. (12.113) and (12.116). 
It is worth noting that the linear Abelian loop equation (12.118) can be written 
for the contours in Figs. 12.9a and b as 


ð ð 

CZ- ) mW(C) = A, (12.129) 
ð ð 

i-a) mw(C) = X. (12.130) 


The operators on the LHSs are always the same for the non-Abelian and 
Abelian loop equations, which is a general property, but the RHSs differ gener- 
ically: Eqs. (12.127) and (12.129) for the contour in Fig. 12.9a coincide, while 
Eqs. (12.128) and (12.130) for the contour in Fig. 12.9b differ. The solution to 
Eq. (12.130) is given by (12.115). 


Problem 12.12 Prove Eq. (12.120) for the contours with one self-intersection. 


Solution Let the intersection correspond to the values sı and s2 of the parame- 
ter s, ie. ($1) = t,(S2). Noting that only the vicinities of sı and s2 contribute 
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to the integral on the LHS of Eq. (12.120), we obtain 


ep | dzo $ dy ey) W(Cye) WC) 
(Ox C 


r fafa ERT E Een) 
x W(Cr(s2)2(s1)) W (Cx(s1)a(s2)) 


= E L WC) 


#3 (s1) $2 (82) — (Èu (81) t (82)? 
= W (Czis2)z(s1)) W (Co(er)2(s2)) (12.131) 
which is precisely the RHS of Eq. (12.120). 


Remark on the string representation 


A nice property of QCD» at large N is that the exponential of the area 
enclosed by the contour C emerges* for the Wilson loop average W(C). 
This is as it should for the Nambu-Goto string (12.99). However, the 
additional pre-exponential factors (such as that in Eq. (12.116)) are very 
difficult to interpret in string language. They may become negative for 
large loops, which is impossible for a bosonic string. This demonstrates 
explicitly in d = 2 the statement of the previous section that the Nambu- 
Goto string is not a solution of the large-N loop equation. An appropriate 
string representation of two-dimensional large-N QCD was constructed by 
Gross and Taylor [GT93]. 


12.9 Gross—Witten transition in lattice QCD2 


The lattice gauge theory on a two-dimensional lattice is defined by the 
partition function (6.31) with d = 2: 


Zop(B) = /U [] Upe), (12.132) 


x p=1,2 


where the action is given by Eq. (6.16). 

A specific property of two dimensions is that the number of lattice sites 
is equal to the number of plaquettes. For this reason, we can always 
perform a gauge transformation such that the link variables are chosen to 
be equal to unity along one of the axes, say 


U(x) = 1. (12.133) 


* This is not true, as has already been discussed, in the Abelian case for contours with 
self-intersections. 
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Hence, the partition function (12.132) factorizes: 
Bis = “(Zags (12.134) 


where Np denotes the number of plaquettes of the lattice and Zıp is the 
one-matrix integral 


Z(8) = f au erenv, (12.135) 


In other words, the plaquette variables of the lattice gauge theory can be 
treated in two dimensions as being independent. 

The correct interpretation of Eq. (12.135) is that it is the partition 
function of the one-plaquette model, i.e. the lattice gauge theory on a 
single plaquette. This is consistent with the gauge invariance. 

The unitary one-matrix model (12.135) can be easily solved in the large- 
N limit using loop equations. 

We first introduce the “observables” for the one-matrix model: 


1 
Wr = (5e or) ; (12.136) 
N i: 


where the average is taken with the same weight as in Eq. (12.135). The 
interpretation of W, in the language of the single-plaquette model is that 
these are the Wilson loop averages for contours which go along the bound- 
ary of n stacked plaquettes. 

In order to derive the loop equation for the one-matrix model, we pro- 
ceed quite analogous to the derivation of the loop equation in the lattice 
gauge theory (given in Problem 12.6 on p. 265). 

Let us consider the obvious identity 


PEN EEU ies (12.137) 


and perform the (infinitesimal) change 
U > U (1 —it*e*), UÝ s(t ite?) 7 (12.138) 


of the integration variable on the RHS of Eq. (12.137). Since the Haar 
measure is invariant under the change (12.138), we finally obtain 


B n 

Eeey (Wn-1 = Wr+1) = WiWnr_k for n > 1, 

2N2 2 (12.139) 
Wo = 1, 


where* 3 = N?/\ and À ~ 1 as N > œ. 


*In contrast to the previous section, here we include the factor of a? in the definition 
of A to make it dimensionless. 
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Equation (12.139) has the following exact solution: 
Wn =0 forme 2, (12.140) 


which reproduces the strong-coupling expansion. The leading order of the 
strong-coupling expansion turns out to be exact at N = oo. 

However, the solution (12.140) cannot be the desired solution at any 
values of the coupling constant. Since W; are (normalized) averages of 
unitary matrices, they must obey 


Wn < 1, (12.141) 


which is not the case for W1, given by Eq. (12.140), at small enough values 
of À. 

In order to find all solutions to Eq. (12.139), let us introduce the gen- 
erating function 


f(z) = SOW," (12.142) 
n=0 
and rewrite Eq. (12.139) as the quadratic equation 
1 2 
Jea is aa = 2Xr(f*-f). (12.143) 
A formal solution to Eq. (12.143) is 


eo ee (1+ 2dz + 22)? + 422 (2AW1 — 1) 
Fà = SS ta, 


Anz Anz 
(12.144) 


where the positive sign of the square root is chosen to satisfy f(0) = 1. 

The RHS of Eq. (12.144) depends on an unknown function W1 (A), 
which must guarantee f(z) to be a holomorphic function of the complex 
variable z within the unit circle |z| < 1. This is a consequence of the 
inequality (12.141) which stems from the unitarity of U. 

There exist two solutions for which f(z) is holomorphic inside the unit 
circle: the strong-coupling solution given for A > 1 by Eq. (12.140) and 
the weak-coupling solution given for A < 1 by 

À 
Wi = 1-5. (12.145) 
A comparison with Eq. (7.1) for d = 2 shows that the leading order of the 
weak-coupling expansion is now exact. Therefore, f(z) is given by two 
different analytic functions for A > 1 and A < 1. 
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At the point A = 1, a phase transition occurs as was discovered by Gross 
and Witten [GW80] who first solved lattice QCD» in the large-N limit. 
This phase transition is of the third order since both the first and second 
derivatives of the partition function are continuous at A = 1. The discon- 
tinuity resides only in the third derivative. This phase transition is pretty 
unusual from the point of view of statistical mechanics where phase tran- 
sitions usually occur in the limit of an infinite volume (otherwise the par- 
tition function is analytic in temperature). Now the Gross—Witten phase 
transition occurs even for the single-plaquette model (12.135) in the large- 
N limit. In other words, the number of degrees of freedom is now infinite 
owing to the internal symmetry group rather than an infinite volume. 

Finally, we mention that since plaquette variables are independent in 
lattice QCDg, the Wilson loop average for a nonintersecting lattice con- 
tour C takes the form 


w(c) = (W,)4, (12.146) 


where A is the area (in the lattice units) enclosed by the contour C. W; in 
this formula is given by Eq. (12.140) in the strong coupling phase ( > 1) 
and Eq. (12.145) in the weak-coupling phase (A < 1). 

The continuum formula (12.109) can be recovered for small À from 
Eq. (12.146) as follows: 


W(C) = (-4 — ¢ 24, (12.147) 


where we have restored the a-dependence as is prescribed by the dimen- 
sional analysis. 

The solution of N = co lattice QCD2 by the loop equations, which is 
described in this section, was given in [PR80, Fri81]. 


Problem 12.13 Calculate the density of eigenvalues for the matrix U in the 
one-matrix model (12.135). 


Solution Let us reduce U to the diagonal form 

U = diag (6%,..., 6%... n). (12.148) 
The density of eigenvalues (or the spectral density), p(a), is then defined as a 
fraction of the eigenvalues which lie in the interval [a,a + da]. In other words, 


introducing the continuum variable x = j/N (0 < x < 1) in the large-N limit, 
we have 


pa) = 7 2 0 (12.149) 


which obeys the obvious normalization 


T 


IRO = G = 1. (12.150) 


=e 


286 12 QCD in loop space 


Given p(a), we can calculate Wn by 
Wr = fioo cosna. (12.151) 


It is now clear from the definition (12.136) and (12.142) that 


T 


1 
= Jad ——. 12.152 
I =f daplo) (12.152) 
Choosing z = exp (iw), we rewrite Eq. (12.152) as 
f to sy = 
fe’) = 55 faao) cot — (12.153) 


=R. 


The discontinuity of this analytic function at w = a + i0 then determines p(a). 
Using the explicit solution (12.144), we formally find 


1 
pla) = FE (cosa + A+vy1-— 2AW1) (cosa + à—vy1l— 2AW1 ). 
(12.154) 
For W, given by Eqs. (12.140) and (12.145) for the strong- and weak-coupling 
phases, we finally obtain 
1 


1 
= a = 5 > . 
pla) = (: + 3 cosa) for à> 1, (12.155) 


pla) = Z cos S4/ — sin? S for A <1 (12.156) 


for the strong- and weak-coupling solutions, respectively. Note that (12.155) is 
nonnegative for A > 1 as it should be because of the inequality (12.149). For 
A < 1, the strong-coupling solution (12.155) becomes negative somewhere in the 
interval [—7, 7] which cannot happen for a dynamical system. This is the reason 
why the other solution (12.156) is realized for A < 1. It has the support on the 
smaller interval [—a,, œe], where 0 < a. < m is determined by the equation 


sin? Z = (12.157) 


which always has a solution for A < 1. The weak-coupling spectral density 
(12.156) is nonnegative for A < 1. 
For small À, a, = 2VX so that 


1 
pla) = Dav 4- Q?. (12.158) 
T 
As à — 0, p(a) — (a) and U freezes, modulo a gauge transformation, near a 
unit matrix. This guarantees the existence of the continuum limit of QCD». 
The spectral densities (12.155) and (12.156) were first calculated [GW80] by 
a direct solution of the saddle-point equation at large N. 


13 


Matrix models 


Matrix models first appeared in statistical mechanics and nuclear physics 
[Wig51, Dys62] and turned out to be very useful in the analysis of various 
physical systems where the energy levels of a complicated Hamiltonian can 
be approximated by the distribution of eigenvalues of a random matrix. 
The statistical averaging is then replaced by averaging over an appropriate 
ensemble of random matrices. This idea has been applied, in particular, 
in studying the low-energy chiral properties of QCD [SV93, VZ93]. 

Matrix models possess some features of multicolor QCD described in 
Chapter 11 but are simpler and can often be solved as N — on (i.e. in the 
planar limit) using the methods proposed for multicolor QCD. For the 
simplest case of the Hermitian one-matrix model, the genus expansion in 
1/N can be constructed. 

The Hermitian one-matrix model is related to the problem of enumer- 
ation of graphs. Its explicit solution at large N was first obtained by 
Brézin, Itzykson, Parisi and Zuber [BIP78] and inspired a lot of activity 
in this subject. Further results in this direction are linked to the method 
of orthogonal polynomials [Bes79, IZ80, BIZ80]. 

A very interesting application of the matrix models along this line is 
for the problem of discretization of random surfaces and two-dimensional 
quantum gravity [Kaz85, Dav85, ADF85, KKM85]. The continuum limits 
of these matrix models are associated with lower-dimensional conformal 
field theories and exhibit properties of integrable systems. 

We shall begin this chapter by describing the original approach [BIP78] 
for solving the Hermitian one-matrix model at large N and then concen- 
trate on a more general approach based on the loop equations. Our main 
goal is to illustrate the methods described in the two previous chapters. 
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13.1 Hermitian one-matrix model 


The unitary one-matrix model (12.135) is generically a matrix model solv- 
able in the large-N limit. A simplest and historically the first example 
of this kind is the Hermitian one-matrix model, the large-N solution of 
which is obtained in [BIP78]. 

The Hermitian one-matrix model is defined by the partition function 


Zn = fapro, (13.1) 
where 
N N 
dy = [| [dyu ] | dRe yi; dm yi; (13.2) 
i=1 j>i 


is the measure for integrating over Hermitian N x N matrices. It is 
invariant under the shift 


Pij > Pig + €ij (13.3) 


by an arbitrary N x N Hermitian matrix €;;. 
We consider the most general potential 


T ERD g (13.4) 
k 


where tę are coupling constants. We shall also use another normalization 


i= s for k>1, (13.5) 


which respects the cyclic symmetry of the trace. The simplest Gaussian 
case is associated with gg = 1 and gẹ = 0 for k #2. 
The averages in the Hermitian one-matrix model are defined by 


(Fle) = Za [avert rg , (13.6) 
Performing the Gaussian integral, it is easy to calculate the propagator 
-N 2 
ae [ave ZTP Dis Dk 1 
(Yij Pel) Gauss ~ =f. oie N ilÔkj - (13.7) 
f dpe 2"? 


Equation (13.7) can be obtained alternatively from the Schwinger- 


Dyson equation 
OtrV(y) ) ( 1 a) 
Ee aig = (13.8) 
( Op; 1h N 09% fın 
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which results from the invariance of the measure under the infinitesimal 
shift (13.3). It is enough to choose Fy] = yx: and to calculate the 
derivatives of the Gaussian potential on the LHS and of yz; on the RHS 
by the use of 


ORI 
OP ;i 


= 615%; - (13.9) 


Problem 13.1 Derive Eq. (13.7) by calculating the Gaussian integral. 


Solution Let us substitute yi; = (Xi; + iYi,;) /V2 with real symmetric Xi = 

Xj, and antisymmetric Y;; = —Y;;. The number of independent components is 

N (N +1) /2 for X and N (N — 1) /2 for Y, i.e. N? in total as it should be. 
We then obtain 


1 1 
(Pij Pkt) Gauss = 2 ( ig X kt) Gauss di 2 ( ig Vel) Gauss 
1 1 
= ay (bib 51 + dijk) — oN (did; — 5:10 jk) 
1 
2 intj (13.10) 


as in Eq. (13.7). 


The Feynman graphs of the Hermitian one-matrix model can be repre- 
sented by the double index lines quite similarly to Sect. 11.1. Now there 
are no commutators so all vertices are symmetric in the indices. 

Generically, the Hermitian one-matrix model generates graphs of a zero- 
dimensional field theory. Since there is no momentum variable and each 
propagator is 1/N, the contribution of each graph is simply 1/N? serus 
times a symmetry factor. Hence solving the Hermitian one-matrix model 
is equivalent to calculating the number of graphs with a given genus. 

A very important property of the model is that tr V (p) depends only on 
the eigenvalues of the matrix y. Similarly, representing y in a canonical 
form 


p = VPV! (13.11) 
with unitary N x N matrix V and diagonal 


P = diag {p1,..., PN}, (13.12) 
the measure (13.2) can be written in a standard Weyl form 


N 
dy = dV [[ dp, A*(P), (13.13) 
$= 1 
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where 
A(P) = [[(-p;) (13.14) 
i<j 


is the Vandermonde determinant. 
We see that the contribution from angular degrees of freedom residing 
in V factorizes, so the partition function (13.1) becomes 


+00 N 
Zin = T Į [dr [[@- pawl- von Di) (13.15) 
Ng i1 i<j 


Problem 13.2 Derive Eq. (13.13). 


Solution The representation (13.11) of y in the canonical form reminds one of 
fixing a gauge where V are matrices of a gauge transformation. The measure dy 
can then be represented as 


N 
= dV | | dar: J(P), (13.16) 


where the Jacobian J(P) depends only on the eigenvalues of y since dy is in- 
variant under 


gy > NeA. (13.17) 


To calculate the Jacobian, it is convenient [BIZ80] to apply the Faddeev—-Popov 
method inserting 


1 = a?o) fag [6P (Ryta) (13.18) 


i<j 


in the measure dy. Here dQ is the Haar measure for U(N) and the N? — N 
distributions are only present for off-diagonal components. It is easy to see that 
A? (p) depends solely on eigenvalues of ọ since the measure dQ is invariant under 
multiplication by a unitary matrix. 

We can insert the unity (13.18) into the integral of a function f(y) which is 
invariant under (13.17) and hence depends only on the eigenvalues of ¢: 


fret = fear fan TJs (ages) Fo) 


i<j A 
= fa f Tavs 6s) [Lan AP) AP) 
= [[ ev: A?(P) f(P). (13.19) 


Comparing with Eq. (13.16), we conclude that J(P) = A?(P). 
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Let us now find A?(P) by evaluating the integral over Q in Eq. (13.18). 
We first reduce y to the diagonal form (13.12) by the transformation (13.17). 
Then Qs which are essential in the integral of the delta-function are close to 
a diagonal unitary matrix Qo. The integral can be calculated by substituting 
Q = (1 +ih)Qo with an infinitesimal off-diagonal Hermitian matrix h. Since 
[aPat] = ih;; (pi — p;) for i A j, we obtain 


AP) = fade f TP an oO (hy Pi- p) 


[[@: — pj). (13.20) 


i<j 


tj 


This reproduces the Weyl measure (13.13). 


We have therefore rewritten the Hermitian one-matrix model via N 
degrees of freedom in the spirit of Sect. 11.7. The integral on the RHS of 
Eq. (13.15) can be calculated as N — oo using the saddle-point method. 

To write down the saddle-point equation, let us introduce the spectral 
density 


1 N 
pp) = => (—pi) (13.21) 
i=1 


which becomes a continuous function of p as N — oo. It describes the 
distribution of eigenvalues of the matrix y. 
The spectral density (13.21) obeys 


IV 


p(P) 0, (13.22) 
/ dpp(p) = 1 (13.23) 


as it follows from the definition (13.21). 
Given the spectral density, we have 


1 
ye = i: dp p(p) p" (13.24) 
and, in particular, 


Tave = f dp o(p) V (p). (13.25) 


In the large-N limit where the integral over p; is dominated by a saddle- 
point configuration, we obtain 


def 1 N= 
ie ee E | dp psp(p) P" , (13.26) 
N 1h 


where psp(p) describes the distribution of eigenvalues at the saddle point. 
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Extrema of the integrand on the RHS of Eq. (13.15) are reached when 


Vp) = => l (13.27) 


TPE 


where V’(p) = dV (p)/dp. 
This determines the large-N saddle-point equation to be [BIP78] 


vo =2fat — pemparera]. —as29 


where the RHS involves the principal part of the integral. Equation 
(13.28) holds only when p belongs to the support of p as is clear from 
the derivation. 

Before solving the saddle-point equation (13.28), let us mention that the 
support of p must be finite for a general potential, say, the support is to be 
included in an interval [a,b]. Otherwise, the saddle-point equation would 
be inconsistent as p — oo except for V(p) which behaves asymptotically 
as 21n |p|. 


Remark on discretization of random surfaces 


Matrix models are associated generically [Kaz85, Dav85, ADF85, KK M85} 
with discretization of random surfaces. The simplest Hermitian one- 
matrix model corresponds to a zero-dimensional embedding space, i.e. to 
two-dimensional Euclidean quantum gravity described by the partition 
function 


f Dge S PEVAS | (13.29) 


Here A denotes the cosmological constant, R is the scalar curvature, and x 
is the Euler characteristic of the two-dimensional world, while the coupling 
G weights topologies. The path integral in Eq. (13.29) is over all metrics 
Juv (2). 

The idea of dynamical triangulation of random surfaces is to approxi- 
mate a surface by a set of equilateral triangles. The coordination number 
(the number of triangles meeting at a vertex) does not necessarily equal 
six, which represents internal curvature of the surface. 
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Fig. 13.1. Generic graph constructed from equilateral triangles (depicted by 
bold lines) and associated with dynamical triangulation of random surfaces. Its 
dual graph (depicted by double lines) coincides with that in the Hermitian one- 
matrix model with a cubic interaction potential. 


The partition function (13.29) is approximated by 


Zor = Y et MPN” em, (13.30) 
h Tp, 


where we split the sum over triangles into the sum over genus A and the 
sum over all possible triangulations Th, at fixed h. In (13.30) nt denotes 
the number of triangles which is not fixed at the outset, but rather is a 
dynamical variable similar to that in Problem 1.12 on p. 27 for random 
paths. 

The partition function (13.30) can be represented as a matrix model. A 
graph dual to a generic set of equilateral triangles coincides with a graph 
in the Hermitian one-matrix model with a cubic interaction as is depicted 
in Fig. 13.1. The precise statement is that Zpr equals the (logarithm of 
the) partition function (13.1) with N = exp (1/G) and the cubic coupling 
constant g3 = exp(—a). This can be easily shown by comparing the 
graphs. The logarithm is needed to pick up connected graphs in the 
matrix model. 

Analogously, the interaction tr" in the matrix model is associated 
with discretization of random surfaces by regular k-gons, the area of which 
is k — 2 times the area of the equilateral triangle. 
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13.2 Hermitian one-matrix model (solution at N = oo) 


The saddle-point equation (13.28) can be solved by the Riemann-Hilbert 
method introducing an analytic function 


b 
À 
Ww) = fa a, (13.31) 
w— À 
a 
It has cuts (or simply one cut) in the complex w-plane at the real axis 
where p has support. These cuts are included in the interval [a,b]. 
Asymptotically, we have 
1 
W(w) = — (13.32) 
w 
as w — oo, as a consequence of the normalization (13.23) of p. 
The idea is now to have Re W = V'/2 at the support of p, i.e. where 
Im W #0, to satisfy Eq. (13.28). This is equivalent to the equation 


Im (V'W -= W°) = (V’-2ReW)ImW = 0 (13.33) 


which holds for the whole real axis: at the support owing to Eq. (13.28) 
and outside of the support since there Im W = 0. 
Equation (13.33) tells us that 


VW-W? = Q, (13.34) 


where an analytic function Q(w) should have no singularities at the real 
axis. For a polynomial V(p) it must be a polynomial of the same degree 
as V'(p)/p to satisfy asymptotically Eq. (13.32). 


We therefore find 
1 n2 
= —4 13. 
-VVP -40, (13.35) 


where the minus sign is chosen to again provide the asymptotic behav- 
ior (13.32). Then p is given by the discontinuity of this W at the cuts 
(cut): 


W(p+i0) = vo) + imp(p). (13.36) 


The simplest example is the Hermitian one-matrix model with the 
Gaussian potential when V’(p) = up (u = g2). The asymptotic behavior 
of Eq. (13.34) fixes Q(p) = u. Then Eq. (13.35) simplifies to 


1 
ee 5 gise (13.37) 


HW 
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for which the discontinuity determines the spectral density 


H J4 2 
EES 13.38 
p(p) wha T ( ) 


Note that this spectral density is nonnegative and has support on a finite 
interval [—2/\/,2/\/u]. The spectral density (13.38) was first calculated 
by Wigner [Wig51] and is called Wigner’s semicircle law. 


Problem 13.3 Calculate the density of eigenvalues for the Gaussian Hermitian 
one-matrix model using the Schwinger—Dyson equations. 


Solution The calculation is similar to that in Problem 12.13 on p. 285. The 
difference is that now y;; is a Hermitian matrix with eigenvalues p; which can 
take on values along the whole real axis. 

The Schwinger—Dyson equations for W,,, defined in the Hermitian one-matrix 
model by Eq. (13.26), can be obtained from Eq. (13.8) by choosing Fly] = (~");;- 
Proceeding as before and using the large-N factorization, we obtain the set of 
equations [Wad81] 


n-1 
Wr z Wg Wp- forn > 0, 
di 2 ee (13.39) 
W = 1. 


Introducing the generating function 


1 1 < Wn 
W(p) = (x tr ) =e SEE (13.40) 
we rewrite Eq. (13.39) as the quadratic equation 


ppW(p)— = W(p), (13.41) 


the solution of which is given by Eq. (13.37) determining the spectral density 
(13.38) which has support on a finite interval [—2/\/f, 2/\/f1] in analogy with the 
unitary one-matrix model it the weak-coupling regime. 

We have already met the semicircle distribution in Problem 12.13 for the 
spectral density of the unitary one-matrix model at small A (see Eq. (12.158)). 
This is because we can always substitute U = exp (iy) where U is unitary and ¢ is 
Hermitian and expand for small A in vy up to the quadratic term. We then obtain 
the Hermitian model (13.1) with u = 1/A from the unitary model (12.135). 


For a general polynomial potential, we are looking for a one-cut so- 
lution at small couplings g3,g94,... bearing in mind that it should look 
similar to the Gaussian case which is perturbed by the interactions. The 
expression (13.35) then takes the form 


Viw) M(w) 


paps 2 


(w—a)(w—b), (13.42) 
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where a and b are the ends of the cut and M(w) is a polynomial of degree 
K —2 if V(w) is a polynomial of degree K. 

The coefficients of M are determined together with a and b from the 
asymptotic condition 

/ 
aoe Ce ee (13.43) 
(w — a) (w — b) w 

as w — oo. There are precisely K conditions in Eq. (13.43) to unambigu- 
ously determine these K numbers. 

A solution is acceptable if M (p) is not negative in the interval [a,b]. 
Then the spectral density equals 


oo) = #2 V-00) (13.44) 


which solves the problem for a general polynomial potential. This solution 
was first obtained in [BIP78] for cubic and quartic potentials. 

For small values of the couplings g3, g4,..., the one-cut solution is al- 
ways realized. With increasing coupling, a third-order phase transition 
of the Gross-Witten type (see Sect. 12.9) may occur after which a more 
complicated multicut solution is realized. 

An example of when such a phase transition happens is the quartic 
potential 


Vip) = 5p + Ty (13.45) 


when the one-cut solution exists only for —g4 < u?/12. 
Problem 13.4 Elaborate the solution (13.44) for the quartic potential (13.45). 
Solution Substituting the quartic potential (13.45) into Eq. (13.42), we obtain 


p + gap? + gap? + 94a? /2 
wey = eoue jite iii Z, (13.46) 


where 


2u 12g4 
a? = —(-14+,/1+ ) 13.47 
394 ( B? ( ) 


reproducing a? — 4/u as g4 — 0. 

The RHS of Eq. (13.47) is well-defined only for —g4 < u?/12 which determines 
the critical value (g4). = —u?/12. At —g4 —> u?/12 from below, two zeros of 
M (p) approach two ends of the cut so that 


2 3/2 
p(p) = + (ž-») ; (13.48) 
24r \ u 


The one-cut solution is no longer realized for —g4 > u? /12. 
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The reason why we are interested in the one-cut solution is simple. This 
solution sums planar graphs of the Hermitian one-matrix model. 

Remember that an effective expansion parameter associated with each 
quartic vertex in graphs is —g4/u?. Therefore, g4 must be negative for the 
weight of each graph to be positive. At the critical value —py?/(g4). = 12, 
the sum of the planar graphs diverges, which determines the constant in 
Eq. (11.23) for the number of planar graphs with quartic vertices. Analo- 
gously, for a cubic potential, the solution (13.42) gives 3(g3)7? = 12V3, 
which results in Eq. (11.43) for the number of trivalent planar graphs. 


13.3 The loop equation 


In the previous section, we have solved the Hermitian one-matrix model 
at N = œ using the saddle-point equation for the spectral density. This 
method of solution was historically the first one but cannot be extended 
to higher orders in 1/N?. In this section we present a very closely related 
method of solving the matrix model using loop equations which allows us 
to find a solution systematically order by order in 1/N?. 

Choosing Fy] = (p — y); in Eq. (13.8), we obtain the Schwinger- 
Dyson equation 


1 ! 1 1 1 
(hu¥@) - (Aun). sas 
Np 7 ny N4 PEO PHO. Jag 


Equation (13.49) can be expressed entirely via the resolvent 


—1 
ij 


Woy = (5e 1 ) (13.50) 


which is a Laplace transform of the “Wilson loop”: 


F 1 
W(p) = for (ge er) ; (13.51) 
1h 
0 


The resulting loop equation reads 


dw V'(w) a 1 ô 
[= G = w) W (w) = W?(p) + iv : (13.52) 


Cı 


where the contour C4 encloses counterclockwise singularities of W (w) leav- 
ing outside the pole at w = p as depicted in Fig. 13.2. The contour integral 
on the LHS simply acts as a projector picking up negative powers of p. 
At N = œ, when the second term on the RHS can be omitted, 
Eq. (13.52) coincides for polynomial V with Eq. (13.34) derived above by 
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Fig. 13.2. Contour C; in the w-plane for integration on the LHS of Eq. (13.52). 


the other method. The polynomial Q can then be calculated by deform- 
ing the contour to infinity and taking the residue at w = oo. The residue 
at w = p simply yields V’(p)W(p) which enters the LHS of Eq. (13.34). 

The first term on the RHS of Eq. (13.52) is associated with the factor- 
ized part of the correlator, while the second term represents the connected 
part of the two-loop correlator which is ~ 1/N? as N — oo. It involves 
the variational derivative 


a w 


acting on W(p). For this reason the operator (13.53) is often called the 
loop insertion operator. 

Consequently, Eq. (13.52) is closed and determines W(p) unambigu- 
ously, providing the boundary condition W(p) — 1/p is imposed as 
p— œ. 

Note that we obtained a single (functional) equation for W(p) . This 
is due to the fact that trV(y) contains a complete set of traces tr y*. 
They become independent as N —> oo. 


Problem 13.5 Obtain Eq. (13.52) from Eq. (13.49). 


Solution The coupling tę plays the role of a source for tr y": 


1 A o 
—t = -—F 13.54 
(x n k Otk l ) 
where the free energy is 
1 
Analogously, using the definition (13.53) and Eq. (13.54), we find 
1 1 ô 
— tr = ——F. 13.56 
7 p-e A ÒV (p) RR 
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Applying the operator (13.53) one more time, we obtain [AM90] the connected 
correlator of two Wilson loops: 


6 1 1 conn 
ag PY) = (t man m5), Ho N 


which enters the RHS of Eq. (13.52). The higher-loop correlators can be obtained 
by further applying 6/6V(p;). 
Instead of introducing the sources tg, we can consider V (p) as a source for the 
Wilson loop tr [1/(p— y)] from the very beginning by writing 
+ioo+0 
trV(y) = i — V(w) tr ar (13.58) 
—ioo+0 
According to this definition 6V(p)/dV(q) = 1/(p — q) which plays the role of a 


delta-function when integrated along the imaginary axis. 
The LHS of Eq. (13.49) is transformed into the LHS of Eq. (13.52) using 


1. Vi(y) TE aaa. a 
tr — / Y L W a (13.59) 


Eya > Fu ’ 
N p- 2ri (p—w)N w-y 


taking the average and deforming the contour to encircle singularities of W (w). 


Remark on the Virasoro constraints 


The loop equation (13.52) can be represented as a set of Virasoro con- 
straints imposed on the partition function. 
We first rewrite Eq. (13.52) using the definitions (13.1) and (13.4) as 


1 1 
— pain nZin = 0, (13.60) 


where the operators 
82 
kt 13.61 
-5 kop ET, 2 EO ( ) 
satisfy the Virasoro algebra 
[In, Em] = (n -— m)Ln4m- (13.62) 
Equation (13.52) is therefore represented as the Virasoro constraints 
InZ\, = 0 for n>-1. (13.63) 


It is enough to consider the constraints (13.63) only with n = 2 and 
n = —1. Then all the others are satisfied because of Eq. (13.62). 
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13.4 Solution in 1/N 


Equation (13.52) can be solved order by order of the genus expansion in 
1/N?. 
The genus zero one-cut solution to Eq. (13.52) can be written as [Mig83] 


a fe ee 
OR) Dea (oa 


where a and b are determined by 


dw Ve = 0 dw ONO) — = = 112) 
2mi y (w — a)(w — b) 


C C 
i i (13.65) 


Performing the contour integral in (13.64) by taking the residues at 
w = p and w = œ, we reproduce Eq. (13.42) for polynomial V. However, 
Eq. (13.64) remains valid in the more general case of nonpolynomial V, 
e.g. having logarithmic singularities. The position of the cut is always 
such as to avoid these singularities of V. 


Problem 13.6 Reproduce Eqs. (13.37) and (13.46) for the Gaussian and quartic 
potentials from the general one-cut solution (13.64) and (13.65). 


Solution We substitute a = —b for even potentials, then the first equation 
in (13.65) is always satisfied, while the second one yields 
J f , 
(25)! a 
gi (= = (13.66) 
29G (3 


for an even polynomial potential of degree K = 2J. This equation is derived by 
expanding the square root in a?/w? and taking the residue at infinity. Analo- 
gously, Eq. (13.64) yields 


eee 2k)! pay 2k 
M(p) = ye So oaks ene (5) (13.67) 
j=l k=0 
for the polynomial M (p) in Eq. (13.42). 
A solution to Eq. (13.66) reproduces the above explicit calculation for the 
Gaussian and quartic potentials. Analogously, Eqs. (13.37) and (13.46) are re- 
produced by substituting Eq. (13.67) into Eq. (13.42). 


Problem 13.7 Elaborate the solution (13.64) and (13.65) for the Penner model 
where the potential is logarithmic: 


Vy) = g-Alng. (13.68) 
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Solution The calculation is similar to the previous Problem, while now the 
residue is to be taken at w = 0 since 


V'(w) = z (13.69) 


has a pole there. For À > 0 we find 
a = 24+A-2vV1+), b= 24+A4+2V14+A (13.70) 


and 


(b— p)(p — a) 
2mp 


píp) = 


so that W (p) is analytic at p = 0. The Gaussian formula (13.38) is reproduced 
as A — oo substituting p —> A+ p. 

Note that both a and b are positive so the support is located for A > 0 at 
the positive real axis where p(p) > 0. This is a manifestation of the general 
property already mentioned that the cut always avoids possible singularities of 
the potential. The location of the support of eigenvalues in the complex w-plane 
for A < 0 is studied in [AKM94]. 


(13.71) 


The multiloop correlators in genus zero can be obtained from Wo(p) 
given by Eq. (13.64) applying the loop insertion operator (13.53). For 
example, the two-loop correlator [AJM90] 


1 2pq—(ptq)(a+b)+2ab ) 
4(p— 4)? | Vp- alp- b) (a — a)lq =b) 


(13.72) 


Wo(p, q) 


depends on the potential V only via a and b but not explicitly. This 
property is called universality.* It does not hold for higher multiloop 
correlators. 
To calculate the 1/N? correction to the genus-zero result (13.64), we 
substitute 
a — b)? 

Wo(p,p) = ao (13.73) 
extracted from Eq. (13.72) into the RHS of Eq. (13.52). We can now 
obtain W1 (p) by solving a linear equation which, in turn, determines F}. 

An advantage of this method of solving the Hermitian one-matrix model 
using the loop equation over the orthogonal polynomial technique, used 
originally [Bes79, IZ80, BIZ80] in calculating the higher genera for poly- 
nomial potentials, is that now the free energy generates all multiloop 
correlators at a given genus. 


* An analog of this correlator in condensed-matter physics is the correlator of two 
densities of energy eigenvalues which is universal [BZ93]. 
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Remark on the iterative solution 


The iterative procedure [ACK93] of solving the loop equation is based on 
the genus-zero solution (13.64). Inserting the genus expansion of W (p) 
and F: 


Zafri Zail i ôF, 
Wp) = do an Wale), = X amh with Walp) = VG) 
h=0 h=0 
(13.74) 


into Eq. (13.52), we obtain the following equation for W;,(p) at h > 1: 


dw V'(w) 
J A oy Val) — 2Wo(p) Walo) 


sS WO Wh—n(p) + 
h’=1 


ô 
vo O) . (13.75) 


It expresses W, (p) entirely in terms of Ww (p) with h’ < h. This makes 
it possible to solve Eq. (13.75) iteratively genus by genus. 


The iterative procedure simplifies if we introduce, instead of the cou- 
pling constants tj, the moments Mp and J; defined for k > 1 by 


ne [2 V'(w) 


2mi (w — a)h+1/2 (w — b)!/2 ’ 


(13.76) 
Lh = i dw Vv") 
a 2ri (w — a)!/2 (w — b)k+1/2 ` 
Ci 


These moments depend on the couplings t; both explicitly and via a and 
b which are determined by Eq. (13.65). Note that Mp and J; depend 
explicitly only on t; with j > k+ 1. 


Problem 13.8 Elaborate the moments (13.76) for the quartic potential (13.45). 


Solution Given Eq. (13.47) for a, we simply calculate the moments (13.76) 

for the quartic potential (13.45), taking the residue at infinity. This results in 

an explicit representation of the moments via u and g4 which are given by the 

algebraic formulas 

3 
M =A = w+ 5940", Mə = -h = 2940, M3 = J3 = ga, 

(13.77) 

and Mk = J, = 0 for k > 4. 


18.5 Continuum limit 303 


The main motivation for introducing the moments (13.76) is that Wa (A) 
depends only on 2 x (3h — 1) lower moments (2 x (3h — 2) for Fha). This 
is in contrast to the t-dependence of Wp and Fp which always depend on 
the infinite set of t; (1 < j < oo). 

To find Fh, we first solve Eq. (13.75) for W, (A) and then use the last 
equation in (13.74). The result in genus one reads [ACM92] 


1 1 
FL = ~3; (Mh) — Zln(b—a). (13.78) 


The genus-two results are obtained in [ACK93]. More details on this 
subject can be found in Section 4.3 of the book [ADJ97]. 

The results for F} and F> for the quartic potential were first obtained 
in [Bes79] using the method of orthogonal polynomials. 


13.5 Continuum limit 


Continuum limits of the Hermitian one-matrix model are reached at the 
points of phase transitions. While no phase transition is possible at finite 
N since the system has a finite number of degrees of freedom, it may 
occur as N — co which plays the role of a statistical limit as has already 
been pointed out in the Remark in Sect. 11.8. 

This third-order phase transition is of Gross—Witten type (see 
Sect. 12.9). It is associated with divergence of the sum over graphs at 
each fixed genus rather than with divergence of the sum over all graphs. 
The contribution of a graph with no trivalent vertices is ~ (—g3)"° but 
an entropy (= the number) of such graphs at fixed genus is given by 
Eq. (11.23) so the sum can diverge at a certain critical value of g3 calcu- 
lated in Sect. 13.2. 

This divergence has nothing to do with the divergence of the sum over 
all graphs which always occurs owing to a factorial growth of the total 
number of diagrams. The latter divergence is simply associated with the 
divergence of the integral over y. For an even potential V, the couplings 
gk are negative for k > 2 so the potential V is upside-down. 

The phase structure of the Hermitian one-matrix model can be de- 
termined from the spectral density p(p) given by (13.44) which vanishes 
under normal circumstances as a square root at both ends of its support. 
The critical behavior emerges when one or more roots of M (p) approaches 
the end points a or b. 

For example, the even potential 
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becomes critical at 6 = 1 when (J — 1) zeros of M(p) approach each of 
the two end points of the cut. They are determined by the equation 


J 


3 = voy (wy ies (1 2 ay (13.80) 


= =j! 


which results from the substitution of Eq. (13.79) into Eq. (13.66). 

The critical potential (13.79) with 6 = 1 is associated with the Jth 
multicritical point [Kaz89]. The case of J = 2 describes two-dimensional 
quantum gravity. The resulting continuum theory is unitary only at this 
critical point. 

The continuum limit can be obtained near the critical point: 


p= aten, a? > a? —eVA, (13.81) 


so that m plays the role of the continuum momentum and A is the cosmo- 
logical constant. 

The susceptibility near the critical point can be represented by the 
genus expansion 


2 
ra) & =l g ) nz 


N2 \d1/8 
= const +X N (1—6) fr, (13.82) 
h 
with the indices 
1 2J+1 
= —— h. 13.83 
Yh 7 + 7 ( ) 


The genus-zero contribution to the susceptibility (13.82) does not di- 
verge but rather exhibits a root singularity. This can be easily deduced 
by noting that f to genus zero is analytic in a? and contains a term ~ €, 
when the expansion (13.81) is substituted. According to Eq. (13.80), we 
have 

sa (1-6) (13.84) 
Th ; 
for the Jth multicritical point which explains Eqs. (13.82) and (13.83) to 
genus Zero. 

The dimensional cutoff € should depend on N in such a way for the 
parameter G = N~?e~?/—! of the genus expansion to remain finite as 
N — co. Then all terms of the genus expansion contribute in the contin- 
uum limit. This continuum limit was obtained in [BK90, DS90, GM90a] 
and is called the double scaling limit. 
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The double scaling limit of the partition function (13.1) determines the 
genus expansion of the continuum partition function: 


(1-4)"™ 
(2 = m) — Yn) 
G h—1 Pe ia (=I) 
= const + 2 (oi) Ganie . (13.85) 


At J = 2 this determines the partition function (13.29) of two-dimensional 
quantum gravity. 

It is possible to construct explicitly a continuum theory which inter- 
polates between multicritical points. We associate with Jth multicritical 
behavior a conformal operator of a certain scale dimension and introduce 
a proper source Tk. 

The relation between the set of sources to; for the Hermitian one-matrix 
model with an even potential when to,,; = 0 and their continuum coun- 
terparts Tọ can be obtained* from the equation 


1 1 
WED NAD). aE [2Weont (7) — V'(T)] (13.86) 
describing [Dav90, AM90, FKN91] a multiplicative renormalization of the 
Wilson loops. 
Then a source for a continuum Wilson loop is 


InZi, — const +S 0 N23 th 
h 


Vays: a (13.87) 
n=0 
and 
ô x —n—3/2 o 
—— = — —— 13. 
5V (mr) af T, (1288) 
is the continuum loop insertion operator: 
ô ô 
Woei i =O ee a 13.89 
MEST = a a ee (ESER 
where 


Zcont X V Zih (13.90) 


up to an infinite constant which is determined only by genus zero. The 
appearance of the square root is associated with a “doubling” of degrees 
of freedom for the even potential. 


* These (linear algebraic) relations are obtained [MMM91] equating positive powers of 
p or m in Eq. (13.86) and using Eq. (13.81). 
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The continuum loop equation can be obtained from Eq. (13.52) by 
substituting Eq. (13.86) and using Eqs. (13.87) and (13.88): 


OWeont (7) + G ra T , 
dV(m) 167r? 167 


[eNom = Whale) +6 


1 


(13.91) 


This equation describes a model which interpolates between different mul- 
ticritical points. The Jth multicritical point corresponds to Tg = 0 except 
for k = 0 and k = J while 


—1)J-124 TN Ty \ 7 
VA = (TE) l (13.92) 


The continuum loop equation (13.91) can be solved order by order 
in G (genus expansion) analogously to that of Sect. 13.4. If V(r) is a 
polynomial (T = 0 for k > K), K —1 lower coefficients of the asymptotic 
expansion of Wcont (7) are not fixed and should be determined by requiring 
the one-cut analytic structure in m. 

The continuum analog of Eq. (13.64) is given by 


w® 


cont 


E I V'(Q) yrn=u 
B= Ani (n —2) /Q—4’ 


Cı 


(13.93) 


where u coincides to genus zero with — VA at a given multicritical point. 
Then the vanishing of the 1/,/7 term is equivalent to Eq. (13.92). The 


cut of wo) (7) is from u to oo. This is because we are magnifying the 
region near the end a of the cut in the one-matrix model. 

The function u versus Tę is determined to all genera from the asymp- 
totic behavior. This dependence can be obtained by comparing 1/7 terms 
in Eq. (13.91). Denoting the derivative with respect to x = —Tp/2 by D, 


this relation can be represented conveniently as 


I Zo ( DWans() + =) = 0, (13.94) 


ion 


where 


(0) 1 1 
cont (7) 2/ a 2/7 — u 


for the genus-zero solution (13.93). 


(13.95) 
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Remark on the KdV hierarchy 


Equation (13.95) can be extended to all genera using the representation 


DWeont (T) + 7 = (« ( — GD? — u(x) + r) 2) 
B 2 Ani = Rn), (13.96) 


where the diagonal resolvent of the Sturm—Liouville operator is expressed 
via the Gel’fand—Dikii differential polynomials [GD75] 


Ralu] = 2" Ga +ut+ Dud) “1. (13.97) 
We have explicitly 
1 u G 2 3 9 
= = = = = >D = pany 13.98 
Ro 5° Ry 7? Ro Tee Ut ig ( ) 


for the lower polynomials. Equation (13.97) can be easily obtained from 
Eq. (1.127) derived in Problem 1.11 on p. 25. 

Substituting the RHS of Eq. (13.96) into Eq. (13.94), we obtain the 
string equation [GM90b, BDS90] 


OO 
Xo (k+$) TeRelul = 0 (13.99) 
k=0 
which determines u versus Ty. 
The meaning of u is clear from Eqs. (13.96) and (13.89): 


u = 4Rı = 26D" in Zeont , (13.100) 


i.e. u is the continuum susceptibility. It is negative to genus zero because 
of the performed “renormalization”. 


Problem 13.9 Elaborate Eq. (13.99) for two-dimensional quantum gravity. 
Solution Choosing Tə = 16/15 and using Eq. (13.92), which gives A = —Tọ/2, 
and Eq. (13.98), we represent Eq. (13.99) as the Painlevé equation 
d 

dA’ 

the solution of which is given by a Painlevé transcendental. It can be found by 
solving Eq. (13.101) iteratively in G: 


fore) h 
-1+5 ($) J ; (13.102) 
h=1 


A= e+ Sea, D = (13.101) 


u = VA 
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where the numerical coefficients Xa > 0 are determined by a recursion relation. 
This reproduces the indices (13.83) for J = 2. Substituting into Eq. (13.100) 
and integrating, one can obtain the genus expansion of the partition function 
of two-dimensional Euclidean quantum gravity introduced in Eq. (13.85). The 
series is asymptotic, since Xp ~ (2h)! for large h. 

These results were first obtained in [BK90, DS90, GM90al. 


Problem 13.10 Show that the ansatz (13.96) satisfies Eq. (13.91). 


Solution It is convenient to introduce 


W(t) = Wont) — —= (13.103) 


= 
eae 
I 


V(r) -TovT = X` Tart? (13.104) 


n=1 


In the new variables, the last term on the RHS of the loop equation (13.91) 
disappears and it can be written as 


J S ZA wio) = Wa) +6 = a (13.105) 


Cı 
We then apply the operator 


which annihilates W (r) given by the Gel’fand—Dikii ansatz (13.96) (cf. 
Eq. (1.127)), to both sides of Eq. (13.105). 
The following terms emerge: 


1 C1 


+D | Evopwo = 2DY`(k + BT Relul = 1, (13.107) 


OA k=l 
AW? (r) = 2WAW —4GDWD®W — 3G(D?W)? + 4(r — u)(DW)? 
—4G RD? R — 3G(DRY + 4(7 — u)R?, (13.108) 
ô > = ô ~= ôu o ô(Du) ~> 
= 4A(DR)?+2RD°R. (13.109) 


We have used Eq. (13.99) in deriving Eq. (13.107), the equation 


5 
wat = 2DR(n), (13.110) 
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which arises from acting by the loop insertion operator on Eq. (13.100) and the 
expansion of which in 1/7 reproduces the Korteweg-de Vries (KdV) hierarchy, 


-= = 2DR ply], (13.111) 


in deriving Eq. (13.109), and the fact that AW = 0 for the Gel’fand—Dikii ansatz 
owing to Eq. (1.127). 
Combining the RHSs of Eqs. (13.107), (13.108), and (13.109), we obtain 


1 = -2GRD?R+G(DR)?+4(n—-u)R? (13.112) 


which is the same as Eq. (1.134) satisfied by the Gel’fand—Dikii resolvent. Its 
solution is unambiguous (at least perturbatively in G). 

Thus, the Gel’fand—Dikii ansatz is obtained [DVV91] as a solution of the 
continuum loop equation (13.91). 


Remark on the continuum Wilson loop 


The continuum Wilson loops are related [Kaz89] to boundaries of surfaces 
in two-dimensional quantum gravity. Given the path integral (13.29) over 
surfaces with fixed boundary, we integrate over metrics (including the 
metric at the boundary). The result can depend solely on the length of 
the boundary which is the only invariant. Then Weont(7) is simply the 
Laplace transform of this object. 


Remark on the continuum Virasoro constraints 


The continuum loop equation (13.91) can be represented as a set of the 
continuum Virasoro constraints [FKN91, DVV91] 


PONZ i i for n > —1, (13.113) 
where 
OO 
ð 3? don drags 
coont So (k+ 3) Tea — +9 SY ee ee 
= OT ran oe OT,OTy_p-1 16 16G 
(13.114) 


obey the Virasoro algebra (13.62). This is a consequence of conformal 
invariance of the continuum theory. 

The Virasoro constraints (13.113) and (13.114) can be obtained 
[MMM91] from their matrix-model counterparts (13.63), (13.61) by pass- 
ing from the variables tə% to the variables Tk. 


310 18 Matrix models 


Remark on the Kontsevich matrix model 


The above continuum model interpolating between multicritical points 
can be formulated as a matrix model [Kon91]: 


faxer Pee 


Zkont |M] i 5 


; (13.115) 


where the integral goes over the Hermitian N x N matrix X. The RHS 
of Eq. (13.115) is well-defined perturbatively in G. 

The couplings Tą are expressed via the positive-definite Hermitian ma- 
trix M by 


VG -2k-i) 2 
Ty = M —— : 13.11 
k rI tr ( ) golk (13.116) 


The identification (13.116) makes sense as N — oo when all tr (M~?*-1) 
become independent but M is chosen such that they are finite. Alter- 
natively, the standard topological expansion of the Kontsevich model in 
1/N? is associated with G ~ 1/N?. 

The partition function of continuum two-dimensional quantum gravity 
coincides with the partition function of the Kontsevich model: 


Zeont |T] im Zkont| M]. (13.117) 


This equality is valid in the sense of an asymptotic expansion at large M, 
each term of which is finite providing M is positive definite. 


Remark on 2D topological gravity 


Equation (13.117) represents the fact that quantum gravity is, in fact, a 
topological theory in two dimensions: 


2D quantum gravity | = |2D topological gravity |. (13.118) 


A crucial property of topological theories is that correlators of operators 
On;(xi) with definite (nonnegative integer) scale dimension n;, located at 
the point x; of a two-dimensional Riemann surface of genus h, depend only 
on the dimensions n; and genus h but not on the metric on the surface 
and, therefore, not on the positions of the punctures x;. The Kontsevich 
matrix model appeared [Kon91] as an explicit realization of the Witten 
geometric formulation [Wit90] of two-dimensional topological gravity. 
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13.6 Hermitian multimatrix models 


An obvious extension of the Hermitian one-matrix model is the model 
of two Hermitian matrices yı and Y2. The partition function of the 
Hermitian two-matrix model is 


Zo, = fan dyz eD tr [V (21) V (p2)+p1 92] , (13.119) 


where for simplicity we take the same potentials for self-interactions of 
each matrix. 

The presence of two matrices adds matter to two-dimensional gravity. 
The Hermitian two-matrix model is precisely associated with the Ising 
model on a random two-dimensional lattice. 

There is a vast literature on the Hermitian two-matrix model starting 
from the work by Itzykson and Zuber [IZ80], who showed how to reduce 
it to an eigenvalue problem. We shall rather briefly review the loop equa- 
tions for the Hermitian two-matrix model. 

Let us define the Wilson loop average and the one-link correlator in the 
Hermitian two-matrix model (13.119), respectively, by 


1 1 
WA) = (yt re ye (13.120) 


(yt emren A (13.121) 


The definition of W (A) is similar to Eq. (13.50) while G(v, A), which is 
symmetric in v and A since the potentials of self-interaction are the same 
for both matrices, is absent in the one-matrix model. Expanding G(v, A) 
in 1/v, we obtain 


G(v, A) 


Giv,A) = va + ` Gnld) 


V yn+1 7 


nal (13.122) 
1 
(xt (ty 


=) 
In the large-N limit, the correlator G(v, A) obeys the following loop 
equation: 


Gn(A) 


[Ec3 Gw, à) = W(v)Glv,A) +AG(v,A) — W(v), (13.123) 
Cı 


where the contour Cj; encircles counterclockwise the cut (or cuts) of the 
function G(w, A) as depicted in Fig. 13.2. 
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To analyze Eq. (13.123), let us consider the Hermitian two-matrix 
model with the general potential (13.4). The solution for W(X) versus 
V(A) is determined by the equation 


So eGra(d) = AW(A)-1 (13.124) 
k>1 


which is just the 1/v term of the expansion of Eq. (13.123) in 1/v. 
The functions G,(A) are expressed via W(A) using the recurrence rela- 
tion 


dw V'(w) 
Gn4iQA) = TEN Grlw) =- WA) Gn(A), 
i | es) (13.125) 


W(X) 


Go(A) 


which is obtained by expanding Eq. (13.123) in 1/A. If V(A) is a poly- 
nomial of degree K, Eq. (13.124) contains W (A) up to degree K and the 
solution is algebraic [GN91, Alf93, Sta93]. 

For a cubic potential, this equation for W(A) is cubic and determines 
the critical index of the susceptibility yọ = —1/3. This is in contrast to 
the Hermitian one-matrix model where the loop equation is quadratic in 
W(A). We see that matter changes [Kaz86] the critical behavior of pure 
quantum gravity. The continuum theory associated with the yọ = —1/3 
critical point of the Hermitian two-matrix model is unitary. 

The correlator G(v,) is symmetric in v and à for any solution of 
Eq. (13.124). This symmetry requirement can be used directly to deter- 
mine W(A) alternatively to Eq. (13.124). 

It is possible to further extend the Hermitian two-matrix model by 
considering a chain of matrices with the nearest-neighbor interaction: 


q q q—1 
Za = II dy; exp [wu |- >D V (pi) + DD gupen \ (13.126) 
i=1 i=1 


i=1 


In the limit of q — oo, we obtain an infinite chain associated with dis- 
cretization of a one-dimensional theory. 

The Hermitian q-matrix model possesses unitary continuum limits with 
yo = —1/(q + 1). In the q — œ limit, this gives yọ —> 0. 


Remark on the d = 1 barrier 
The d = 1 barrier is associated with the formula [GN84, OW85, KPZ88] 


yp = xo“ (13.127) 
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for the critical index of string susceptibility of the bosonic string in a d- 
dimensional embedding space. Alternatively, it describes two-dimensional 
quantum gravity interacting with conformal matter of central charge 
c=d. 

The RHS of Eq. (13.127) is well-defined for d < 1, where it is associated 
with topological theories of gravity (with matter). They can also be 
described by the Hermitian (multi)matrix models. 

The RHS of Eq. (13.127) becomes complex for d > 1 which is physically 
unacceptable. This is termed the d = 1 barrier. 


Remark on the Kazakov—Migdal model 


A natural multidimensional extension of the matrix chain (13.126) is the 
Kazakov—Migdal model [KM92], which is defined by the partition function 


Zum = / [[euu(@) [ [dys eel (13.128) 
£,H £ 


with the action 
SMU = Ntl- vesopthaledoat{te) +O Vie): 
z, x 


(13.129) 


Here yy and U,,(x) are N x N Hermitian and unitary matrices, respec- 
tively, with x labeling lattice sites on a d-dimensional hypercubic lattice. 
The integration over the gauge field U,,(x) is over the Haar measure on 
SU(N) at each link of the lattice. 

The Kazakov—Migdal model is of the same type as Wilson’s lattice 
gauge theory with adjoint matter but without the action for the gauge 
field, i.e. at G = 0 in front of the plaquette term. When integrated over 
(Px, it induces an action for the gauge field U,,(a) of the type discussed in 
Problem 8.6 on p. 155. 

The model (13.128) obviously recovers the open matrix chain (13.126) 
if the lattice is just a one-dimensional sequence of points for which the 
gauge field can be absorbed by a unitary transformation of yy. 

The Kazakov—Migdal model is described at N = œ by the loop equa- 
tion which coincides with Eq. (13.123) for the two-matrix model with the 
potential [DMS93] 


V'w) > Vw) = V'(w)-— (2d —1)F(w). (13.130) 


The function 
Fw) = 5) Fw” (13.131) 
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is defined by the pair correlator of the gauge fields 
fw oN (UYUN La (“uvu") 
N 


fu oN tr (BU WUT) 


1 


Fy = tr (t°@”), (13.132) 


Il 
iMe 


where © and Y play the role of external fields and t° (a = 1,..., N? — 1) 
denote the generators of SU(N). Eq. (13.132) holds [Mig92] at N = oo. 
The function F'(w) is determined by the loop equation itself. 

The loop equation of the Hermitian two-matrix model emerges because 
the last term on the RHS of Eq. (13.130) disappears at d = 1/2, which 
is associated with the Hermitian two-matrix model, and we simply have 
Vlw) = V(w). 

An exact solution of the Kazakov—Migdal model was found for the 
quadratic potential [Gro92] and the logarithmic potential [Mak93]. 

Continuum limits of the Kazakov—Migdal model are associated again 
with lower-dimensional theories. It does not allow us to go beyond the 
d = 1 barrier. 
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Reference guide 


The large-N methods are briefly described in the book by Polyakov 
[Pol87]. The book edited by Brézin and Wadia [BW93] contains reprints 
of original papers on this subject. 

The large-N limit of the four-Fermi and yf theories was obtained 
in the paper by Wilson [Wil73]. The renormalizability of the 1/N- 
expansion of four-Fermi theory in d < 4 dimensions was demonstrated 
by Parisi [Par75]. The appearance of conformal invariance in the 
1/N-expansion of four-Fermi theory in three dimensions is discussed 
in [CMS93]. The scale and conformal symmetries are described in the 
lectures by Jackiw [Jac72]. 

The 1/N-expansion of SU(N) Yang-Mills theory and its relation to 
the topology of Riemann surfaces was introduced by ’t Hooft [Hoo74a]. 
The incorporation of quarks into this picture was accomplished by 
Veneziano [Ven76]. The geometric growth of the number of planar graphs 
was demonstrated by Koplik, Neveu and Nussinov [KNN77]. The large-NV 
factorization was observed by A.A. Migdal in the late 1970s (first pub- 
lished in [MM79]). Its consequences for the semiclassical nature of the 
large-N limit are discussed in the lectures by Witten [Wit79] and Cole- 
man [Col79]. 

The loop equation of multicolor QCD was derived in [MM79]. The 
program of reformulating QCD entirely in loop space was realized 
in [MM81]. The renormalization of the Wilson loops was investigated 
in [GN80, Pol80, DV80, BNS81]. A solution of the loop equation in two 
dimensions was found by Kazakov and Kostov [KK80]. A string repre- 
sentation of large-N QCDz2 was constructed by Gross and Taylor [GT93]. 

For a canonical book on the matrix models see the one by Mehta 
[Meh67]. The solution of the Hermitian one-matrix model at large N 
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was found by Brézin, Itzykson, Parisi and Zuber [BIP78]. The large-N 
phase transition in lattice QCD2 was first observed by Gross and Wit- 
ten [GW80]. The application of matrix models to discretization of ran- 
dom surfaces is described in the review by Di Francesco, Ginsparg, and 
Zinn-Justin [DGZ95] and in the book by Ambjørn, Durhuus, and Jons- 
son [ADJ97] which contain extensive references. 
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Part 4 
Reduced Models 


‘Tve just caught you in a contradiction. 
Don’t you see.” He proudly lettered “Con- 
tradiction” on his pad with his thick black 
pencil. 


J. HELLER, Catch-22 


The large-N reduction was first discovered in 1982 by Eguchi and 
Kawai [EK82], who showed that the SU(N) Yang-Mills theory on a d- 
dimensional space-time is equivalent at N = oo to the one at a point. 
This construction is based on an extra symmetry of the reduced model 
which should not be broken spontaneously. 

Soon after that it was recognized that this symmetry is, in fact, bro- 
ken for d > 2. Two ways were proposed to cure the construction: the 
quenching prescription [BHN82] and the twisting prescription [GO83a]. 
Each of these two prescriptions results in a reduced model which recovers 
multicolor QCD both on the lattice and in the continuum. 

While the reduced models look like a great simplification, since the 
space-time is reduced to a point, they still involve an integration over d 
infinite matrices which is, in fact, a continual path integral. For some 
years it was not clear whether or not this is a real simplification of the 
original theory which can make it solvable, so the point of view on the 
reduced models was that they are just an elegant representation at large 
N. 

The recent interest in reduced models has arisen from the matrix-model 
formulation [BFS97, IKK97] of M-theory combining all types of super- 
string theories. The novel point of view on the reduced models is that they 
are equivalent [CDS98] to gauge theories on noncommutative space. The 
gauge field is no longer matrix-valued but rather noncommutativity of ma- 
trices in the reduced models is transformed into noncommutativity of co- 
ordinates in the noncommutative gauge theory, which in the limit of large 
noncommutativity reproduces ordinary Yang-Mills theory at large N. 

We shall start this part by describing the original Eguchi-Kawai model 
and its quenched version. Then we discuss twisted reduced models and 
their equivalence to noncommutative gauge theories. Finally, we concen- 
trate on the properties of noncommutative gauge theories as such. 


14 


Eguchi—Kawai model 


The large-N reduction was discovered by Eguchi and Kawai [EK82] who 
showed that the Wilson lattice gauge theory on a d-dimensional hyper- 
cubic lattice is equivalent at N = co to that on a hypercube with peri- 
odic boundary conditions. This construction is based on an extra U(1)4 
symmetry which is present in the reduced model to each order of the 
strong-coupling expansion. 

Soon after that it was recognized that a phase transition occurs in the 
reduced model with decreasing coupling constant, so this symmetry is 
broken in the weak-coupling regime. To cure the construction at weak 
coupling, a quenching prescription was proposed by Bhanot, Heller and 
Neuberger [BHN82] and elaborated by many authors. The quenching 
prescription results in a reduced model which recovers multicolor QCD 
both on the lattice and in the continuum. 

We start this chapter with the simplest example of a matrix-valued 
scalar theory. The quenched reduced model for this case was advocated 
by Parisi [Par82] on the lattice and elaborated by Gross and Kitazawa 
[GK82] in the continuum. Then we consider the Eguchi-Kawai reduction 
of multicolor QCD both on the lattice and in the continuum. 


14.1 Reduction of the scalar field (lattice) 


Let us begin with the simplest example of a matrix-valued scalar theory 
on a lattice, the partition function of which is defined by the path integral 


Z = [Ues (14.1) 


x izj 
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with the action 


Y Nt] -Y pepetan + V(ys)] . (14.2) 


H 


Here y(x) is an N x N Hermitian matrix field and V(ọ) is a certain 
interaction potential, say 


X Dit. (14.3) 


M X 
Vie) = =+ J 


2 3 


The prescription of the large-N reduction is formulated as follows. 
We substitute 


Zp 


pla) =Œ Dt(x)pD(2), (14.4) 

where 
D(x) = eru (14.5) 

with 
P” = diag (Heup) (14.6) 


being a diagonal Hermitian matrix. Explicitly we have 
při) $ dP tugki, (14.7) 


The matrix D(x) in Eq. (14.4) subsumes the coordinate dependence, 
so that g does not depend on z. 

The averaging of a functional F'[y,] which is defined with the same 
weight as in Eq. (14.1), 


(Flys) = za LIT evi eS Fipa], (14.8) 


£ i>j 


can be calculated at N = œ using 


(Fle) "= a T TTP (ao s)ẸDa)) (149) 


-rja =l i=1 


Here the RHS is calculated [Par82, GK82, DW82] for the quenched reduced 
model, for which the averages are defined by 


Gant f dge~Sk!4] Fig] (14.10) 


14.1 Reduction of the scalar field (lattice) 327 


with the reduced action 


Sie = -NY [yl X cos (of! — pial +NtrV(g). (14.11) 
tj H 


We have put the symbol “red.” on the top of the equality sign in 
Eq. (14.9) to emphasize that it holds as a result of the large-N reduction. 
The partition function of the reduced model is given by 


Zam = fapta (14.12) 


which can be deduced, modulo the volume factor in the action (14.11), 
from the partition function (14.1) by the substitution (14.4). The measure 
dg in Eqs. (14.10) and (14.12) (as well as that in Eqs. (14.1) and (14.8)) is 
the one for integrating over N x N Hermitian matrices given by Eq. (13.2). 
Similarly to Eq. (14.9), the free energy of the reduced model determines 
at large N the free energy per unit volume of the d-dimensional theory: 


t/a 


d 


Note that the integration over the momenta p} on the RHS of Eq. (14.9) 
is taken after the calculation of averages in the reduced model. Anal- 
ogously, the logarithm of Zgm is integrated over př on the RHS of 
Eq. (14.13), rather than Zpm itself. Such variables are usually called 
quenched in statistical mechanics which clarifies the terminology. 

Since N — ov, it is not necessary to integrate over the quenched mo- 
menta in Eq. (14.9) or Eq. (14.13). The integral should be recovered 
if p; were uniformly distributed over a d-dimensional hypercube. This is 
analogous to the self-averaging phenomenon in condensed-matter physics. 

In order to show how Eq. (14.9) works, let us demonstrate how the 
planar diagrams of perturbation theory for the matrix-valued scalar the- 
ory (14.1) are recovered in the quenched reduced model. 

The quenched reduced model (14.12) is of the general type discussed 
in Chapter 11. The propagator is given by 


ey ge 1 
(GiiGm) = ye (vi — pj) Odkj (14.14) 
with 


G(pi-p;) = =. (14.15) 
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Fig. 14.1. The simplest planar diagram of second order in A3 for the propagator 
in the quenched reduced model (14.12). The momentum p; flows along the index 
line 7. The momentum p; — p; is associated with the double line ij. 


It is convenient to associate the momenta p; and p; in Eq. (14.15) with 
each of the two index lines representing the propagator and carrying, 
respectively, indices 7 and j. Remember, that these lines are oriented for 
a Hermitian matrix g and their orientation can be associated naturally 
with the direction of the flow of the momentum. The total momentum 
carried by the double line is p; — pj. 

The simplest diagram which represents the second order in Àg correction 
to the propagator is depicted Fig. 14.1. The momenta p; and p; flow along 
the index lines 7 and j, while the momentum px circulates along the index 
line k. The contribution of the diagram in Fig. 14.1 is given by 


2 


; À 
Fig. 14.1 = Wa C (pi — Ps) $ Glpi = pa) Glor — Ps), (14.16) 


where the summation over the index k is just a standard one over indices 
forming a closed loop. 

In order to show that the quenched-model result (14.16) reproduces 
the second order in A3 correction to the propagator in the d-dimensional 
theory on an infinite lattice, we pass to the variables of the total momenta 
flowing along the double lines: 


Pi— Pj = P, 
Pi- Pk = q, (14.17) 
Pre= Pk = ptrq. 


This is obviously consistent with the momentum conservation at each of 
the two vertices of the diagram in Fig. 14.1. 
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Since p are uniformly distributed over the hypercube, the summation 
over k can be substituted as N — oo by the integral 


t/a 


d 
wf) = of | Sore. (14.18) 
k 


—t/a 


The prescription (14.9) then gives the correct expression 


2 TAE tr 
G® (p) = ato) | Su Ga) GP +a) (14.19) 
—n/a 


for the second-order contribution of the perturbation theory for the prop- 
agator on the lattice. 

It is now clear how a generic planar diagram is recovered by the re- 
duced model. We first represent the diagram by the double lines and as- 
sociate the momentum p; to an index line carrying the index 7. Then we 
write down an expression for the diagram in the reduced model with the 
propagator (14.15). Passing to momenta flowing along the double lines, 
similarly to Eq. (14.17), we obtain an expression which coincides with the 
integrand of the Feynman diagram for the theory on the d-dimensional 
lattice. It is crucial that such a change of variables can always be made 
for a planar diagram consistently with momentum conservation at each 
vertex. The last step is that a summation over indices of closed index 
lines reproduces an integration over momenta associated with each of the 
loops according to Eq. (14.18). It is assumed that the number of loops 
is much less than N which is always true for a given diagram since N is 
infinite. 

Thus, we have shown how planar diagrams of the lattice theory de- 
fined by the partition function (14.1) are recovered in the reduced 
model (14.12). The lattice was needed only as a regularization to make 
all integrals well-defined and was not crucial in the consideration. In the 
next section we shall see how this construction can be formulated directly 
for the continuum theory. 


Remark on large but finite N 


If N is large but finite, the summation on the LHS of Eq. (14.18) runs 
over N different momenta. Similarly, if a theory is defined on a periodic 
lattice of size La, the momentum takes on L° different values. One might 
think, therefore, that the quenched reduced model at very large but finite 
N can be associated with a quantum field theory on a periodic lattice 
with L = NV4, 
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14.2 Reduction of the scalar field (continuum) 


The quenched reduced model can be formulated directly for the contin- 
uum theory. The proper formulas can be easily obtained from those of 
the previous section by setting a — 0. 

Equations (14.4)—(14.7) remain the same, while the derivative ô, in the 
kinetic part of the continuum action 


Sly] = [ate Ntr [30 + vio} (14.20) 


is substituted by iP, acting in the adjoint representation. 
The continuum reduced action 


Sa = oNtr | 31h? +H) (14.21) 


determines the propagator of the matrix Ø;j in the continuum quenched 
reduced model, which is given by Eq. (14.14) with 


yt 


G(pi = pj) = (pi — p) +m : (14.22) 


(d—2)/2_ je. the same as 


The dimension of the reduced field ¢ is [mass] 
that of the field y(x) in the d-dimensional theory. 

The normalizing factor of v on the RHS of Eq. (14.21) (and therefore 
Eq. (14.22)) plays the role of the volume element for a given regularization 
and depends on the region for integration over the momenta p;. If p; are 
restricted to a hypercube of size 2A, the proper formulas look like their 


lattice counterparts (cf. Eq. (14.18)) with 


v = af lattice regularization (14.23) 


and 
a = —. (14.24) 


Lorentz invariance is restored as A — co at least for renormalizable the- 
ories. 

A Lorentz-invariant regularization can be achieved by choosing p; inside 
a hypersphere. Alternatively, one can include the regularizing factor of 
exp (—p?/A?) in the integral over p; [GK82] by defining 


iss E dÎp p/n... 
/ d“p = eae . (14.25) 
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Then, 


d/2 
v = (3) regularization (14.25) (14.26) 


and 


(Fle) “= [Tan (Foroen (14.27) 


which is similar to Eq. (14.9) on the lattice. 

Analogously to the lattice case, we expect the self-averaging phe- 
nomenon as N — oo so that, instead of integration over p; according 
to Eq. (14.25), we can simply choose them at N = oo to be distributed 
spherically symmetrically with Gaussian weight 


p(p) = (vA) eh, (14.28) 


A comment is needed concerning the normalization factors. A consid- 
eration similar to the topological analysis of Sect. 11.4 leads us to the 
conclusion that a planar diagram with n2 loops possesses a factor of v7”? 
in the reduced model. It will normalize correctly the integral over mo- 
menta circulating along the n2 loops, which remains to be done after the 
N — nz momenta p; (which do not appear in the diagram) are integrated 
out. The analogous factor for the free energy is v-"2+! owing to the extra 
v in the definition (14.21). 


Problem 14.1 Substituting (14.22) into Eq. (14.27), obtain a regularized prop- 
agator in the d-dimensional theory. 


Solution Inserting (14.22) into Eq. (14.27), we find explicitly 
d poe i 
G(x) = (oila)en0)) T J II "pp PM" Bu Gis) 
k=1 


d ier DE 
7 (=) “| dp; dp; ene} +p)/A? el(pi—P;) 


27 (AVT)? (AVT) (pi — pj)” +m? 
(14.29) 
Introducing p+ = p; + p; and accounting for a Jacobian, we have 
d¢p,. 2 yoa2 f dip- 2 p2 eP- 
Cre a ete 
(27 A?) (27) pl +m 
dé ipx 
= J= goes si - (14.30) 
(27) pe +m 


which gives a regularized propagator with the correct normalization. 
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Remark on higher genera 


The quenched reduced model reproduces only planar graphs of the orig- 
inal theory and fails to reproduce nonplanar graphs. This can be easily 
seen for the simplest nonplanar graph depicted in Fig. 11.3 where the 
same momentum circulates along the closed index line, so that the total 
momentum flowing along each of the two crossing double lines is zero 
in the reduced model. Of course, this is not the case for the original 
d-dimensional theory. 

Similarly, the quenched reduced model reproduces only the factorized 
part of the correlators of “colorless” operators, for example tr y?(2;)/N, 
and cannot reproduce the connected correlators. 


14.3 Reduction of the Yang—Mills field 


The large-N reduction of the Yang-Mills fields has its specific features 
owing to gauge invariance. In order to make the results rigorous, we 
begin in this section with the lattice formulation of Yang—Mills theory 
introduced in Chapter 6 and then describe the continuum case in the 
next section. 

The general prescription (14.4) and (14.5) of the large-N reduction is 
applicable for gauge fields. For the lattice gauge field U,,(x), it gives 


U,(x) “SS Dt(x),,D(2), (14.31) 
where d unitary N x N matrices oh (u =1,...,d) are x-independent. 


It is easy to deduce what transformation of the reduced gauge field U i 
is compatible with the lattice gauge transformation (6.13), where Q(z) is 
to be reduced by 


A(x) $$ Dt(x)AD(e). (14.32) 


Here Ñ is again an xz-independent unitary matrix. 
If we first perform the gauge transformation (6.13) and then the reduc- 
tion of the gauge-transformed field U, (x), we obtain 


Ae + aĝ) Uy(e) (2) 


> Di (a + aft) Ñ D(a + aĝ) D'(2)U, D(x) D' (a) Ñ D(a) 
= Dt(2)DIOD,U,0'D(2), (14.33) 
where 
D, & D(æ+aĝ) D'(z) = eine (14.34) 


for D(x) given by Eqs. (14.5) and (14.6). 
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This determines the proper transformation of the reduced field U u to 
be 


U, #5 ptop,v,a. (14.35) 


This transformation is referred to as the gauge transformation of the 
reduced gauge field. 

The substitution of (14.31) into the Wilson action (6.18) results in the 
reduced action 


s = iD f1- [Biotoop] 
HAV 
= 5d {1- g" (0!) (Got) (0.01) (2.8.)]}. 
HAV 


(14.36) 


where the equality between the first and second lines is because D, and 


Di, commute. 
The structure of the RHS of Eq. (14.36) prompts us to introduce a new 
variable 


On = Dili (14.37) 
Then we obtain for the reduced action 
1 1 
SU] = 5 5 (1 Sith luvv.) (14.38) 
Zv 
and the gauge transformation (14.35) also simplifies to 


U = OU, A (14.39) 
If the measure dU for averaging over U u is the Haar measure, it is not 


changed under (left) multiplication by a unitary matrix D,: dU, a dua 
Finally, we arrive at the reduced model discovered originally by Eguchi 
and Kawai [EK82]. 

Its partition function 


ZEK = MIGZ e7 NSrlU]/9° (14.40) 
H 


is of the same type as Wilson’s lattice gauge theory on a unit hyper- 
cube with periodic boundary conditions. There is no dependence on the 
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quenched momenta p; in the action of the Eguchi-—Kawai model since the 
Ds have mutually canceled owing to the local gauge invariance of the 
lattice action (6.16). 

In addition to the gauge symmetry (14.39), the Eguchi-Kawai model 
possesses symmetry under multiplication of U, by an element of U(1), 
the center of U(.N), which depends on the direction u:* 


Cr SOB eu): (14.41) 


Such a global symmetry is also present, of course, for the Wilson ac- 
tion (6.16) but plays no special role there because of local gauge invari- 
ance. It will be crucial in providing the equivalence of the d-dimensional 
theory and the Eguchi—-Kawai model at large N. 

The equivalence of the d-dimensional lattice gauge theory and the 
Eguchi-Kawai model at N = oo states 


T/a d N 
1 


(ro So f EE e+ aw oo] ), 


ER 2T EK 
-rja =l i= 
(14.42) 
which is similar to Eq. (14.9) for scalars. Here the LHS is given by 
Eq. (6.39) and the RHS is calculated in the Eguchi-Kawai model: 


(FU) = Zak | [Lavo nN PIU). (14.43) 
H 


The commutativity of D, was used in representing the argument of F 
on the RHS of Eq. (14.42) as D(x + aĝ) U, D(x). Note that it looks like 
a gauge transformation of a constant field in the d-dimensional theory. 

For the latter reason Eq. (14.42) simplifies for the averages of gauge- 
invariant quantities when it takes the form 


(FU) "= (FU) (14.44) 


as N — oo. In this formula there is no dependence on D(x) and corre- 
spondingly the quenched momenta p; because F'[U,(x)] is gauge invariant. 

As has already been explained in Sect. 12.1, gauge-invariant observables 
in Yang-Mills theory can be expressed via the Wilson loops. Applying 
Eq. (14.44) for the Wilson loop averages (6.42), we obtain 


(5900) = (eP >. (14.45) 


* For the gauge group SU(N), it is an element of Z(N) rather than U(1) for the Haar 
measure dU, to be invariant. 


14.3 Reduction of the Yang-Mills field 335 


as N — oo. In other words, the Wilson loop in the Eguchi-Kawai model 
is constructed as an (ordered) product of the constant matrices U,,, along 
the links forming the contour C. It is nontrivial since U,, do not commute. 

The equality (14.45) is possible since the Wilson loop averages in the 
original theory do not depend on the position of the beginning of the 
contour C owing to translational invariance. 

The simplest example of the Wilson loop average is that for a rect- 
angular contour depicted in Fig. 6.6 on p. 111. It is represented in the 
Eguchi-Kawai model by 


1 
W(RxT) = (5H uf? uf of UF (14.46) 
EK 


There is an important difference between the averages of open Wilson 
loops in the d-dimensional theory and the Eguchi-Kawai model. In the 
former case, the averages of open Wilson loops always vanish because of 
the local gauge invariance which cannot be broken spontaneously owing to 
Elitzur’s theorem, which was already mentioned in Sect. 7.3. In the latter 
case, open Wilson loops are invariant under the transformation (14.39) 
since 2 is the same at the beginning and the end of the contour: 


wt PTL Un cay wit (P Ju) = wit PTL Un. 
i i (14.47) 


They are not invariant however under the U (1)? transformation (14.41): 
1 (14.41) 1 
yi PTT Un = 5 [aper Un. (14.48) 
(3 


Only closed Wilson loops, where each link occurs with an equal number of 
positive and negative orientations, are invariant. This symmetry is global 
and can be broken spontaneously as N —> oo. 

It is easy to see that no such breaking occurs within the strong-coupling 
expansion of the Eguchi-Kawai model, which is pretty much similar to 
that described in Sect. 6.5. For this reason the equivalence (14.44) holds 
at least for large enough values of g?N. It was shown [BHN82] that the 
U(1)¢ symmetry is spontaneously broken for small values of g?N and 
therefore in the continuum. We shall return to this point in Sect. 14.5. 

Two modifications of the Eguchi-Kawai model were proposed: the 
quenched Eguchi-Kawai model (described later in Sect. 14.6) and the 
twisted Eguchi-Kawai model (described later in Sect. 15.3). These two 
models are equivalent, in the large-N limit, to the d-dimensional theory 
both on the lattice and in the continuum. 
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Problem 14.2 Derive the loop equation for the Eguchi-Kawai model. 
Solution The derivation is similar to Problem 12.6 on p. 265. We perform the 
shift of U„: 

U, —> Uy (1 —ie,), Ui > (1+ie,)U} (14.49) 


which is same as in Eq. (6.22) for x-independent ¢. The resulting loop equation 
is given as [EK82] 


5 [Wek (C Op) — Wex(C dp) = PNY Ty (L) Wex (Cyzx) Wek (Cry) A 
p lec 
(14.50) 
It is similar to Eq. (12.65) except the Kronecker symbol ôvy is missing on the 
RHS of Eq. (14.50). It is restored if the averages of the open Wilson loops vanish, 
as prescribed by the unbroken U(1)¢ symmetry, since then we can substitute 


Wex(Czy) = S2yWex(Czz) - (14.51) 


The coincidence of the loop equations proves the equivalence of the two theo- 
ries at N = œo. 


Problem 14.3 Verify Eq. (14.51) by an explicit calculation to zeroth order in 
g”. 

Solution Extrema of the Eguchi-Kawai action (14.38) are given modulo a gauge 
transformation by diagonal matrices 


US Ser Pun, (14.52) 


This determines the Wilson loop average to zeroth order in g? to be 


Nd dp; 1 X ipp (£—y) 
Wex(Cyz) =" AG II Soe? Y 


d?p ip(£x— 
= af J Gai W = eee (14.53) 


where the integration over P, accounts for equivalent classical extrema. The 
Kronecker symbol in Eq. (14.53) appears because of the translational symmetry 
in momentum space. 


14.4 The continuum Eguchi-Kawai model 


The Eguchi-Kawai reduced model can be formulated directly for the con- 
tinuum theory. The proper formulas can be derived from their lattice 
counterparts of the previous section by substituting 


U, = o^ (14.54) 


with a — 0. 
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The continuum Eguchi-Kawai model describes a reduction of the d- 
dimensional Yang-Mills theory at N = œ to a point. The action of the 
continuum Eguchi-Kawai model is given by 

d/2 
sel) = -(3) eel, (14.55) 
where A, are d space-independent matrices. 

The parameter A has the dimension of mass, same as has A,, in d = 4. 
As we shall see in a moment, A is to be associated with a momentum-space 
ultraviolet cutoff in the spirit of Sect. 14.2. In this chapter we assume the 
Lorentz-invariant regularization (14.25) when the normalization factor in 
Eq. (14.55) is given by Eq. (14.26). For the lattice regularization, A is 
related to the lattice spacing a by Eq. (14.24) and the normalization factor 
in Eq. (14.55) is to be changed according to Eq. (14.23). 

Therefore, the very formulation of the continuum Eguchi-Kawai model 
implies a regularization. 

The action (14.55) is obviously invariant under the gauge transforma- 
tion 


A, SOA Ol (14.56) 

It is worth noting that, owing to Eqs. (14.37), (6.10), and (14.34), A, 

is associated with the reduction of the covariant derivative iô, + A,(x) 
rather than the field A,,(«) itself: 

ið, + A(z) © Dt(x) A, D(z). (14.57) 


This explains why Eq. (14.56) is consistent with the gauge transformation 
of the covariant derivative 


ið, + Alx) © O(a) lið, + Ay(a)] OF (x) (14.58) 


rather than A,,() itself. 
Similarly to Eq. (14.44), 


( Flið, + Ay(2)]) = (FIA) (14.59) 


as N — oo for gauge-invariant functionals F, where the LHS is calculated 
using the action (11.72) and the RHS is calculated using the Eguchi- 
Kawai action (14.55). For instance, the averages of closed Wilson loops 
coincide in both cases 


(x tr Peif aao) red (x tr Peif see ) f (14.60) 
N N EK 


This is a continuum version of Eq. (14.45). 
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The continuum analog of the U (1) symmetry (14.41) is the invariance 
of the Eguchi-Kawai action (14.55) under the shift of A, by a unit matrix: 


Ad = Ab +r, 65%, (14.61) 


where r,, is a parameter of the transformation. It is often called the Re 
symmetry. 

Under the transformation (14.61), an open Wilson loop is transformed 
as 


1 | | i 
y (P el ee) Sh PTA (P eov ae 


(14.62) 


This guarantees, if the symmetry is not broken, the vanishing of the 
averages of open Wilson loops 


1 i 
We (Cye) = (gP) = 9 (14.63) 


EK 


in the Eguchi-Kawai model. 
Such vanishing in the d-dimensional theory is provided by the local 
gauge invariance under which 
(Pei ler ne) (14.64) 


(00) Pela tint) 


ij 
In contrast, the global symmetry (14.56) does not guarantee the vanishing 
of the averages of open Wilson loops in the Eguchi-Kawai model. 

When and only when the R? symmetry (14.61) is not broken spon- 
taneously, is the Eguchi-Kawai model equivalent to the d-dimensional 
Yang-Mills theory at large N. 

The equivalence of the two theories can then be shown using the loop 
equation which is given for the Eguchi-Kawai model by 


y 9 =x, Hd ers 
Ong, (ay VERIO) = i (spt PlAw An Aull e Caz 


A? aie 1 ð i f d 
a4 cas as ewe KiS O EMAL 
ià (=) (SOPI. c A 


A2 d/2 
ZA (=) f dy Waid) Wax). 
C 


27 


(14.65) 


where \ = g?N. The RHS is pretty much similar to that in Eq. (12.59), 
while (A? /2r)?/? is present instead of 5 (x — y). 
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In order to show how the two RHSs are essentially equal to each other 
providing the R? symmetry is not broken, we need to remember that the 
continuum Eguchi—Kawai model is, in fact, somehow regularized. 

While the action (14.55) is formally invariant under the transforma- 
tion (14.61) for arbitrary r,, admitable values of r, should be much 
smaller than the cutoff A. This is clear, in particular, from the lattice 
formula (14.41) where 


Zy ee (14.66) 


and to obtain Eq. (14.61) we expand in a which destroys the compactness. 

For this reason we expect the average of an open Wilson loop to vanish 
in the continuum Eguchi-Kawai model only when the distance |y — z| 
between the end points x and y is much larger than the ultraviolet cutoff 
1/A. Otherwise, we may regard the loop to be essentially closed since 
distances smaller than the cutoff make no sense in the theory. 


Introducing a smeared delta-function g (a — y), for example, by 


2\ d/2 
5 (x) = (=) eee) (14.67) 


Qn 


we therefore expect something like* 


Wex(Cyz) Wex(Crz) (14.68) 


for the averages of open Wilson loops in the continuum Eguchi-Kawai 
model. 
Finally, the delta function is recovered on the RHS of Eq. (14.65) as 


(d) 2 
EN diva) E (E) een = Oa) > 6a) 
2r 5) (0) A : 
A/V 
(14.69) 
reproducing the delta function on the RHS of Eq. (12.59). 

This demonstrates the equivalence of the continuum Eguchi-Kawai 
model and the d-dimensional Yang-Mills theory at large N under the 
assumption that the R? symmetry is not broken. The consideration sim- 
ply repeats the proof of the equivalence given in Problem 14.2 on p. 336 
by using the lattice regularization. 


* Why it should be 6 _ rather than 6“ is clear from Eq. (14.69) and Problem 14.4. 
y A/V2 A 
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Problem 14.4 Verify Eq. (14.68) by explicit calculation to zeroth order in g?, 
regularizing the integral over the zero modes of A, by Eq. (14.25). 


Solution The calculation is similar to that in Problem 14.3 for the lattice 
case. Extrema of the continuum Eguchi-Kawai action (14.55) are given modulo 
a gauge transformation by diagonal matrices Ad = —P,. This determines the 
Wilson loop average to zeroth order in g? to be 


AN 1 N 
WC) = f [ata e 
=l k=1 


(d) 
7 ee Oe) 
= i d Pp a e7? /A eP(2—y) = o, (14.70) 

(AVT) Siya 0 


where the integration over P,, accounts for the zero modes of A,. 


The R? symmetry is, in fact, broken spontaneously in the continuum 
Eguchi-Kawai model for d > 2 as is discussed in the next section. For 
this reason the equivalence between the d-dimensional theory and the 
naive continuum Eguchi—Kawai model described in this section is valid, 
strictly speaking, only in d = 2. The reduced model should be slightly 
modified to be equivalent to the d-dimensional theory for d > 2. Such a 
modification, which is based on the quenched momentum prescription, is 
described later in Sect. 14.6. 


14.5 R? symmetry in perturbation theory 


Since N is infinite, the R¢ symmetry can be broken spontaneously. The 
point is that the large-N limit plays the role of a statistical average, 
as has already been mentioned in Sect. 11.8, and phase transitions are 
possible for an infinite number of degrees of freedom. This phenomenon 
occurs [BHN82] in perturbation theory for the naive Eguchi-Kawai model 
with d > 2. 

A perturbation theory can be constructed by expanding the fields 
around solutions of the classical equation 


[An [An A] = 0. (14.71) 
An arbitrary diagonal matrix 
Ad = —P, (14.72) 
is a solution to Eq. (14.71) associated with the minimal value Spx = 0 of 
the action (14.55). 
The perturbation theory of the reduced model can be constructed by 
expanding around the classical solution (14.72): 
A, = Ad + gbp, (14.73) 
where b, is off-diagonal. 
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Substituting (14.73) into the action (14.55), we obtain 


Qn\4? f1 > 1 k , 
Sek = — ie tr z Pm bo] — z Pu bu] + higher orders . 
(14.74) 
To fix the gauge symmetry (14.56), it is convenient to add 
2m\ f1 
Sf == (=) tr {5iP bu]? + [Pus [Pus a} ; (14.75) 
where c and € are ghosts. 
The sum of (14.74) and (14.75) gives 
2m\ f1 
So = -(3) tr (3Ps b]? + [Pu a] Pu, a} (14.76) 


to quadratic order in b,. 
Performing the Gaussian integral over b,, we find at the one-loop level: 


for, dbp e~%2--. = [TI] (ri — p,)"| aon (14.77) 
k=1 


i<j 


where the integration over P, accounts for the moduli space of classical 
solutions. 

For d = 1 the product on the RHS of Eq. (14.77) reproduces the square 
of the Vandermonde determinant (13.14). For d = 2 the exponent 2 — d 
vanishes so that the product equals unity and does not affect the dynam- 
ics. For d > 3 the measure is singular and the eigenvalues collapse. This 
leads us to a spontaneous breakdown of the R? symmetry in perturbation 
theory. 


Remark on supersymmetric case 


In a supersymmetric gauge theory, there is an extra contribution from 
fermions to the exponent on the RHS of Eq. (14.77). Since the integration 
over fermions results in the extra factor of [(p; — Pj)’ tI this finally yields 
the exponent 2 — d + trI. It vanishes in d = 4 for either Majorana or 
Weyl fermions and in d = 10 for the Majorana—Weyl fermions. This 
explicit calculation [IKK97] confirms, at first sight, the claim [MK83] 
that R? symmetry is not broken perturbatively in supersymmetric Yang- 
Mills theory and no quenching is needed in the supersymmetric case. This 
statement seems, in fact, to be not quite correct because of fermionic zero 


modes [AIK00]. 
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14.6 Quenched Eguchi-Kawai model 


Soon after the breakdown of the R? symmetry in perturbation theory 
was discovered for the Eguchi-Kawai model, a cure for the problem was 
proposed [BHN82]. The idea was to treat the eigenvalues of the Hermitian 
matrix A, as being quenched rather than dynamical variables. 

In order to separate the degrees of freedom associated with the eigen- 
values, we represent A,, in a canonical form 


A, = —V,PiVi, (14.78) 


where P, is diagonal and V, is unitary. The measure for integration over 
A,, is then represented in a standard Weyl form 


dA, = dP, dVjA*(P,); (14.79) 


where dV, denotes the Haar measure* on U(N) and A(P,,) is the Vander- 
monde determinant defined by Eq. (13.14). Equation (14.79) is the same 
as Eq. (13.13) for the one-matrix case. 

Note that the substitution (14.78) is consistent with the gauge symme- 
try (14.56), which is equivalent to the left multiplication 


V, SOs (14.80) 


The Haar measure dV, is invariant under such a multiplication. 

In the quenched Eguchi-Kawai model, A, is substituted by Eq. (14.78) 
both in the reduced action (14.55) and in the averaging functionals. But 
the averaging is taken only with respect to the V, variables considering 
P,, as quenched variables. The averages are then integrated over P, which 
is quite analogous to Eq. (14.27): 


(Flið, + A,(2)] ) ss if i Il dtp; (F |-Di(2) V.PWV{D(2)| heaps 
i=l 


(14.81) 
The average on the RHS of Eq. (14.81) is defined for the quenched 
Eguchi-Kawai model by 


(P [Verevi] oe 


= Zax | Tey A?(P,) eo Sex [Ve Pa V] F [vP] (14.82) 


* Strictly speaking, V, in Eq. (14.78) should be off-diagonal to match the number of 
degrees of freedom, so the measure dV, should be the Haar measure on the coset 
U(N)/U(1)*. But nothing depends on these diagonal degrees of freedom of V, 
since P, is diagonal. We simply normalize the proper (compact) integrals over these 
diagonal degrees of freedom of a unitary matrix to unity. 
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and 


ZQEK = MICAS o Sex [Va Pavi] (14.83) 


is the partition function of the quenched Eguchi-Kawai model. 
Similarly to Eq. (14.13), the free energy per unit volume is given as 
N — œ by 


d/2 
1 linZ 
A (= -) a e Dina -ie (14.84) 


This prescription for constructing the quenched Eguchi-Kawai model 
is very similar to what is described in Sect. 14.2 for scalars. The measure 
dA, is split according to Eq. (14.79) but the integration in Eq. (14.82) or 
Eq. (14.83) is solely over V,,, keeping P, quenched. Only these averages 
of the quenched Eguchi-Kawai model (or the logarithm of the partition 
function in Eq. (14.84)) are integrated over the quenched momenta p; 
according to Eq. (14.81). 

This is crucial to cure the breakdown of the R? symmetry in perturba- 
tion theory. The perturbative calculation in the quenched Eguchi—Kawai 
model looks like that of the previous section since now the classical vac- 
uum is associated with V,, = 1 (modulo a gauge transformation). Instead 
of integrating over the distinct classical vacua as in the naive Eguchi- 
Kawai model, we have in the quenched Eguchi-Kawai model integration 
over the quenched variables p; which enters differently. The factor of 
Hic sli - pes, which resulted in the breaking of the R? symmetry 
in Eq. (14.77), appears now both in the numerator and denominator of 
the averages and thus cancels. Similarly, its logarithm is integrated over 
pi in Eq. (14.84) which does not result in a collapse of eigenvalues in the 
quenched Eguchi-Kawai model. The R? symmetry is not broken pertur- 
batively in the quenched Eguchi-Kawai model and it is equivalent to the 
d-dimensional Yang-Mills theory in the N = œ limit. 

Just as in the scalar case, we can substitute the integration over pf 
in Eq. (14.81) at N = oo by distributing them with a proper weight. 
It is again convenient to choose the weight (14.28) as is prescribed by 
Eq. (14.25). In contrast to the momentum regularization in the d- 
dimensional gauge theory, this results in a gauge-invariant regularization 
of perturbation theory since the eigenvalues of A,, are gauge invariant (cf. 
Eq. (14.57)). 

In fact, the precise form of the measure for integrating over p; on the 
RHS of Eq. (14.81) is not essential as N — oo. All that is needed from the 
measure is for the integral over p; to converge, which would protect the 
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eigenvalues from collapsing in perturbation theory. Any other measure 
performing the same job is as good as this one. 

For the same reason, the precise form of the distribution of the quenched 
momenta, substituting the integration at N = ov, is not essential if it is 
smooth. The distribution (14.28) simply provides a nice gauge-invariant 
regularization of perturbation theory which is of the same type as the 
proper-time regularization. 

Given a distribution of the eigenvalues pf}, Eq. (14.81) simplifies to 


(Fi, + Ala) ) = (F|-Di(e)V,P»ViD(a)| Ps (14.85) 


In particular, the averages of closed Wilson loops are given by 


(x tr Peis ne) red, (x tr Pes ee) . (14.86) 
N N QEK 


The averages of open Wilson loops in the quenched Eguchi—Kawai model 
obey Eq. (14.68). 

A formal proof of the equivalence of the d-dimensional Yang-Mills the- 
ory in the large-N limit and the quenched Eguchi-Kawai model can be 
given [GK82, Mig82] using the loop equation. To derive the equation for 
the Wilson loops in the quenched Eguchi-Kawai model, which are de- 
fined by the RHS of Eq. (14.86), we perform the right shift of the unitary 
matrix V,: 


SV, = iVueu, (14.87) 
where e, is Hermitian. Substituting into Eq. (14.78), we obtain 


6A, = iV, [Pu €u] V} (14.88) 


under the shift (14.87). 
Using the gauge symmetry (14.80), we can always choose the gauge 
where V, = 1 for the given u. Then 


5A, = i[Py, él (14.89) 


does not depend on V,,. 

The variation (14.89) is almost the same as that which resulted in the 
loop equation (14.65) of the Eguchi-Kawai model. The only difference re- 
sides in the fact that the variation (14.87) does not change the eigenvalues 
of A,,. When we expand the induced variation of A,,, given by Eq. (14.89), 
in the Lie algebra basis, no diagonal generators appear. But their number 
is ~ N and hence O(N =t) of the total number of generators. For this 
reason, the Wilson loop averages in the quenched Eguchi-Kawai model 


14.6 Quenched Eguchi-Kawai model 345 


obey at N = oo the same loop equation as in the naive Eguchi-Kawai 
model. Additional terms of order 1/N appear in the loop equation of 
the quenched Eguchi—Kawai model since diagonal generators, which are 
needed for the completeness condition (11.6), are missing. Hence, correc- 
tions to the N = co loop equation of the quenched Eguchi-Kawai model 
are ~ 1/N rather than ~ 1/N? as in the d-dimensional Yang-Mills theory. 

This demonstrates once again that quenched reduced models can re- 
produce only planar diagrams of the d-dimensional theories but cannot 
reproduce diagrams of higher genera. 

The representation (14.82) of the averages in the quenched Eguchi- 
Kawai model does not look like that in gauge theories where the averaging 
is over quantum fluctuations of A,. The quenched Eguchi-Kawai model 
can, however, be represented in such a form as is shown by Gross and 
Kitazawa [GK82]. 

Let us introduce 


i= J dAn (Ap + Va PV} (14.90) 


into the numerator and denominator on the RHS of Eq. (14.82). 
Changing the order of integration over dA,, and dV,,, we obtain 


f IL dA, C(A, P) e584] FLA] 


(FIA) z , (14.91) 
ia I ORCA P) E 
where 
C(A; P) = / [[a%5(Au + YP) AP). (14.92) 
m 
And analogously, 
Zork = ‘| J [d4 C(A, P) SA (14.93) 
m 
for the partition function of the quenched Eguchi-Kawai model from 
Eq. (14.83). 
Substituting 


Au = —P, + gbp, (14.94) 


we can calculate C(A, P) at least perturbatively in g. Evaluating the 
integral on the RHS of Eq. (14.92), we find 


mife +g = Ec 7 +0(8) | (14.95) 


u i=1 jzi Pi 


to quadratic order in b,. 
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The meaning of this constraint is obvious: diagonal elements of b, are 
expressed via off-diagonal elements for the eigenvalues of A, to coincide 
with —p/'. In particular, the diagonal elements of b, vanish to the leading 
order. This vanishing of bi is however not a gauge-invariant condition to 
higher orders in g. The role of the higher terms in the argument of the 
delta-function in Eq. (14.95) is to ensure gauge invariance to all orders in 
g as C(A, P) is gauge invariant according to the definition (14.92). 

The constraint (14.95) restricts only N out of N? degrees of freedom, 
which explains why it is inessential, say, in the large-N limit of the loop 
equations in the quenched Eguchi—Kawai model. 

The presence of the delta-function affects, however, the dynamics of 
the degrees of freedom associated with the diagonal elements A;;. In 
particular, the analog of the continuum propagator (14.22) is given by 


A ids 
1) = CT (14.96) 
0 i=j 


which cures the divergence of a massless propagator at i = j. 

If the constraint (14.95) is solved for b}; versus off-diagonal components 
and the result is substituted into the action, this will generate new inter- 
actions. The diagrams of perturbation theory in the quenched Eguchi- 
Kawai model coincide with the integrands of the planar Feynman graphs 
in the d-dimensional Yang-Mills theory except for diagrams with the new 
vertices which are needed for gauge invariance of the quenched Eguchi- 
Kawai model. The sum of these additional diagrams vanishes [GK82] 
after averaging over the quenched momenta. 


Problem 14.5 Derive Eq. (14.95) to quadratic order in b,.. 
Solution We need to solve the equation 
P, — gbp = VPV} (14.97) 
for V,, iteratively in g. Substituting 
V, = EP, (14.98) 
we find that Eq. (14.97) is reduced to the linear order in g to 
woo fp pe\phE 
o = i(pt— ph) nts. (14.99) 
This equation requires bj; = 0 and fixes off-diagonal components of hi, to be 
H 
bij 


2-2; 


h = ~i (14.100) 
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Fig. 14.2. Index-space diagram for the average of closed Wilson loop to order 
g’. The momentum p; or p; flows along the index line i or j. The momentum 
pi — pj is associated with the double line ij. The diagram is associated with an 
analytic formula given in Eqs. (14.102) and (14.103). 


To the quadratic order in g, only his to the linear order contributes to the 
diagonal components of Eq. (14.97) since a commutator with the diagonal matrix 
P,, has no diagonal components. Then Eq. (14.97) yields 


b 
bi = gY (pt = ph) nine, = -gð aa Wil “Ss (14.101) 


Fi m 


which reproduces the argument of the delta-function in Eq. (14.95). 


Problem 14.6 Calculate the average of a closed Wilson loop in the quenched 
Eguchi-Kawai model to order g?. 


Solution The calculation is similar to that in Problem 14.1 on p. 331. Substi- 
tuting Eq. (14.94) into the RHS of Eq. (14.86) and expanding to order g?, we 
obtain 


2) z i(pi—p3)(v—2) (pH py 
Worx(C) = affus a 2) UB) oi 


1,j=1 


(14.102) 


since P, and b, do not commute. The associated index-space diagram is depicted 
in Fig. 14.2. For the distribution of eigenvalues given as N — oo by the Gaussian 
weight (14.28), we have using Eq. (14.96) 


A 
Worx (C) = -2 $ avu $ dy, 
C Cc 
d/2 i(vs—p;)(y—a2 
x (=) i / dm Opi eat /at hia? pk a a 
m (AVT) (Avr) (pi — pj) 


(14.103) 


Introducing the variables p+ = p; + pj and accounting for a Jacobian, we have 


S 
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quite similarly to Problem 14.1: 


d oip(y—=z) 
(2) i SÀ dip „2/242 € 
Wopx(C) = -3 f dn f dow J ore p/ -E (14.104) 
C C 


which reproduces (a regularized version of) Eq. (12.17) with the correct normal- 
ization. 


Remark on the quenched Eguchi-Kawai model on the lattice 


The quenched Eguchi-Kawai model was originally formulated on a lattice 
[BHN82]. All the formulas are analogous to those given above in this 
section, while taking into account the fact that U, is compact on the 
lattice. 

The analogs of Eqs. (14.78) and (14.79) are given by 


Ci Vye ey] (14.105) 
and 
dU, = dP, dV, A? (6e), (14.106) 
where explicitly 
; pt — p! 
A (ee) = LI 2s ( 5 La). (14.107) 
i<j 


The quenched variables p? € (—r/a,+7/a] play the role of the lattice 
momenta restricted to the Brillouin zone. 

The measure dU, of the naive Eguchi-Kawai model (14.43) is multiplied 
by 


C(U,P) = f [Jav ö(U, ay, gamay) A?(eiPn) (14.108) 
m 


Correspondingly, the partition function of the lattice quenched Eguchi- 
Kawai model is given by 


ZQuk = ICAA (14.109) 
H 


where the eigenvalues p! are distributed uniformly over the hypercube. 

The U (1)? symmetry is not broken in the lattice version of the quenched 
Eguchi-Kawai model for all values of the coupling g?N. This is illus- 
trated by the one-loop calculation in Problem 14.7. The lattice quenched 
Eguchi-Kawai model is equivalent to an N = oo Wilson lattice gauge 
theory on a d-dimensional lattice for all values of g?N. This is verified, 
in particular, by numerical simulations. 
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Problem 14.7 Calculate the partition function (14.109) to the leading order in 
g’, fixing the gauge by V4 = 1. 
Solution Since the gauge is fixed by Va = 1, the vacuum state is simply 
cl __ —iP,a 
U! = e (14.110) 


or V, = 1. This can be seen representing the action (14.38) in an equivalent 
form by rewriting 


1 
Se = — Y t| UnU]. (14.111) 
4N 
BAY 
We expand 
pit 
Vii = öj— igazi w=l,...,d—-1, (14.112) 
ij 
where 
u u 
pi — pi 
H — i t I 
SË = 2sin (2). (14.113) 


Here b” is the off-diagonal Hermitian matrix as has already been explained. 
Equation (14.112) reproduces the continuum equations (14.98) and (14.100) as 
a— 0. 

Keeping the terms which are quadratic in b, in the action, we have 


d-1 
1 
S = 5 dy Dd |Shby — SHOE), (14.114) 
Lv=l i,j 
while the measure is 
d-1 d-1 
Jav, = [LA P(e") ab, (14.115) 
u=1 p=1 


to this level of accuracy. 
The calculation of the Gaussian integral over b, reduces for the given indices 
i and j to a calculation of the determinant of the (d — 1) x (d — 1) matrix 


d 
Rw SS S269 = S85 (14.116) 
p=1 


which has one eigenvalue $7 and d — 2 eigenvalues Sey S2. This can be easily 
seen using the rotational symmetry, which allows us to choose S,, = 0 for u = 
2,...,@—1. Therefore, we have 


d d—2 
det Ry, = S? (33) (14.117) 
uv 

p=1 


gee 
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Finally, we obtain 


d p” = ptt 2—d 
JII dV, A? (ee) eS = J] (Ein £) , (14.118) 
p=1 H 


i<j 


which reproduces the integrand in Eq. (14.77) as a — 0. There is no collapse of 
eigenvalues of U, thanks to the quenching procedure. 
In this Problem we have followed the calculation of [KM82]. 


15 


Twisted reduced models 


There is an elegant alternative to the quenched Eguchi-Kawai model, de- 
scribed in the previous chapter, which also preserves the U(1)4 symmetry. 
It was proposed by Gonzalez-Arroyo and Okawa [GO83a, GO83b] on the 
basis of a twisting reduction prescription. The corresponding lattice ver- 
sion of the reduced model lives on a hypercube with twisted boundary 
conditions. The twisted reduced model for a scalar field was constructed 
by Eguchi and Nakayama [EN83]. 

The twisted reduced models reveal interesting mathematical structures 
associated with representations of the Heisenberg commutation relation 
(in the continuum) or its finite-dimensional approximation by unitary ma- 
trices (on the lattice). In contrast to the quenched reduced models which 
describe only planar graphs, the twisted reduced models make sense order 
by order in 1/N and even at finite N. In this case they are associated with 
gauge theories on noncommutative space, whose limit of large noncom- 
mutativity is given by planar graphs thereby reproducing a d-dimensional 
Yang-Mills theory at large N. 

We begin this chapter with a description of the twisted reduced models 
first on the lattice and then in the continuum and show how they describe 
planar graphs of a d-dimensional theory. 


15.1 Twisting prescription 


We start by working on a lattice to make the results rigorous and then 
repeat them for the continuum. 

The twisting reduction prescription is a version of the general reduc- 
tion prescription described in Sect. 14.1. We again perform the unitary 
transformation (14.4), where the matrices D(x) are now expressed via a 
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set of d (unitary) N x N matrices T, by 
Day aera (15.1) 


and the coordinates of the (lattice) vector x, are measured in the lattice 
units so that all the exponents are integral. 
The matrices I, obey the Weyl-’t Hooft commutation relation 


Ply = Zegrory (15.2) 


with Zu, = Zi, being elements of Z(N) and d is assumed to be even. 
These matrices l, which are called twist eaters, will be constructed ex- 
plicitly in a moment. 

Substituting (14.4) with D(x) given by Eq. (15.1) into Eq. (14.1), we 
obtain the following partition function of the twisted reduced model [EN83] 


ZrRM = f dpe Stem? (15.3) 
with the action 


Sraml@] = -NX trl, G0 g+NtrV(g). (15.4) 
H 


The “derivation” is again modulo the volume factor in the action. 
Correspondingly, an analog of Eq. (14.9) for the twisting reduction 
prescription is given by 


(Fle) "$ (F|D'@gDe)] ) (15.5) 


TRM’ 


where the average on the RHS is calculated for the twisted reduced model: 
( Fig] = = Zohn f dg e~ reale] Fg]. (15.6) 


The equality of the LHS of Eq. (15.5) (calculated for the d-dimensional 
theory (14.1)) and the RHS (calculated for the twisted reduced model) 
takes place in the planar limit, i.e. for N = oo, owing to the explicit form 
of D(x) given by Eq. (15.1). 

Problem 15.1 Demonstrate that the order of T, in Eq. (15.1) is inessential. 


Solution Let us define a more general path-dependent factor 


D(C) = PIT... (15.7) 
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where the path-ordered product runs over all links forming a path Czo from the 
origin to the point x. Owing to Eq. (15.2), a change of the path multiplies D(x) 
by the Abelian factor 


ZC) = I Z (15.8) 
pES:ðS=C 
where (u,v) is the orientation of the plaquette p. The product runs over any 
surface spanned by the closed loop C, which is obtained by passing the original 
path forward and the new path backward. Owing to the Bianchi identity 


J| Ze = 1, (15.9) 


pEcube 


where the product goes over six plaquettes forming a three-dimensional cube on 
the lattice, the product on the RHS of Eq. (15.8) does not depend on the form 
of the surface S and is a functional solely of the loop C. 

It is now easy to see that under this change of the path we obtain 


D}; (2)Da(2) — |Z(C)|? D}; (£)Du(2) (15.10) 


and the path-dependence is canceled because |Z(C)|? = 1. This is a general 
property which holds for the twisting reduction prescription of any even repre- 
sentation of SU(N) (i.e. invariant under transformations from the center Z(N)). 


Let us now explicitly construct the matrices T, which obey Eq. (15.2). 
We begin with the case of d = 2, where Iı and I, can be chosen to 
coincide with the L x L Weyl “clock” and “shift” matrices [Wey31]: 


Q = diag(l,w,w?,... w!) (15.11) 
and 
0100 0 
0010 0 
0001- 0 
P = S eee | S (15.12) 
0000 1 
1000 0 


which are unitary and obey 
QL ea oe (15.13) 
PQ = wQP (15.14) 


with w € Z(L). A solution to Eq. (15.2) in d = 2 is obviously given by 
Tı = P, T2 = Q providing L = N and w = Ziz = 7/4. 
For even d > 2, the factor of Z,,, can always be written as 


Ziv = wN EZIN) (ny = ty E ZN), (15.15) 
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where n, can be represented in a canonical skew-diagonal form 


nuv = os . (15.16) 


0 +Nd/2 
—Nq/2 0 


Although a solution to Eq. (15.2) is known for an arbitrary set of 
{na, Sey naz} (it is described in Problem 15.3), it is enough for our pur- 
poses to consider the simplest case of nı = ng = n in d = 4 dimensions. 

The idea is now to combine I1, ...,T4 into two pairs: T1, I2 and l3, T4, 
so the commutator of the two matrices from the same pair is similar to 
that in two dimensions, while the matrices from different pairs commute. 
These rules are prescribed by an explicit form of n,, given for this simplest 
twist by 


0 +n 

_ -n 0 
nuw = 0 +n 
-n 0 


(15.17) 


The solution to Eq. (15.2) can then be represented by a direct product 
of the L x L Weyl matrices (15.11) and (15.12): 


T; = Pel, Ty = Q&I, 
(15.18) 
r; = IQP, Ty = 1@Q. 
In other words, the solution is given on a subgroup SU(L) & SU(L) of 
the group SU(N), which is possible only if N = L? and n = L. Once 
again, this solution is not the most general one, but it is enough for our 
purposes. Note that ri = ] for this simplest solution. 


Problem 15.2 Extend the solution (15.18) to d dimensions assuming that all 
ni = L*/?-! in Eq. (15.16). 


Solution For such n,» the solution may be given on a subgroup o” ? @SU(L) 
of SU(N) so that N = L4/? and T;, Ti+1 (odd i = 1,3,...,d—1) can be chosen 
as a direct product of the Weyl matrices for the ith of SU(L)s and the unit 
matrices for the others. Again rž = 1 for this simplest twist. 


Problem 15.3 Find a solution to Eq. (15.2) for a general matrix nj. 


Solution We proceed similarly to the previous Problem. Given N and the d/2 
numbers n; € Zy, we introduce the integers p; = N/gcd(n;,N). A solution to 
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Eq. (15.2) exists if the product p, ---pa/2, which plays the role of the dimension 
of irreducible representation of the algebra, divides N. In that case we write 
d/2 
N = po | [pi (po € Z) (15.19) 


and the solution may be given on the subgroup SU (po) ® SU (p1): - -Q SU (pa2) 
of SU(N) such that T;,0;+1 are constructed as a direct product of the Weyl 
matrices on SU(p;) and unit matrices for the others. The subgroup of GL(p, C) 
consisting of matrices which commute with the twist eaters T, is then GL (po, ©). 

This solution was found in [BG86, LP86], where it was shown that Eq. (15.19) 
is a necessary and sufficient condition for the existence of solutions to Eq. (15.2). 
The simplest solution from the previous Problem is associated with po = 1, 
pı = +++ = paj2 = L. Another simple example is N = poL4/?, ni = poL“/?-}, 
pı =- = paj2 = L when TY = 1. 
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We shall now demonstrate how the twisted reduced model, which is de- 
fined for a scalar field by Eqs. (15.3) and (15.6), reproduces [EN83] at 
large N the planar graphs of the d-dimensional theory. 

In principle, we may try to simply repeat the perturbative analysis of 
Sect. 14.1, representing the propagator of ij via the I, and expecting 
that momentum integrals will be recovered after summing over indices 
circulating in closed loops owing to the explicit form of the twist eaters. 
This is indeed the case. 

It is more instructive, however, to proceed in a slightly different way 
explicitly introducing the momentum variable via a sort of a Fourier trans- 
formation on gl(N;C) (general complex N x N matrices). 

A convenient Weyl basis on gl(L; C) is given [Hoo78, Hoo81] by (sym- 
metric) products of the “clock” and “shift” matrices (15.11) and (15.12). 

Let us introduce L? matrices 


Titi SPO Oe: (15.20) 


where m1,m2 € Zz. An arbitrary L x L matrix M can be expanded in 
this basis: 


My ey Tiaa M (mı, m2), (15.21) 


rea 1 


where M(m1, mg) are certain expansion coefficients. 

We see that a pair of T mı and mg, forming a two-dimensional 
vector, m = {m1,m2} € Z%, is naturally associated with this construc- 
tion. As we shall see in a moment, these integers label momenta on an 
L x L periodic lattice. 
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An extension of this construction to arbitrary (even) d dimensions is 
obvious for the simplest twist given by the matrix (15.16) with nj = 
L4/2-1 for all i = 1,...,d/2, which is considered in Problem 15.2 on 
p. 354. We introduce the basis on gl(N; C): 


Tus = Pt cal e ME ey Mumm N, (15.22) 


where m = {mj,...,™ma} € Z is a d-dimensional vector (remember that 
N = L4/ 2), The last factor* again makes the product symmetric. 
There exist L = N? independent orthogonal generators Jm which obey 


Ji = Jm (mod L), (15.23) 

L tJa = bmn; (15.24) 

E NO (15.25) 
mezi 

ImIn = Iman e™ Zur ™rmv™eIN (mod L). (15.26) 


Equations (15.24) and (15.25) represent, respectively, orthogonality and 
completeness of the generators. The product of two generators is given 
explicitly by Eq. (15.26). 

An arbitrary N x N complex matrix M’ can be expanded as 


E 1 e 
ME XO Ji} M(m) (15.27) 


d 
meZs 


and M(—m) = M*(m) if M is Hermitian as a consequence of Eq. (15.23). 
Using Eq. (15.24), the coefficient M(m) is given by 


M(m) = Ntr (M I). (15.28) 


Equation (15.27) simply extends Eq. (15.21) to the multidimensional case. 
A mapping of the twisted reduced model into a d-dimensional field 
theory can be established as follows. 
We expand the matrix ¢ in the basis of Jm: 


e = 5 S Sa: (15.29) 


d 
meZs 


* Strictly speaking, we assume that n,, is even and L is odd for the Jm to obey a 
periodicity property J....m,;+1,... = J...,.m,,.... This is necessary only for finite N since 
this periodicity is lost as N — oo. 
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The measure (13.2) for the averaging over the matrices Ø is then repre- 
sented by 


dg = [J dym). (15.30) 


d 
meZe 


The substitution of the expansion (15.29) into the kinetic part of the 
action of the twisted reduced model yields 


M. cee 
Ntr (Fe = Erare) 
H 


- se D (FSi BETO) oh amet 
meZ, s (15.31) 


2 
STRM 


which coincides with the kinetic part of the action of a single-component 
scalar field on a d-dimensional lattice of spatial extent L’ = N? with 
periodic boundary conditions. 

In the latter case, we substitute the Fourier expansion 


1 ; 
Gz = zi `> e E pupy Canum aN omy) , (15.32) 


d 
meZe 


which yields 


G2) 


M- ao 
T(P- Lever] 

x H 

1 M TED ig, ane 
= BY (See BE) gmet. 
zi H 

eye (15.33) 
The number of degrees of freedom is the same in both cases: there 
are N? elements of the matrix ð in the twisted reduced model which 
matches the L? = N? sites of the lattice. The expansion coefficients in 


Eqs. (15.29) and (15.32) are just the same! Correspondingly, the measure 
for path integration over Yx is 


[[ cy: = II dy(m) (15.34) 


d 
meZe 


which coincide with the measure (15.30). 
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In other words, the degrees of freedom described by the matrix (15.29) 
or the field (15.32) are the same. 

The coincidence of the actions of the two theories at finite N is only 
for the kinetic part of the actions which is quadratic in fields. This is no 
longer the case for interaction terms. For the simplest cubic interaction, 
we have, using Eq. (15.26), 


1 


Ntr = xe 5 elmij\y(mo)p(ms)N tr Jmı Jmə Jmz 


™1,™2,™3 


Sigs MuNuvny/N 


= Z$ o(-m—n)p(m)o(n) 
ae (15.35) 


which has an extra phase in contrast to the cubic interaction of a single- 
component scalar field outlined in Sect. 2.3.* 

The presence of this factor is crucial in showing that the twisted reduced 
model at N = co correctly reproduces planar graphs of the d-dimensional 
theory. This happens because of a remarkable theorem proven in [EN83, 
GO83b] which states that 


(1) the phases cancel out in planar graphs, 
(2) the phases remain in nonplanar graphs suppressing their contribu- 
tion as N > oo. 


In order to sketch a proof of the theorem, we introduce the momen- 
tum variables p, = 27 $, nuum /aN and qu = 27 0, Nw /aN, which 
become continuous momenta from the first Brillouin zone (—a/a,7/a] as 
N — œœ, and pass to the momenta p;, pj, and pp associated with the 
single lines carrying the indices i, j, and k as in Eq. (14.17). 

The phase factor in Eq. (15.35) can then be rewritten in the form 


eM Ly Munn /N — .~ip6q/2 _ e Pibpj+ Pj OPK +PROP:)/2 (15.36) 


where we have used the rules of matrix multiplication of the Lorentz 
indices so that 


pidpy = Dop Op (15.37) 
MY 
and 
aN 24 
Quy = On HY . (15.38) 


* We shall demonstrate in the next chapter that the twisted reduced model at finite N 
is precisely equivalent to a theory on a noncommutative lattice. 
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A proof of the theorem simplifies [IIK00] after rewriting the phase factor 
according to Eq. (15.36). Now each factor of exp (—ip;0p;/2) can be 
assigned to each of the three propagators which meet at a vertex. The 
overall phase of a graph can be computed by summing up the phases 
associated with both ends of each of the propagator lines. Since the two 
ends of an internal double line are oriented in an opposite way for a planar 
graph, the contributions of the two ends mutually cancel. Therefore, the 
overall phase of a planar graph involves only external momenta and is the 
same to all orders of perturbation theory. For example, there is no such 
phase for vacuum graphs, while the RHS of Eq. (15.36) is reproduced 
for each planar graph contributing to the three-point vertex. This phase 
depending on external momenta is simply related to the mapping (15.5) 
of observables. 

The cancellation of the phases does not occur for crossing lines which 
are inevitably present for nonplanar graphs. For example, the nonplanar 
graph depicted in Fig. 11.3 has the extra factor of exp (ip@q) where p and 
q are momenta associated with the two lines which cross over each other. 
This is because if these two lines were to form a four-gluon vertex, instead 
of crossing, it would produce the additional phase factor exp (—ip@q) and 
the graph would then be planar. 

A nonplanar graph possesses such an extra momentum-dependent 
phase factor in the integrand, whose rapid oscillations suppress the in- 
tegral over internal momenta. Note that 6, given by Eq. (15.38) is ~ L 
so that the integral for a nonplanar diagram of genus h is suppressed by 


—h 
(paet 0u) pT a N N (15.39) 
pv 


in accord with the topological expansion in 1/N. Here p? is typical ex- 
ternal momentum associated with the diagram. 

If N — oo then only planar diagrams survive in the twisted reduced 
model, thereby reproducing the planar limit of the d-dimensional theory. 


Remark on twisted versus quenched models at large but finite N 


The size of the lattice associated with the twisted reduced model at large 
but finite N is L = N?/¢, This is to be compared with its counterpart for 
the quenched reduced model where L = N14 as discussed in the Remark 
on p. 329. For a given N, the value of L for the twisted reduced model is 
much larger than for the quenched reduced model. The former therefore 
provides a more economic approach to the limit of infinite volume. 

We shall see in the next chapter that yet another continuum limit, 
associated with noncommutative theories, can be obtained in the twisted 


360 15 Twisted reduced models 


reduced models at the distances ~ /6] ~ aN'/4, The corresponding 
momenta are p? ~ 1/|6| so that the dimensionless parameter on the LHS 
of Eq. (15.39) is ~ 1 and each term of the genus expansion is of order one 
in this continuum limit. 


Remark on mapping between matrices and fields 


The transition from matrices to functions on a periodic L lattice can be 
formalized by introducing the matrix-valued function [Bar90] 


AË (z) = a Se oe, (15.40) 
mEZI 
where the functions 
jmla) = Env Barney /aN (15.41) 


form a Fourier basis. 
Thus defined A” (x) possesses the properties 


Al(z) = A(z), (15.42) 

Ntr yee = est), (15.43) 
2) A(z) = Lagt, (15.44) 
T,A(2) Tt L = A(x—afi), (15.45) 
Ntr A(z) A(u)| = Sry. (15.46) 


Equation (15.46) represents completeness of the Fourier basis (15.41) in 
the space of functions on a discrete torus. 

Given the definitions (15.29), (15.32), and (15.40), we can directly relate 
matrices with functions of x by 


X A(a) p(x) (15.47) 
and vice versa 
v(x) = Ntr E A(z)| (15.48) 


In particular, the equivalence of the actions (15.31) and (15.33) is a 
consequence of the general formula 


Niel = S LE, (15.49) 


where £ is arbitrary and £(æ) is related to it by Eqs. (15.47) and (15.48). 
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As N — œ, we approach the limit of an infinite lattice since aL — oo. 
Then the discrete variable m, is to be substituted by a continuum mo- 
mentum variable from the first Brillouin zone: 


2 V V 
ky. = a Me E€ (-- “|. (15.50) 


The summation over m, is to be substituted in all the formulas above by 
an integration over k: 


1 dk 
ae in as MIESE (15.51) 


For smooth configurations when only modes with |k,,| < 1/a are essen- 
tial, we can additionally substitute the summation over the lattice sites 
x by an integration over the continuum variable x € R? (d-dimensional 
Euclidean space): 


ae No [ate (15.52) 
Then Eq. (15.49) becomes 

atNtrL => [ate L(x). (15.53) 
In particular, we have 

afNtri => [ete =V (15.54) 


which relates the (infinite) trace of a unit matrix with the (infinite) vol- 
ume. 

We shall return to the relation between infinite-dimensional matrices 
(= operators) and functions on Rf in Sect. 15.4 when discussing a con- 
tinuum limit of the twisted reduced models. 


Remark on SU(co) and symplectic diffeomorphisms in d = 2 


The group SU(N) can be approximated at large N by the group SL(2; R) 
of area-preserving or symplectic diffeomorphisms (SDiff) in two dimen- 
sions. 

It follows from Eq. (15.26) that 


[Jasa = 2isin [E m,n) AET (15.55) 


where mpe” ny = Min — mon. 
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At large N and m,e"”’n, < N the sin can be expanded, which yields 


.27 
ee ie izg (Eww) Jmn : (15.56) 
Equation (15.56) is to be compared with the Poisson bracket 


Tims In} pp = Onan 
(mye ny) jmn (15.57) 


2 


of the basis functions jm given by Eq. (15.41). The group SL(2;R) of 
symplectic diffeomorphisms arose since it is a symmetry of the Poisson 
structure. 

For smooth matrices Ø” when the low modes dominate in Eq. (15.29), 
the commutator can be substituted by the Poisson bracket 


[-,-] => if{-,-}ps.- (15.58) 


This looks like a semiclassical approximation of commutators in quantum 
mechanics by the Poisson brackets. It is now justified by the large value 
of N. 

This clarifies the relation between the group SL(2;R) of symplectic 
diffeomorphisms and the group SU(co) for smooth fields. 

There is a vast literature on this issue starting from unpublished works 
by J. Goldstone and J. Hoppe (see [Hop89]) in the early 1980s who approx- 
imated symplectic diffeomorphisms of a spherical membrane by SU(N). 
This relation was applied [FIT89] to classical Yang-Mills theory and for- 
mulated [FFZ89, FZ89] in an elegant way for a torus. These two cases 
describe two different N = oo limits of SU(N) [PS89]. It was conjec- 
tured [Bar90] that strings could appear from the reduced models owing 
to this mechanism, which also seems to explain early results [Cre84] on an 
SL(2;R) invariance of the SU(co) Yang-Mills theory in two dimensions. 

More on the relation between symplectic diffeomorphisms and SU (co) 
can be found in the review [Ran92]. 


15.3 Twisted Eguchi—Kawai model 


In order to construct the twisted Eguchi-Kawai model (TEK), we proceed 
quite similarly to Sect. 14.3 by substituting D(x) given by Eq. (15.1). 
Equation (14.31) remains the same but the difference is that now 


D, = D(ia+ap)D'(z) = Ty (15.59) 


and, hence, the D,, do not commute. 


15.3 Twisted Eguchi-Kawai model 363 


Reordering the matrices in D(x) produces an Abelian factor which de- 
pends on the ordering prescription. It is possible to use a symmetric 
ordering (15.22) instead of the normal ordering (15.1) when 


D(z) = Jsja, (15.60) 
and 
d 
eral Weise (15.61) 
v=1 


This extra Abelian factor cancels in most of the formulas. 
The substitution of (14.31) with D(x) given by Eq. (15.1) (or 
Eq. (15.60)) into the Wilson action (6.18) results in 


GE ee E zt! - Że [ötri ri ČT i 


= F5 {1 zae [0 (Oat) 2) (0405) 
(15.62) 


where the factor of Z,,, emerged because of the commutation relation 
(15.2). 
Introducing the new variable 


U, = Tuy (15.63) 
as in Eq. (14.37), we finally obtain 
Srek[U] = = >> (1 — Zw eh ULULU, 4 (15.64) 
es 


for the action of the twisted Eguchi-Kawai model. 

Noting that the Haar measure dU, = dU,, is not changed* under the 
(left) multiplication (15.63) by a unitary matrix I’, we arrive at the 
partition function of the twisted Eguchi-Kawai model 


The only difference from the original Eguchi-Kawai model (14.40) resides 
in the twisting factor of Z,» in the action (15.64). 


* We shall see in Sect. 16.6 some examples when this is not the case. 


364 15 Twisted reduced models 


The twisted Eguchi-Kawai model possesses the gauge symmetry (14.39) 
and the U(1)? symmetry (14.41). The second one is not broken for all 
values of the coupling g?.N owing to the presence of the twisting factor as 
will be demonstrated in a moment. For this reason, the twisted Eguchi- 
Kawai model is equivalent at large N to the planar limit of d-dimensional 
Yang-Mills theory for all values of the coupling g?N. 

The vacuum state of the twisted Eguchi-Kawai model is given modulo 
a gauge transformation by 


U! = Tps (15.66) 


where the twist eaters I’, were constructed explicitly in Sect. 15.1. The 
value of the action (15.64) of the twisted Eguchi-Kawai model is 0 for this 
configuration which is smaller, say, than the value of 5° w (1— Re Zp) 
of the action for a configuration given by diagonal matrices. 

An analog of Eq. (14.42) for the twisted Eguchi-Kawai model is given 
by 


(FU) ) red. (F|D' (æ + aĝ) U,D()| ae (15.67) 


But the fact that D, no longer commute results in subtleties in repre- 
senting the averages, in particular the Wilson loops, in the language of 
the twisted Eguchi-Kawai model. 

The Wilson loop averages in the twisted Eguchi-Kawai model are de- 
fined by 


1 1 
Wrek(C) = (F20 te PTT , (15.68) 
i TEK 


where 


DC) =P hi (15.69) 


and the product runs over links forming the contour C. This is an analog 
of Eq. (14.45). 

Note that WrpK(C) = 1 for the vacuum configuration (15.66) when C 
is closed. 

For closed loops D(C’) € Z(N) which can be proven using the commu- 
tation relation (15.2). For instance, 


D Op) = Pie = Ss (15.70) 


The value of D(C) for a closed loop is the same as that prescribed by 
Eq. (15.67). 
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The first trace on the RHS of Eq. (15.68) vanishes for open loops, 
thereby providing the vanishing of the open Wilson loop averages them- 
selves. Strictly speaking, this vanishing does not hold, say, for the loops 
in the form of a straight line consisting of L links for the T, given by 
Eq. (15.18) when Er = 1. But this will be inessential for the purposes 
of this section since such loops are infinitely long as N — oo. We shall 
return to this point below when considering the twisted Eguchi-Kawai 
model at finite N and associating it with a theory on a finite lattice. 

Because the averages of the open Wilson loops vanish in the twisted 
Eguchi-Kawai model as N — oo by construction, all that was said in 
Sect. 14.3 concerning the equivalence with the d-dimensional lattice gauge 
theory is applicable for the twisted Eguchi-Kawai model as well. 


Problem 15.4 Extend Eq. (15.70) to arbitrary closed contours. 


Solution The calculation is similar to that in Problem 15.1 on p. 352. The 
result is 


DO = I| Z, (15.71) 
pES:dS=C 


where (u,v) is the orientation of the plaquette p. The product runs over any 
surface spanned by the closed loop C and is surface-independent owing to the 
Bianchi identity (15.9). 

Problem 15.5 Derive the loop equation for the twisted Eguchi—Kawai model. 


Solution The derivation is quite similar to Problem 14.2 on p. 336. Performing 
the shift (14.49) in the action (15.64), we obtain an extra factor of Z7),, which is 


absorbed by D(C) in the definition (15.68) of the Wilson loop averages in the 
twisted Eguchi-Kawai model owing to Eq. (15.70): 


DÝ (C) Zu = D'(C ap) (15.72) 
and similarly 
D(C) Zy = Di (Cop) (15:73) 


for the Hermitian conjugate term in the action. 
The resulting loop equation reads [GO83b] 


5 [Wrex(C Op) — Wrex(C dp~*)| 


P 


= PNY Ty (l) Wrex (Cy) Wrex (Cry) : (15.74) 
lec 


The Kronecker symbol +y is again restored on the RHS of Eq. (14.50) since the 
averages of the open Wilson loops vanish: 


This reproduces at N = oo the loop equation (12.65) of the d-dimensional lattice 
gauge theory which proves the equivalence. 
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Remark on twisted boundary conditions 


When gauge theory is defined in a box, the boundary conditions are not 
necessarily periodic. The values of the gauge field at opposite sides of the 
box can rather coincide modulo an SU(N) gauge transformation: 


Aula +) = Qur) Anla) O(a) +iO,(x) 8, OF (2). (15.76) 


Here 4, denotes the spatial extent of the box in direction v. This equation 
represents a twisted boundary condition. 

A box with periodic boundary conditions looks geometrically like a 
torus T? with the period matrix lw = brô. Similarly, a box with the 
twisted boundary conditions (15.76) is often called a twisted torus. 

The transition matrices Q, in Eq. (15.76) obey the consistency condi- 
tion [Hoo79] 


Q(x +b) Ale) = Zyy Q(x + L) u2), (15.77) 


where Zw E€ Zy. 

This factor of Z,,,, cannot be removed in a pure Yang-Mills theory 
since the gauge group is actually SU(N)/Z(N). Therefore, there are N 
distinct choices of boundary conditions per plane of a box, which are not 
related by a gauge transformation. The factor of Z,,, is associated with an 
additive flux known as the t Hooft flux, which is a feature of non-Abelian 
field configurations. 

A lattice counterpart of Eq. (15.76) reads 


U (+4) = (e+ af) U,(2) Of (2). (15.78) 


Correspondingly, a periodic lattice of finite size L@ is called a discrete 
torus Te. 

The twisted Eguchi—Kawai model is of the same type as Wilson’s lattice 
gauge theory on a unit hypercube with the twisted boundary condition 
and Q, = r}. This explains the terminology. 

Problem 15.6 Show the equivalence between the twisted Eguchi-Kawai model 


and Wilson’s lattice gauge theory on a unit hypercube with the twisted boundary 
condition. 


Solution The twisted boundary condition (15.78) for a hypercube with the 
corner at x = 0 is given generically as 


U,(a?) = O,(aft) U,(0) 250), (15.79) 

or 
U, (av) = TÍU), (15.80) 
for 2,(0) = Q,(af) =T}. 
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The action of Wilson’s lattice gauge theory on a unit hypercube with the 
twisted boundary condition can be transformed using Eq. (15.80) to the form 


Sfi- Le [ehoufaryv.(anv.0]} 


HAV 
z 2 fı = Lu [uo (rtutor.) (TLU ,) U„(0)] \ 
25 : {I Zuo tt | (UOTE) (VLOT) C00) (Put .(0))| \. 


(15.81) 


where we have used Eq. (15.2). Introducing the variable U, = T',,U,,(0), we 
arrive at the action (15.64) and the partition function (15.65) of the twisted 
Eguchi-Kawai model. 

The consideration of this Problem was the original motivation of [GO83b] for 
introducing the twisting factor of Z,,, in the action of the naive Eguchi-Kawai 
model. 


Remark on U(N) gauge fields 
The consistency condition for the U(N) gauge group is simply 


Qula +4) Qur) = Q(x ++ La) Qux)  |UCN) matrices (15.82) 


in order for a field in the fundamental representation to be single-valued 
on a twisted torus. 
But now field configurations are characterized by the first Chern class 


1 1 
qw = z f dondar t Fw (15.83) 
T 


which is nothing but the (magnetic) U (1) flux through the (u, v)-plane of 
the torus. It is quantized since the homotopy group 7(U(N)) = Z. 

Given a U(N) field configuration with a constant U (1) flux and sub- 
tracting it, we arrive at an SU(N) part of the gauge field: 


SU(N) _ TO py Ly 
ASANI = Ag mae (15.84) 


which obeys Eq. (15.76) with 
FOOD = gem Geel, (15.85) 
satisfying Eq. (15.77) with Z,,, = e~?"1%/" | Therefore, the U(1) (mag- 


netic) flux induces [LPR89] the ’t Hooft flux for the SU(N) part of the 
U(N) gauge group. 
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15.4 Twisting prescription in the continuum 


The twisting reduction prescription can be formulated directly for the 
continuum theory [GK83] by substituting 


dPAG rT, = eT iaPu (15.86) 


ga 
with the lattice spacing a —> 0 and N — oo. The N x N Hermitian 
matrices @ and P, become Hermitian operators ¢ and P,, as N — oo. 
While the T, in Eq. (15.86) look like Eq. (14.34), P, are no longer 
diagonal and do not commute. As a consequence of the Weyl-’t Hooft 
relation (15.2), they obey the Heisenberg commutation relation 


Paka) = SB ly (15.87) 
where 
27 Nyy 
Big= ae (15.88) 


from the matrix approximation. However, we shall not refer to the ma- 
trix approximation during most of this section and consider B,, as an 
independent variable. 

The commutator (15.87) is similar to that for the coordinate and mo- 
mentum operators in quantum mechanics. For this reason, the formula- 
tion of the continuum twisted reduced model uses operator calculus of 
quantum mechanics. 

Let us mention once again that a solution to Eq. (15.87) for P, exists 
only for infinite-dimensional Hermitian matrices (representing operators). 
This is a well-known property of the Heisenberg commutation relation. It 
can be seen by taking the trace of both sides of Eq. (15.87). If P, were 
finite-dimensional matrices, the trace of the LHS would vanish owing to 
the cyclic property of the trace, while that of the RHS would not. In 
contrast, Eq. (15.2) which is written for unitary matrices possesses a 
solution for finite N. 

A continuum (operator) analog of Eq. (15.1) is 


d 
D(z) = [ei (15.89) 
p=1 


and similarly for Eq. (14.4): 
(a) ES pt(x)6D(z). (15.90) 
We can change the order of operators in the product on the RHS of 
Eq. (15.89) by introducing a more general path-dependent operator 


dét P, 
’ 


D(C) = Pec (15.91) 
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where the integration contour Czo connects the origin and the point x, 
but is arbitrary otherwise. Changing the shape of the contour results in 
an extra factor 


Peifde’Py —  g-iBw f do” (15.92) 


which is a cnumber and cancels in the reduction formula (15.90). This 
is quite similar to the consideration in Problem 15.1 on p. 352. 

In particular, we can always pass in Eq. (15.89) from the normal order- 
ing of the operators to a symmetric ordering: 


D(x) = e“ Ei Paty, (15.93) 


This is an operator analog of Eq. (15.60). 

The action of the continuum twisted reduced model is given by the same 
formula (14.21) as for the continuum quenched reduced model except that 
P obey the commutation relation (15.87) rather than commuting as in 
the quenched reduced model. A “volume element” v is again given for the 
lattice regularization by Eq. (14.23). Just as in the case of the quenched 
reduced model, the very formulation of the continuum twisted reduced 
model implies a regularization. 

What remains to be defined are two related issues: how to understand 
the trace in Eq. (14.21) and how to introduce a regularization directly 
within the continuum theory. 

We begin with a two-dimensional case where Buy = Bev. The oper- 
ators Pı and P% are then similar to the position and momentum oper- 
ators in one-dimensional quantum mechanics, with B playing the role of 
Planck’s constant. 

A Hilbert space is spanned either by | p1) or | p2) states which are the 
eigenstates of either Pı or Po: 


P,|p1) = pilpi), P2|p2) = p2|pe), (15.94) 


and are normalized to (p'/|p) = 6“) (p — p’). 
In either basis the trace of an operator O on the Hilbert space is defined 
via its (diagonal) matrix elements by 


wo = [ol 010). (15.95) 


The matrix element can be easily calculated, representing O by the use 
of the commutator (15.87) in a normal form, where all P; are to the left 
of P2, and 


g HEUP lp) = |p—k), P/F |p) = |py— a). 


(15.96) 
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There exists a simple operator representation of the N = oo limit of 
the basis elements Jm introduced in Sect. 15.2. Substituting the operator 
limit (15.86) of Ty = P and T2 = Q into Eq. (15.20), we obtain 

Ji — ev iam Pı eT iam2 P2 eT immime/L = Jm (15 97) 
bs = . : 

The order of operators on the RHS of Eq. (15.97) is normal. Applying 
the Baker-Campbell—Hausdorff formula 

ef eB e73l4B] = gare, (15.98) 


which is exact when the commutator [A, B] is a c-number as in our case, 
it can be represented conveniently in a symmetric- or Weyl-ordered form 


Jm = eam Pitm2P2) (15.99) 


The continuum operator counterparts of the formulas of Sect. 15.2 are 
obvious. 

Introducing the continuum momentum variable k, = 2nE pvm, /aL 
which is a d = 2 version of Eq. (15.50) and using the substitution (15.51), 


we have 
= Wee — Jy, f(k (15.100) 
which is quite analogous to the Fourier transform of a function 


f(z) = Mie ett? f(k) (15.101) 


Here 
J; = ei(k2Pi—ki P2)/B = eik2P1/B Q—iki P2/B Q—ikik2/2B (15.102) 


as follows from Eq. (15.97). 

The coefficients f(k) on the RHSs of Eqs. (15.100) and (15.101) are the 
same. Therefore, these equations relate operators in Hilbert space and 
functions to each other. This relation is often called the Weyl transform.* 

Given Eqs. (15.100) and (15.101) and using Eqs. (15.94) and (15.96), we 
can alternatively write down the Weyl transform via the matrix element 


27 Li 
f(k, k2) = B fan e k2pı/B (pi + shi | f | pı = sk1) . (15.103) 
An extension to d dimensions is straightforward. Say, k and x in 


Eqs. (15.100) and (15.101) were to simply become d-dimensional vec- 
tors. Similarly, the integration as well as the matrix element are 


* More rigorous mathematical definitions can be found in the book [Won98]. 
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taken in Eq. (15.103) with respect to half of the momentum variables: 
P1,P3,-++)Pd-1- 

The Weyl transform can, of course, be formulated without any reference 
to the discrete formulas of Sect. 15.2. We simply followed the spirit of 
Weyl’s original book [Wey31]. 

However, an advantage of such an approach which starts from a lattice 
discretization is that it provides an ultraviolet cutoff, making the con- 
tinuum twisted reduced model well-defined. The values of momenta are 
bounded by |k,,| < T/a, which introduces the cutoff. Instead of the lattice 
regularization, we can use a Lorentz-invariant regularization of [GK83] di- 
rectly for the continuum theory restricting k? < A? in the integral over 
k„ in Eqs. (15.100) and (15.101). This will both regularize perturbation 
theory and bound operators on the Hilbert space. 

The action of the continuum twisted reduced model regularized in such 
a way can be represented in the form 


> (27)? 1 2 S, 
STRM = EA -3 [Pu 2] ag V ($) ; (15.104) 
where we have substituted 
E (Qn) 4/2 


and Pf (By) = /dety, By. This substitution is justified by the defini- 
tion (15.88) of Bav and v is again a volume element given by Eq. (14.23) 
for the lattice regularization. 

We have already met the factor (15.105) for d = 2 in Eq. (15.103). It 
appears whenever the trace over the Hilbert space is substituted by the 
integral over space as 


(21) 4/2 I E 

t = 15.1 

PEL) rH Ll d°x L(x), (15.106) 
where L(x) is the Weyl transform of £. This formula is a counterpart of 


Eq. (15.53) 

The proof of how the continuum twisted reduced model reproduces 
planar graphs is quite similar to that of Sect. 15.2 on the lattice. The 
integral over space is reproduced according to Eq. (15.106). Nonplanar 
graphs are again suppressed as 0y = Be > oO. 


Remark on the number of states in Hilbert space 


For the matrix approximation, the Hilbert space is spanned by N states. 
A question arises as to what is the number of states in the Hilbert space 
regularized in a Lorenz-invariant way. 
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This can be easily understood from an analogy with the semiclassical 
limit of quantum mechanics when B, which plays the role of Planck’s 
constant, is small. The volume occupied by the N states in a phase 
space is given semiclassically by the Bohr-Sommerfeld formula. It can be 
written in our notation as 


Ap, Pf (Buv) 
— = _-~N—-——. 15.1 
JI on (Qn) 4/2 (15 07) 


Dividing by N, we conclude that the factor on the RHS of Eq. (15.105) is 
related semiclassically to the inverse volume of a cell in the phase space. 
Given a regularization which determines the LHS of Eq. (15.107) via 
the cutoff A, we can solve Eq. (15.107) for N which gives the number of 
states in the regularized Hilbert space. 
Of course, all of these formulas become exact for the lattice regulariza- 
tion when Pf (By) ~ 1/N — 0. 


15.5 Continuum version of TEK 


The continuum version of the twisted Eguchi-Kawai model can be con- 
structed [GK83] from the lattice counterpart of Sect. 15.3 by substituting 


U met p ear ee (15.108) 


when the lattice spacing a —> 0 and N — oo. Here A, and P, are N x N 
Hermitian matrices which become Hermitian operators when N — oo as 
is described in the previous section. We shall imply, but not explicitly 
use the operator notation. 

To derive the action of the continuum twisted Eguchi—Kawai model, we 
first obtain from Eqs. (15.108) and (15.87) 


AU Ue er Ae: Zi eee tie (15.109) 


to order a?. Finally, we arrive at the following action of the continuum 
twisted Eguchi-Kawai model: 


Srex[A] = a tr ((A,,-Av] +iBu)*, (15.110) 
where v is again a “volume element” given for the lattice regularization by 
Eq. (14.23). Just as in the case of the quenched Eguchi—Kawai model, the 
very formulation of the continuum twisted Eguchi-Kawai model implies 
a regularization. 

It is worth mentioning here a subtlety associated with the fact that 
A, are Hermitian operators (infinite-dimensional matrices). The point is 
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that 
tr [An A] 4 0 (15.111) 


in this case so that B,,, cannot be omitted. This is a well-known property 
of operators obeying the Heisenberg commutation relation (15.87) as has 
already been pointed out. 

Nevertheless, the presence of the By does not affect the classical equa- 
tion of motion for the continuum twisted Eguchi-Kawai model which 
coincides with Eq. (14.71) since B,, is a c-number. 

Owing to the presence of B,, in the action (15.110), the vacuum con- 
figuration of the continuum twisted Eguchi-Kawai model is given by 


Al = —-P, (15.112) 


modulo a gauge transformation A! — QAİQİ. The minimum of the 
action is reached when P, obey Eq. (15.87) rather than being diagonal 
matrices. 

The continuum limit of Eqs. (15.68) and (15.69) determines the aver- 
ages of Wilson loops in the continuum twisted Eguchi-Kawai model: 


1 1 i 
Wrrk(Cyr) = (x tr (Cy) x tr P eleve ae , (15.113) 
TEK 


where D(Cy,) is defined in Eq. (15.91). They are nontrivial since A, do 
not commute. 

The trace of D'(Cy,) on the RHS of Eq. (15.113) vanishes for open 
loops. This provides the vanishing of the averages of open Wilson loops 
as is prescribed by the R? symmetry (14.61) of the action (15.110). 

For closed loops this factor does not vanish and represents the flux of 
the B,,-field through a surface bounded by the contour C. It is needed to 
provide the equivalence with planar graphs of d-dimensional Yang—Mills 
theory, since the classical extrema of the continuum twisted Eguchi-Kawai 
model are given by Eq. (15.112) and perturbation theory is constructed by 
expanding around this classical solution. The equivalence can be demon- 
strated perturbatively using the theorem stated at the end of Sect. 15.2. 

The proof of the equivalence between the large-N limit of d-dimensional 
Yang-Mills theory and the continuum Eguchi-Kawai model can be given 
using the continuum loop equation, for which the lattice regularization 
was considered in Problem 15.5 on p. 365. The loop equation for the 
continuum twisted Eguchi-Kawai model coincides with Eq. (14.65) for the 
continuum naive Eguchi-Kawai model. This is because the loop operator 
on the LHS of Eq. (14.65) is of first order (obeys the Leibnitz rule of 
the type of Eq. (12.96)). For this reason, the first trace in Eq. (15.113) 
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produces 
[Pus [Pu P] = 0 (15.114) 


which vanishes since the commutator of P, with P, is a cnumber. The 
manipulations with the result of acting with the loop operator on the 
second trace in Eq. (15.113) is exactly the same as for the naive Eguchi- 
Kawai model with an unbroken R? symmetry, which are described in 
Sect. 14.4. Also the treatment of the averages of open Wilson loops 
according to Eqs. (14.68) and (14.69) remains the same. This shows, 
in particular, that the “volume factor” v for the twisted Eguchi-Kawai 
model is the same as for the quenched Eguchi-—Kawai model if integrals 
over momentum are regularized in the same way. 


Problem 15.7 Calculate trz,D'(Cy.) for a straight line connecting x and y. 
Solution Using the formulas of Sect. 15.4, we obtain in d = 2 


try ei(vi—21) Piti(ys—a2) Po 


= fo (p| el¥1-#1) Pi pi(ye—@2)P2 o7i(x1—y1)(z2—y2)B/2 | p1) 


27 
= Ho (yr = #1) 6 (y2 — 22). (15.115) 
An extension to d dimensions is straightforward: 
, Qn)4/? 
E — 2M sayy). 15.116 
re Ee (15.116) 


This demonstrates how the averages of open Wilson loops vanish in the con- 
tinuum twisted Eguchi-Kawai model. 


Remark on TEK with fundamental matter 


As has already been discussed in Sect. 11.5, matter in the fundamental 
representation of the gauge group SU(N) can survive the large-N limit 
of Yang-Mills theory only in the Veneziano limit when the number Np of 
flavors is proportional to the number N of colors. 

Such a limit with Np = n¢N can be described [Das83] for an integral ne 
by the following generalization of the twisted Eguchi-Kawai model. 

We begin for simplicity with a scalar field on the lattice, whose free 
action for Hermitian matrices is given by the first line in Eq. (15.31). An 
interaction with the gauge field is introduced by gauging the first of the 
two matrix indices of the general complex matrix ¢"/, i.e. by replacing 
the second I’,, by Up, which is essentially an exponential of the covariant 
derivative as has already been pointed out. 
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The generalized action is given as 


S = Spex + Ntr [ua -5 (r gtute + r}g'u,.8) (15.117) 
H 


where Srpk is the action (15.64) describing self-interactions of the gauge 
field. Repeating the analysis of Sect. 15.2, we see that this model repro- 
duces planar graphs of the d-dimensional Yang—Mills theory with Nr = N 
species of scalars in the fundamental representation. 

We can easily associate an extra index running from 1 to nf to the 
matrix ~ in order to have a theory with Nr = n¢N flavors. 

A similar generalization of the twisted Eguchi-Kawai model can be 
made by incorporating fermions which belong to the fundamental rep- 
resentation, thereby describing the Veneziano limit of QCD. Introducing 


Grassmann-valued matrices wy and Y, we write down the action as 


’ 


S = Srex+Ntr [uss =y. (Dibi Utd + rioPsU ye) 
m 


(15.118) 


where Py are the projectors for lattice fermions that are defined in Chap- 
ter 8. 

The continuum counterparts of Eqs. (15.117) and (15.118) can be easily 
written down by noting that the interaction with the gauge field can be 
incorporated by the substitution 


[Paġ] > -Auð -— ÖP, (15.119) 


in the free actions (cf. Eq. (15.104) for Hermitian scalars), since A, is as- 
sociated with the covariant derivative in the fundamental representation. 

Finally for the action of the continuum twisted Eguchi-Kawai model 
with fundamental matter we find 


S = Spex +uN tr [rea +X > |Aue+ @P,l? (15.120) 
m 
for scalars and 
S = Strek + vN tr oe 5 DÐ p Yu (Að A P) p (15.121) 
m 


for fermions. Here Srpk is given by Eq. (15.110). 

When formulated in terms of operators on the Hilbert space, vN in 
Eqs. (15.120), (15.121) and (15.110) is to be substituted according to 
Eq. (15.105). 


16 


Noncommutative gauge theories 


We have seen in the previous chapter that the twisted reduced models 
reproduce planar graphs of the d-dimensional quantum field theories as 
N — co. However, the twisted reduced models make sense order by order 
in 1/N?. For the continuum twisted reduced models, the topological 
expansion goes in the parameter det (Buv). 

At finite By, the twisted reduced models are mapped [CDS98, AII00] 
into quantum field theories on noncommutative space characterized by a 
(dimensional) parameter of noncommutativity 0,, = Big The noncom- 
mutative gauge field is no longer matrix-valued as in Yang—Mills theory 
but noncommutativity of matrices in the reduced models is transformed 
into noncommutativity of coordinates in the noncommutative gauge the- 
ory. The planar limit of ordinary Yang-Mills theory is reproduced at 
large noncommutativity parameter 6,, — oo, while ordinary quantum 
electrodynamics is reproduced as 0y — 0. 

Noncommutative gauge theories possess a number of remarkable prop- 
erties. The noncommutative extension of Maxwell’s theory is interacting 
and asymptotically free. The group of noncommutative gauge symmetry 
is very large and incorporates space-time symmetries, in particular, trans- 
lation, Lorentz transformation, parity reflection. This restricts a set of 
observables in noncommutative gauge theory which are built out of both 
closed and open Wilson loops. At rational values of a (dimensionless) 
noncommutativity parameter, noncommutative gauge theories on a torus 
are equivalent to ordinary Yang-Mills theories on a smaller torus with 
twisted boundary conditions representing the ’t Hooft flux. 

We begin this chapter by mapping the twisted reduced models into 
noncommutative theories. Then we discuss some properties of noncom- 
mutative scalar and gauge theories including their lattice regularization. 
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16.1 The noncommutative space 


As we have seen in the previous chapter, the twisted reduced models 
make sense order by order of the topological expansion in the parameter 
det (By). We start this section by showing how the twisted reduced 
models are mapped into noncommutative quantum field theories. We 
simply repeat the consideration of Sect. 15.2 using the continuum operator 
notation of Sect. 15.4. 

Substituting the expansion (15.100) into the action (15.104) of the con- 
tinuum twisted reduced model and using the orthogonality condition, 


(2n)4/? i d s(d) 
= = 16.1 
PE (B,,) MHI (2r) 8” (k — q), (16.1) 
we obtain for the kinetic term 
COs Ee f A (k? + m?) p(—k)ylk) 
2J (2r)! 


z 5 fafi ? + mg?(2)}. (16.2) 


Here y(x) is given by Eq. (15.101), i.e. it is related to the operator ¢ by 
the Weyl transformation. The RHS of Eq. (16.2) is simply the free action 
for a scalar field in d dimensions. 

Let us now repeat the calculation for the cubic self-interaction. Using 
Eq. (16.1), we find 


a) 4/2 4 j | 
T os J way f ae — a)yp(p)p(q) e, 
(16.3) 


where buv = Bag This is a continuum analog of Eq. (15.35). 

The RHS of Eq. (16.3) involves the phase factor e~'?°4/? represent- 
ing noncommutativity of the generators Jpg. Relabeling the operators by 
introducing 


Ly = —OwPr, (16.4) 
which obey 
[Eu ev) = iw, (16.5) 
we obtain 
J, = ek (16.6) 
and 
TiJq = J ppg e8 (16.7) 


according to the Baker-Campbell-Hausdorff formula (15.98). 
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In order to represent the multiplication rule (16.7) by the Fourier-basis 
functions e!**, we introduce a noncommutative product of functions: 


def 


hoah E file) exp (5 bw) fale). (16.8) 


Here 0, acts on fı(x) and ð, acts on f(x). It is noncommutative but 
associative, i.e. 


[fulo) * fole)] fale) = file) [fale) + falo)], a69 


similarly to the product of matrices (operators). 
The product (16.8) is called the star product or the Moyal product. It 
becomes the ordinary product when 6,,,, — 0 since 


f(x) fo(z) Z POGES [ð fi(2)| (0, fo(x)] + O (67) (16.10) 


to the linear order in 0. 

Given the star product (16.8), the function f(x) can be viewed as a 
coordinate-space representation of the operator f to which it is related 
by the Weyl transform. Whenever we have a product of two operators, 
its coordinate-space representation is given by the star product of the two 
functions associated with the operators by the Weyl transform. 

In particular, the function x is the coordinate-space representation of 
the operator x and the commutation relation (16.5) has the coordinate- 
space representation 


Pg RUG —TyxTu = a (16.11) 


Equation (16.11) holds as a result of the definition (16.8) with fı = x, 
and fo = 2p. 
Similarly, we have 


reproducing the coordinate-space representation of Eq. (16.7). 


With the aid of the star product, we can represent Eq. (16.3) in the 
coordinate space as 


14/2 
FOJ trug? = [ete p(x) x p(x) x y(x) (16.13) 


and similarly for higher interaction terms 


z)4/2 
FOT ye. [ate FOO) p(x x p(x) (16.14) 
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so that 
Qn)? 
PF (By) 

The prescription for writing down the action of the noncommutative 
theory that comes from the mapping of the operator action (15.104) of the 
continuum twisted reduced model is obvious. We simply replace products 
of operators by the star products of their Weyl transforms and substitute 
the trace over the Hilbert space by the integral over coordinate space 
according to Eq. (15.106). In fact, the star product (16.8) is defined 
precisely in the way needed for this prescription to be valid! 

One could ask why there is a usual product rather than the star prod- 
uct in the kinetic term (16.2)? The point is that it does not matter 
what product we write for the integral of a product of two functions: the 
ordinary product or the star product. It is easy to show that 


[ehhe = fahaha) = fate pla) hle) 
(16.16) 
for functions decreasing with their derivatives at infinity as a consequence 
of the definition (16.8). This is a counterpart of the cyclic symmetry of 
the trace.* 
Finally we obtain the E action: 


= fafo a) x Onp(a) +V(xp(a)) |. (16.17) 


The parameter of noncommutativity 6,, enters the action via the star 
product (16.8). 

The action (16.17) is associated with a noncommutative scalar theory. 
In the limit of 6,,, — 0, it reproduces the ordinary theory of a single scalar 
field. In the opposite limit of 6,,, — oo, only planar graphs survive and 
the noncommutative scalar theory is equivalent to the theory of a matrix- 
valued scalar field with the action (14.20) at N =o. This can be easily 
shown directly using the theorem of Sect. 15.2 which was considered for 
noncommutative quantum field theories in [Fil96], where the phase factor 
associated with a generic nonplanar diagram was calculated. 


trnV( = fa V (x(x (16.15) 


Problem 16.1 Prove associativity of the star product (16.8). 


Solution Equation (16.9) can easily be proven by expanding in 0. To the 
quadratic order in 0, we are to verify that 


Dv Op (Ou f1) (On Op f2) (0, fs) = DvOxp (ufa) (O,O) f2) (3p f3) (16.18) 


which is true since 0, commute. It is similar to the next orders. 


* To avoid confusion, let us mention that Eq. (16.16) is not valid when fı and f2 are 
not decreasing at infinity, say, for fı = x, and f2 = xv. The trace of a commutator 
is then reproduced as a surface term. 
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If ô, were noncommutative derivatives (say, like covariant derivatives in an ex- 
ternal electromagnetic field), the star product would not be, generally speaking, 
associative. 


Remark on the Weyl transformation 


The Weyl transformation from operators to functions and vice versa can 
be written conveniently with the aid of the operator-valued function 


dtk —ika d¢k ik(a@—ax 
A(x) = lo Jy = bone a) (16.19) 


which is an operator counterpart of Eq. (15.40). 
We then represent the Weyl transformation by 


[ete A(x) f (x) (16.20) 


and 
74/2 
f(t) = eo Ei A(2)]. (16.21) 
Remember that 
1 
BEB) = PE Ow): (16.22) 


Note that A(x) becomes an ordinary delta-function as 0 — 0 when £, 
commute. 
Problem 16.2 Derive Eq. (16.8) by calculating the Weyl transform of the prod- 
uct of two operators. 


Solution The star product can be defined via the Weyl transform of the product 
of two operators: 


hopa) E Pen [fs raw), (16.23) 
Inserting Eq. (16.20) and using Eqs. (16.7) and (16.1), we obtain 
fix) fale) = faya fly) et tn [A@AWA(2) 

_ / dty d4z f(y) eoo ra (16.24) 


This is just the representation of the operator in Eq. (16.8) via a kernel. 

The associativity of the star product is clear from the integral representa- 
tion (16.24) as a consequence of the associativity of the matrix (operator) mul- 
tiplication. 
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Remark on the Moyal bracket 


The term linear in 0 in Eq. (16.10) for the star product is in d = 2 just 
the Poisson bracket. It is a “semiclassical” limit of the Moyal bracket of 
the two functions: 


{foluse = Aa (16.25) 


The Moyal bracket represents the Weyl transform of the commutator 
of two operators. It allows one to construct quantum mechanics without 
operators using instead functions on noncommutative phase space. It is 
known as the Weyl-Wigner—Moyal approach [Wey27, Wig32, Moy49] to 
quantum mechanics. Generically, the Moyal bracket appears in various 
physical problems whenever the large-N limit of a matrix commutator is 
represented by functions. It was associated [FZ89] with the commuta- 
tor (15.55) and discussed in early works [Li96, Far97] on the star product 
in matrix theory. 


Remark on nonlocality of the star product 


A nonlocal structure of the star product is obvious from the integral 
representation (16.24), while part of the integration region is suppressed 
by oscillations of the kernel. If fı and fo has support on a small region of 
size €, their star product fi(x) * fo(x) is nonvanishing over a larger region 
of size |0| /e. In particular, we find 


1 


eer) 


(16.26) 


for € — 0. 


Remark on the double scaling limit 


It has been recognized recently that the continuum noncommutative 
quantum field theories can be obtained as a large-N limit of the twisted 
reduced models. 

In the previous chapter we considered the limit of the twisted reduced 
model when N —> œ at fixed a. Then 6 — oo according to Eq. (15.38) and 
this limit is associated [EN83, GO83b] with the ’t Hooft limit of lattice 
matrix theory, where only planar diagrams survive. 

Alternatively, one can approach the continuum limit of the twisted re- 
duced models keeping 0 fixed as N — oo, which requires a ~ 1/VL ~ 
N-/4. The period £ = aL ~ VL ~ N14 — oo in this limit so noncom- 
mutative theories on R? are reproduced [AII00]. This limit is of the same 
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type as the double scaling limit which is considered in Sect. 13.5 for the 
matrix models. 

In Sect. 16.6 we shall describe how the original construction of [CDS98] 
for a torus can also be reproduced from the twisted reduced models. 


16.2 The U,(1) gauge theory 


A noncommutative gauge theory can be constructed from the continuum 

version of the twisted Eguchi-Kawai model described in Sect. 15.5. We 

should only remember that the operator A,, represents the reduction of 

the covariant derivative, as has already been pointed out, so we first 

substitute A,, = —P,, +A, and then identify the noncommutative gauge 

field A,,(x) with the Weyl transform (W.t.) of the operator A,,. 
Proceeding in this way, we have 


[Ap Ad] +iBut = [PAs] +[P. Au] + [4.4] 
OE Co (16.27) 
where F denotes the noncommutative field strength 


Fw = OyAy— Ay —i(Ay* Ay — Aye Ay). (16.28) 


It appeared as the Weyl transform of the LHS of Eq. (16.27). 
Using Eqs. (16.27) and (15.106), we rewrite the action (15.110) as 


S[A] = a fate F, (16.29) 


where \ = g? N coincides with the ’t Hooft coupling of the twisted Eguchi- 
Kawai model. This action determines the noncommutative Ug(1) gauge 
theory [CR87]. 

The action (16.29) involves cubic and quartic interactions of A,,. This 
is quite the same as Yang-Mills theory! For this reason the noncommuta- 
tive gauge theory is often called the noncommutative Yang—Mills theory 
(NCYM). 

The action (16.29) is invariant under the gauge transformation 


Ai ES. Grr HOOD (16.30) 
which is related to the Weyl transform of the gauge transformation (14.56) 
for the twisted Eguchi-Kawai model, where Q(x) is the Weyl transform 
of ©. Correspondingly, the complex conjugate function 9*(x) is the Weyl 
transform of Qt. The transformation (16.30) is often termed the star 
gauge transformation. 
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Note that 
x * i $ * x * 
(fix f2) = ft exp (-5 248d ) fo = foxft (16.31) 


owing to the definition (16.8) of the star product. This represents the 
rule for Hermitian conjugation of the product of two operators. 
The function Q(x) in Eq. (16.30) is star unitary, i.e. it obeys 


OO? el = Oe. (16.32) 


This is, of course, just the Weyl transform of the unitarity condition for 
the operator Q. 
A star unitary function can be constructed via the star exponential 


dasar Gen (16.33) 
where 
ia(x def oS i” 
ek (z) = a a(x) x +++ xalx) (16.34) 
n=0 


is defined via the Taylor expansion with the ordinary product substituted 
by the star product and a is real. This is simply the Weyl transform of 
the exponential of i times a Hermitian operator a. 

Problem 16.3 Prove that the action (16.29) is invariant under the star gauge 
transformation (16.30). 


Solution The noncommutative field strength (16.28) is changed under the star 
gauge transformation (16.30) as 


Fuv Bt. Qx Fup 0". (16.35) 


Correspondingly, we have 
[ate ae [ate OxFFRARO = [ae kXF? = [ate F? (16.36) 


as a result of Eqs. (16.16) and (16.32). 
Note that only the integral of Fiy over space is star gauge invariant rather 


than Fĉ, itself. 


The group of the star gauge transformations (16.30) of the noncom- 
mutative gauge theory is much larger than the group of the gauge trans- 
formations (5.4) of ordinary Yang-Mills theory and contains some of the 
space-time symmetries. 

Let us illustrate this statement by the simplest example of a star gauge 
transformation given by the star unitary function 


QU) = ee, (16.37) 
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We have 

O(x) * p(x) x OF (x2) = yl£+n) (16.38) 
which means that the star gauge transformation with the function (16.37) 
results in a translation by the d-vector n,. 

We have considered here the star gauge transformation of a field y(x) 
which is uniformly transformed. This could be a scalar field (in the ad- 
joint representation), the field strength F, (x) or the covariant derivative 
id,, + A, (2). 

A similar formula can be written down for a Lorentz rotation of a scalar 
field in a noncommutative plane, say, the (1,2)-plane. It is generated by 
the star gauge transformation with the star unitary function 


A(x) = V1 + 0262 bit) (16.39) 
where 0 = 619. Then we obtain 
OG ists) x p(x1, £2, ...) x Q* ie) SO ons) (16.40) 
with 
(16.41) 


ry = cosya1+siny x, 

xh — sin y £1 + COS Y T2, 

which is a rotation in the (1,2)-plane through the angle y = 2 arctan að. 
Finally, the parity reflection is represented by the star gauge transfor- 

mation with the star unitary function 


Q(a) = n? Pf (Oy) 5 (x) (16.42) 
(cf. Eq. (16.26)). It acts as 
Q(x) * p(x) *O*(x) = (2). (16.43) 


We shall see later in Sect. 16.5 how these properties of the star gauge 
transformation restrict observables in noncommutative gauge theory. 


Problem 16.4 Prove Eqs. (16.40) and (16.43) for the Qs given, respectively, by 
Eqs. (16.39) and (16.42). 


Solution It is convenient to use the integral representation (16.24) of the star 
product. For the star product of three functions, we have 


fila) x fo(x) x f(z) 


seg=i 
agg | edn Alot Ofale Ehen): 
m4 | det | 
(16.44) 
Substituting fı = fs = Q given by Eq. (16.42) into Eq. (16.44), we obtain 
Eq. (16.43). Choosing there y(x) = 1, we prove that Q(x) given by Eq. (16.42) 
is star unitary (cf. Eq. (16.26)). 
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Analogously, it is easy to derive Eq. (16.40) substituting for y(x) a Fourier 
decomposition (15.101) and performing the Gaussian integral over € and 7 in 
Eq. (16.44) for fı = Q, fs = Q* with Q given by Eq. (16.39). Again, it is easy 
to show that this Q(x) is star unitary choosing (x) = 1. 


Remark on the Lorentz invariance 


The presence of a tensor 6,,, in Eq. (16.5) superficially breaks the Lorentz 
invariance for d > 2. We can always represent 6,,, in a canonical skew- 
diagonal form 


0 -6, 
+6, 0 
Ow = es (16.45) 
0 64/2 
+64/2 0 


by a unitary transformation. In noncommutative gauge theory, this uni- 
tary matrix can be gauged away by a star gauge transformation of the 
type (16.39). Therefore, the only dependence on ĝu is via 01,..., 04/2 
and the Lorentz invariance is preserved. 


Remark on the Ug(n) gauge theory 


An extension of the results of this section to the group Ug(n) is obvious. 
The noncommutative gauge field becomes an n x n matrix-valued field 
Aji (x). The field strength is again given by Eq. (16.28) since the order- 
ing in matrix multiplication is consistent with the ordering in the star 
product. The action of the noncommutative Ug(n) gauge theory is 


1 


where tr(,) denotes the n x n matrix trace. 

The noncommutative Ug(n) gauge theory can be obtained from the 
twisted Eguchi-Kawai model by choosing a more general twist with 
ni = nL4/2-1, which is described at the end of Problem 15.3 on p. 354. 


16.3 One-loop renormalization 


One of the main original motivations for studying quantum field theory 
on noncommutative spaces was the expectation that noncommutativity 
provides an ultraviolet regularization. We shall see in this section that 
this is not quite the case, while ultraviolet properties of noncommutative 
theories are somewhat better than those of their ordinary counterparts. 
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DE aoa 


(a) (b) 


Fig. 16.1. One-loop correction to the gauge-field propagator in the noncommu- 
tative Ug(1) gauge theory. Diagram (a) is planar and has logarithmic ultraviolet 
divergence. Diagram (b) is nonplanar and converges for 6 4 0. The diagrams in- 
volve momentum integrals shown in Eqs. (16.47) and (16.48). The contribution 
of diagram (b) is suppressed as 0 — oo according to Eq. (16.50). 


We start from the noncommutative Ug(1) gauge theory described in 
the previous section, the Feynman diagrams of which have the form of 
ribbon graphs for a U(N) Yang-Mills theory. We shall use for them the 
double-line notation similar to that of Sect. 11.1. 

In order to construct the perturbation theory, we should first treat the 
gauge symmetry properly by adding the gauge-fixing and ghost terms to 
the action (16.29). They can be obtained easily once again by the Weyl 
transformation from those in the twisted Eguchi-Kawai model which are 
simply the reduction of the standard gauge-fixing and ghost term to zero 
dimensions. In the one-loop calculation of Sect. 14.5, they are given by 
Eq. (14.75) to quadratic order. 

The one-loop corrections to the propagator are depicted in Fig. 16.1. 
The diagrams are the same as for a U(N) Yang-Mills theory rather than 
SU(N). The diagram in Fig. 16.la is planar and that in Fig. 16.1b is 
nonplanar. The latter is not usually considered in the ordinary SU(N) 
Yang-Mills theory, since it is associated with propagation of diagonal 
elements (A (x) Ad’ (y)), while the former describes an off-diagonal prop- 
agator (Ap (x) A? (y)} with i Æ j. 

The relative sign of the two diagrams in Fig. 16.1 is minus since the 
relative sign of the two terms in the commutator of A, and A, is minus. 

For this reason, the two diagrams cancel each other in the 0 — 0 
limit associated with ordinary commutative Maxwell theory where there 
is no interaction between photons. They do not cancel however in the 
noncommutative case where the contributions of planar and nonplanar 
diagrams are different. 

There is nothing special about the planar diagram in Fig. 16.1a, the 
contribution of which is the same as in ordinary Yang-Mills theory. Ac- 
counting for ghosts, we obtain in the Feynman gauge for the self-energy 
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correction 
d*k 1 5 A? 
Fig. 16.la = =) z —,Aln—> 16.47 
= A a (27)! k?(p — k)? lon p? ( ) 
in d = 4 with logarithmic accuracy. 
Similarly, we obtain for the nonplanar diagram in Fig. 16.1b: 
dék elpok 5 M2 
Fig. 16.1b = Pa x — —— \ln =E 
18 A (2) k? (p — k)? lan? pe’ 
(16.48) 
where 
AY = |p? +A? (16.49) 


and we have assumed that |p||@p| < 1 for the logarithmic domain of 
integration to exist. 

In the opposite limit of |p||@p| >> 1, the integrand in Eq. (16.48) 
oscillates rapidly and the pu vanishes as 


Fig. 16.1b = ->A = z 
16.1b = =r ~y nr. 16.50 
2 E (2r)4 qp (p — k)? p74 det (Ou) ( ) 


This last formula is in accord with the general consideration of Sect. 15.2 
(cf. Eq. (15.39)). 

At arbitrary finite 0, the integral in Eq. (16.48) is convergent at | k| ~ 
1/ | @p| so we can disregard the A-dependence of Aeg. Consequently, only 
the planar graph in Fig. 16.1a has an ultraviolet logarithmic divergence. 

A very important consequence of these results is that only planar graphs 
contribute to the Gell-Mann-—Low function of the noncommutative Ug(1) 
gauge theory. For this reason it coincides [VG99, CDP00, MS99, She99, 
KW00] with that for ordinary Yang-Mills theory in the ’t Hooft limit. 

Another intriguing property of noncommutative theories is a mixing of 
ultraviolet and infrared scales [MRS99]. It has already been seen from 
Eq. (16.48) for which the RHS becomes singular at A = oo as |p| — 0, 
which plays the role of an effective ultraviolet cutoff in the coordinate 
space. Therefore turning on @ replaces the ultraviolet divergence by a 
singular infrared behavior. In other words, the infinite-cutoff limit A — co 
does not commute with the low-momentum limit p — 0. 

The ordinary U(1) theory, where the coupling is not renormalized, is re- 
covered at very small momenta p < 1/A |0|, of the order of the inverse mo- 
mentum cutoff for finite 6, which are associated with very large distances 
~ A|0|. This result is quite surprising since naively we would expect from 
Eq. (16.5) that the ordinary theory would be recovered at distances of the 
order of iol . We shall return to this aspect of the UV/IR mixing in the 


next section when discussing noncommutative quantum electrodynamics. 
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Remark on the UV/IR mixing 


If we introduce an infrared cutoff by putting a noncommutative theory 
in a box of size £, the minimal value of momentum is pmin = 27/2. It is 
related to the ultraviolet cutoff pmax = A by 


Pmin|0|Pmax = 2r (16.51) 


because the position operator x, and the momentum operator P, are 
related by Eq. (16.4). 

For the lattice regularization which is described in Sect. 15.2, we have 
Pmin = 2T /aL, |0| = a? L/T, Pmax = T/a and Eq. (16.51) is obviously 
satisfied. 


16.4 Noncommutative quantum electrodynamics 


A noncommutative extension of quantum electrodynamics (NCQED) can 
be constructed by the Weyl transformation of the continuum twisted 
Eguchi-Kawai model with fermions in the fundamental representation, 
the action of which is given by Eq. (15.121). 

The action of noncommutative quantum electrodynamics is 


1 = = 
SNCQED = [ete K” + YY lOu — iApx)y H MYY], (16.52) 


where w and w are in the fundamental representation of the star gauge 
group, contrary to the adjoint scalar field p described previously in this 
chapter. The fields 7) and 7 are associated with “noncommutative” elec- 
trons and positrons. 

Under the star gauge transformation when the gauge field is changed 
according to Eq. (16.30), they are transformed by 

i oxy, g E5 pr. (16.53) 
The action (16.52) is invariant under the star gauge transformation 
(16.30) and (16.53). 

The ordinary quantum electrodynamics with e? = A is obviously repro- 
duced as 0 — 0. 

Feynman graphs of noncommutative quantum electrodynamics recall 
those described in Sect. 11.4 for a U(N) Yang-Mills theory with quarks. 
It is most important that the vertex for emitting the gauge field by the 
fundamental matter is oriented owing to the presence of the noncommu- 
tative product. The gauge field can be emitted only to one side of the 
fermionic line but not to the other. 
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Table 16.1. Limits of noncommutative Ug(1) gauge theory at various distances. 


Distances Theories 


r «vo Veneziano limit of QCD 


vO Sr «oA Noncommutative Ug(1) gauge theory 


OA Sr Quantum electrodynamics 


For this reason only the diagram in Fig. 11.14a on p. 230 describes the 
one-loop correction to the gauge-field propagator coming from fermions. 
This diagram is planar and there are no nonplanar diagrams with 
fermionic loops to this order. 

This allows us to immediately conclude that the one-loop Gell-Mann- 
Low function of noncommutative quantum electrodynamics coincides with 
that (11.83) of multicolor QCD in the Veneziano limit. Given nf species of 
the fermions, the one-loop Gell-Mann—Low function of noncommutative 
quantum electrodynamics is [Hay00] 

2 
This formula shows that noncommutative quantum electrodynamics is 
asymptotically free at small distances for ng < 5, in contrast to ordinary 
QED. 

Singular infrared behavior in noncommutative quantum electrodynam- 
ics is the same as in the pure noncommutative Ug(1) gauge theory since 
there are no nonplanar diagrams with a fermionic loop. The usual Gell- 
Mann-—Low function of QED is therefore reproduced at very large dis- 
tances r = OA. 

To say it once again, the 0 — 0 limit is not interchangeable with the 
A — œ limit. Ordinary QED is reproduced for all distances when 0 — 0 
at fixed A. 

In the opposite limit of 0 — oo, noncommutative quantum electrody- 
namics is equivalent to multicolor QCD in the Veneziano limit when the 
number of flavors in QCD is Ne = ngN. This is because only the same 
planar diagrams survive in both cases. We have already pointed out this 
property in the Remark in Sect. 15.5 when describing the twisted Eguchi- 
Kawai model with matter in the fundamental representation. It is utilized 
to obtain the one-loop Gell-Mann-—Low function (16.54). 

These results are summarized in Table 16.1. 
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Remark on large but finite A 


The value of the cutoff A in quantum electrodynamics (or y*-theory) 
cannot be infinite because of its “triviality” dictated by the positive sign 
of the Gell-Mann—Low function. The renormalized charge would vanish 
as A — co. Therefore, the theory cannot be fundamental, but rather is 
an effective theory applicable down to the distances ~ 1/A where new 
degrees of freedom become essential. The property of renormalizability 
tells us that nothing depends on this scale so the effective theory is self- 
consistent at large distances. 

A standard way to cure the “triviality” of quantum electrodynamics is 
to embed it (or, strictly speaking, the SU(2) ® U(1) electroweak theory) 
into an asymptotically free theory with a compact gauge group at a grand 
unified scale. 


Remark on phenomenology in NCQED 


The current experimental bound on the value of 0 in our world is 
0 < (10 TeV)’. Phenomenological consequences of noncommutative 
quantum electrodynamics are discussed, in particular, in the recent papers 
[BGH01, CHK01, HPR00, Mat01, MPR00]. 


16.5 Wilson loops and observables 


Observables in noncommutative gauge theory are to be invariant un- 
der the star gauge transformation. As has been mentioned already in 
Sect. 16.2, the star gauge invariance strongly restricts the allowed set of 
observables. 

Just as in ordinary Yang-Mills theory, observables can be expressed 
via the Wilson loops. The standard way to derive proper formulas is to 
integrate over fundamental matter fields by performing the Gaussian path 
integral. This strategy can be repeated for noncommutative gauge theory. 
We describe in this section what kinds of Wilson loops then emerge. 

We first define a path-dependent phase factor associated with parallel 
transport from the point x to the point y in an external gauge field A, (x). 
The analogy with Yang-Mills theory prompts one to define 


UC) & JI (1 +idéA, (a +€)], (16.55) 
E: 2+ECCye 


where the product on the RHS is the star product with respect to x, 
E(0) = 0, €(1) =n = y — z is a d-vector pointing from the initial point x 
of the contour to its final point y, and the ordering is along the contour 
Cyx- 
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Under the star gauge transformation (16.30), U(Cyz) is changed as 


UC) = OULU DFO @) (16.56) 


quite similarly to the phase factor in Yang-Mills theory. The property 
(16.56) shows that U (Cy) is indeed a parallel transporter. 

This analogy with Yang-Mills theory can be made precise by returning 
to the continuum twisted Eguchi-Kawai model and noting that U(Cyz) 
is the Weyl transform of the product 


Dt (Cro) U(Cyo) “S$ U(Cye) (16.57) 


where D(Cņo) is given by Eq. (15.91) and we have denoted 


U(Cyo) = Peilcve "Ax (16.58) 


to emphasize that it does not depend on the position of the initial point 
x of the contour since A, is constant. 

Similarly, Eq. (16.56) is related to the Weyl transform of the operator 
formula 


U(C) £5 OUG a (16.59) 
which resulted from the unitary transformation 
A, © 9A,91. (16.60) 


We demonstrate this by explicit formulas for the lattice regularization in 
Problem 16.8. 

Multiplying by exp (i76~'a) from the left, Eq. (16.57) can be repre- 
sented equivalently as 


HC) UC) os OC), (16.61) 
where a c-number phase factor 
ZC) = DI (Cuo) (16.62) 


resulted from the difference between the path ordering of operators in 
D'(C,0); given by Eqs. (15.91) and (16.4), and the symmetric ordering in 
exp (inO- 1a). For a straight line, the difference disappears and we have 
Z(Cyo) = 1. 

In Yang-Mills theory, the trace of a phase factor for a closed loop is 
gauge invariant. Since the trace over the Hilbert space is substituted by 
the integral according to Eq. (15.106), we define 


Weos(C) = f dixU(Cre) (16.63) 
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which is star gauge invariant as can be easily seen using Eq. (16.16). This 
determines closed Wilson loops in noncommutative gauge theory. 

The role of the integration over the initial point x of the contour Cy, 
is to parallel transport the contour over the space. Since an average over 
quantum fluctuations of the field A, is invariant under translation, the 
(normalized) average of the closed Wilson loop is given simply by 


5 (Weos(C)) = (U(Cre)). (16.64) 


It recovers the average of the closed Wilson loop in Maxwell’s theory as 
0—0. 

Quite surprisingly there exists yet another kind of star gauge-invariant 
object in noncommutative gauge theory — open Wilson loops. They are 
given by [IIK00] 


Wnc(C) = 


Wopen (Cro) = f dÎzx U (Cyr) enb tv (16.65) 


where the integration over x translates the contour as a whole so n = y— x 
does not change under the translation. The closed Wilson loop (16.63) 
corresponds to y = x (or 7 = 0) in Eq. (16.65). 

Problem 16.5 Show that the open Wilson loop (16.65) is star gauge invariant. 


Solution The star gauge invariance of the open Wilson loop in noncommutative 
gauge theory can be shown as follows: 


[ate WC jet 
Et, [ae O(a + n) *U (Cyn) x Q (x) e191 
(16.16) f EUC) O* (a) x ei"? kOe n) 


(16:38) [ate U(Cyx) e719 * «O(a +) «Aa +7) 


O82) fate U(Cye) eo”. (16.66) 


The noncommutative Wilson loop is simply related to the integral over 
space of the Weyl transform (16.61) with U (C0) given by the operator 
expression (16.58) for the (open or closed) contour Cro. Since the trace 
over the Hilbert space and the integral are related by Eq. (15.106), the 
open Wilson loop (16.65) is simply proportional to the trace of U(C,9) 
for an open contour: 


Wopen(Cno) = Z(Cro) (20)? Pf£O tru U(C;o) , (16.67) 
where the c-number phase factor Z(Cņo) is given by Eq. (16.62). 
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The RHS of Eq. (16.67) is obviously invariant under the unitary trans- 
formation (16.60) both for closed and open contours. It is of the same 
type as the expression under the average in Eq. (15.113), while the first 
trace is replaced by Z(C,9). These are the same for the closed Wilson 
loops. 

As was shown in [|AMNO00a], the closed Wilson loops (16.63) natu- 
rally appear in the sum-over-path representation of the matter correlator 
(h(x) x U(x))y, while the opn Wilson loops (16.65) do so for the cor- 
relator (p(x + n) x exp (inb tx) xp(x))}y. Both correlators are invariant 
under the star gauge transformation (16.53). The second one is invariant 
owing to Eq. (16.38). 

Noncommutative extensions of local operators, such as tr F?, are con- 
structed using the open Wilson loops in [GHI00]. 


Remark on the definition of open Wilson loops 


The RHS of Eq. (16.67) looks slightly different from the expression under 
the sign of averaging in Eq. (15.113) since the first trace is replaced by 
Z(Cy0), which only coincide for the closed Wilson loops. This difference 
between the two factors becomes inessential for the averages of open Wil- 
son loops since they vanish in the noncommutative gauge theory owing 
to translational invariance 


(Woren(Cyz)) = ‘Wwa(C) i dig cin 
(2r)4 det 05 (x — y) Wyo (C). (16.68) 


Note that the vanishing of the open Wilson loops in the twisted Eguchi- 
Kawai model was guaranteed by the first trace in Eq. (15.113). 

This difference of the two definitions of the open Wilson loops is a 
result of historical reasons. Once again they are essentially the same in 
the large-N limit where the averages factorize. 


Problem 16.6 Obtain an explicit expression for the noncommutative phase 
factor expanding in Ap. 


Solution The calculation is similar to that in Problem 5.2 on p. 89. Expanding 
in A,, we obtain finally 


3 n n n 
U(Cyz) = Paape fager fago ee |) 
0 o 0 0 
x Ap, (x + Ex) x Aup (© + &-1) cso x Ay, (x F £) , 
(16.69) 
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where the star product is with respect to x and the theta function orders the 
points €; along the contour. This formula is simply the Weyl transform of an 
operator version of Eq. (5.27). 


Problem 16.7 Derive the loop equation in noncommutative Ug(1) gauge theory 
as 0 — oo. 


Solution The derivation is similar to that in Yang-Mills theory. Applying the 
operator 0,,5/do,, to U(Czz) at the point z € Crs, we have 


ô 
ôu 
ÔC pulz) 
= U(Crz)x (i 3p Fpv + Ap x Fuv — Fv * Ay) (2) xU (Cz). 
(16.70) 


This calculation is purely geometrical and results in the insertion of the noncom- 
mutative Maxwell equation at the point z. Replacing it by —id/dA,(z) in the 
average, we obtain [AMN99] 


U (Cre) 


n 
ô 
ð wW A | dé” (U(Crz) x 5 — z) xU (Cas) ). 
ugel SAEN £ +5 (+ 2) xU(Cza)) 
(16.71) 
Using translational invariance of the average and the identity 


[ate neo) x(x +E- Piel 


A d ei£0- i 
arm | FAC acs (16.72) 


which can be easily derived from Eq. (16.44), Eq. (16.71) finally takes the form 
[AD01] 


ô À 
(8) aa a = arana f Wopen(Czz) Wopen (Cze) )- 


E ST uy x 
(16.73) 


Note that Eq. (16.73) relates the average of closed Wilson loops to the corre- 
lator of two open Wilson loops. The latter has a factorized part and a connected 
part: 


(Wopen (Cuz) Wopen (Czx)} 
= (Wapon (Can) Wopen( Cen) + (Wopen (Caz) Wopen (Cez) } 


conn’ 


(16.74) 


The resulting equation for the factorized parts is the Weyl transform of the loop 
equation in the continuum twisted Eguchi-Kawai model owing to Eq. (16.67) 
relating the Wilson loops in both cases. Remember, that the volume V = 
N(2m)4/? Pf 6 provides the correct normalization. 

Each average in the factorized part is proportional to a delta-function as a 
result of Eq. (16.68), which should be treated by introducing a regularization as 
is discussed in Sect. 14.4. Since the connected correlator is suppressed at large 
6 as 1/ det 0, we arrive at Eq. (12.59) as 0 — oo. 


396 16 Noncommutative gauge theories 


16.6 Compactification to tori 


To describe compactification of noncommutative theories to tori, we start 
again from the twisted reduced models. We consider a lattice regular- 
ization of noncommutative gauge theories in order to make the results of 
this and the next sections rigorous. 

A compactification of reduced models to a d-torus T? can be described 
[CDS98] by imposing the quotient condition 


Apt 2tRydu = WAL, (16.75) 


on A,,. Here Q, are unitary transition matrices like those in Eq. (15.76). 

In a moment we shall see that the twisted Eguchi-—Kawai model with 
imposed quotient condition (16.75) and a certain choice of Q, describes, 
at N = oo, the noncommutative U,(1) gauge theory on a torus. This 
explains the terminology used in this section. 

Taking the trace of Eq. (16.75), we see that a solution only exists for 
infinite matrices (= Hermitian operators). 

Motivated by the discretization (15.2) of the Heisenberg commutation 
relation (15.87) at finite N by the unitary matrices, we exponentiate A, 
according to Eq. (15.108) with a dimensional parameter a to obtain 


emetay Rall = QUQ}. (16.76) 

This U,, is unitary and Eq. (16.76) is an N x N matrix discretization of 
Eq. (16.75) which has solutions (described below) for finite N. 

Taking the trace of Eq. (16.76), we conclude that U,, should be traceless, 

which is the case for the twist eaters I',. Taking the determinant of 


Eq. (16.76), we conclude that aR,,N should be integral. The consistency 
of Eq. (16.76) also requires 


OEP Z 000, (16.77) 
with Z,,, € Z(N). The quotient condition (16.76) is compatible with the 


gauge symmetry (14.39) if Q commutes with the transition matrices Q. 
Let us choose 


Q, = Gia (16.78) 
V 
where m is an integer and 
0 +1 
-1 0 
Ep = ae : (16.79) 
0 +1 
—1 0 


These Q, obviously obey Eq. (16.77). 
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Then a particular solution to Eq. (16.76) with aR, = m/L is given by 
U, =, while a general solution is 


U, = PiU (16.80) 


with Ŭ, obeying 


Ü, = Q0, Q}. (16.81) 


We are interested in a very special solution [AMN99] to Eq. (16.81) at 
finite N when m is a divisor of L so that n = L/m is an integer. Then a 
solution to Eq. (16.81) can be written as 


U2 = =a Dd) OR) U (16.82) 
keZe, 


where J, are defined in Eq. (15.22). Here k, runs from 1 to m since 


r = 1. This U, obviously commutes with Q, given by Eq. (16.78). 

Given the c-number coefficients U, (k) which describe the dynamical 
degrees of freedom, we can use a Fourier transformation to obtain the 
field 


1 : 
U,(z) = — >_ ePmiaek/om Ty, (k) (16.83) 
keZd, 


which is periodic on an m? lattice (or equivalently on a discrete torus 
TZ). The spatial extent of the lattice is therefore £ = am. 
The field U,,(a) describes the same degrees of freedom as the (con- 


straint) N x N matrix Uj , while the unitarity condition UU} = 1 is 
rewritten as 


U(x) xU (xz) = 1 (16.84) 


similarly to Eq. (16.32) in the continuum. 
The lattice star product in Eq. (16.84) is given by 


fila) * fola) = AY ela fila ty) fle +2) (16.8) 
Y,z 


with 


TA (16.86) 
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This expression for 6, is of the same type as Eq. (15.38) for the given 
simplest twist with* 


nu Oe i (16.87) 


These formulas follow from comparing the expansions (16.82) with 
(16.83) and using Eq. (15.26). As a — 0, Eq. (16.85) recovers the in- 
tegral representation (16.24) of the star-product (16.8) in the continuum. 

The twisted Eguchi-Kawai model (15.65) (in general, with the quotient 
condition (16.76)) can be rewritten identically as a noncommutative Ug(1) 
lattice gauge theory. Given the relations (16.82) and (16.83) between 
matrices and fields, we rewrite the action (15.64) of the twisted Eguchi- 
Kawai model as 


T Svek z = S (1 Ug (a) «Up (a + ab) «Uy + afi) +U,(2)). 
xzeT4, bAV 
(16.88) 
where the coupling constant À = g?N. 
Analogously, the (constraint) measure dU,, turns into the Haar measure 


[[e%@) = [au (). (16.89) 
T, ky 


In fact, both (constraint) dU, and Lh, 1 duU,(x) are simply given by the 
RHS of Eq. (16.89) since the degrees of freedom are the same. 

The action (16.88) is invariant under the lattice star gauge transforma- 
tions 


U(x) E5 O(a + afi) «U, (x) x O* (2), (16.90) 


where Q(x) is star unitary. 

The usual twisted Eguchi-Kawai model (without the quotient condi- 
tion) is associated with n = 1. Then Q, = 1 (remember that ITE = 1) 
and Eq. (16.76) becomes trivial. The large-N limit of the usual twisted 
reduced models can be associated [AII00] with noncommutative theories 
on R¢ as has already been discussed in the Remark on p. 382. 

For n > 1 (that is the twisted Eguchi-Kawai model with the quotient 
condition), the noncommutativity parameter (16.86) can be kept finite 
as N — oo, even for a finite @ if the dimensionless noncommutativity 
parameter 


e 2 
Ow E rw (16.91) 


* The discrepancy in a factor of 4 is because we have changed the definition of the 
lattice momentum: py, = 2méyvky/aL = tnyvky/aN, which is more natural for even 
Nuu and odd L (see the footnote on p. 356). 
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is kept finite (and becomes an irrational number as N — oo). This 
means that the resulting continuum noncommutative theory lives on a 
torus [CDS98]. The case of finite N corresponds [AMN99] to the non- 
commutative lattice gauge theory (16.88) which is a lattice regularization 
of this continuum theory. The noncommutative theory on R? is reached 
as L > oo. 


Remark on finite Heisenberg- Weyl group 


The noncommutative lattice gauge theory can be constructed [BM99, 
AMNOO0b] on the basis of finite-dimensional representations of the 
Heisenberg—Weyl group without the use of the matrix approximation. 
Equation (16.86) relating 0 and the lattice size then emerges as a consis- 
tency condition. 


Remark on Wilson loops on the lattice 


A lattice contour ČC consisting of J links is given by the set of unit vectors 
fi; associated with the direction of each link j (j = 1,..., J) forming the 
contour (cf. Eq. (6.40)). The parallel transporter from the point x to the 
point y= z +n (n=a)), fij) along Cys is given by 


J—1 


U(Cyr) = Unz +a ye hy) x: KU (x + aftr) xU (T). (16.92) 
j=1 


It is star gauge covariant, 
Ul(Cy) 2 O(a +n) *U(C) x(x), (16.93) 


under the star gauge transformation (16.90) of the link variable. 
The lattice analog of the open Wilson loop (16.65) is 


Wopen(C no) = `> etm Bun 2v xU(Cyz) , (16.94) 


where n, = anj, with integer-valued j, (modulo possible windings). It is 
star gauge invariant. 

The continuum limit of Eq. (16.94) determines star gauge-invariant 
Wilson loops in noncommutative gauge theory. The open loops (16.65), 
which exist in addition to closed Wilson loops, can have an arbitrary value 
of 7 on R? [IIK00]. On T? the open Wilson loops are star gauge invariant 
only for discrete values of 7 measured in the units of 270/4 [AMN99]. 

We shall see in the next section that the open Wilson loops in noncom- 
mutative Ug(1) gauge theory for integral m/n = p are Morita equivalent 
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to the Polyakov loops in a U (p 2) Yang-Mills theory on a smaller torus 
of period £/p with twisted boundary conditions. 


Problem 16.8 Find a map between the Wilson loops in the twisted Eguchi- 
Kawai model and the noncommutative lattice gauge theory. 


Solution The map between the Wilson loops in the twisted Eguchi-Kawai 
model and the noncommutative Ug(1) gauge theory on the lattice can be written 
down explicitly using the relation (15.47) and (15.48) between matrices and 
fields. We consider for simplicity the twisted Eguchi-Kawai model without the 
quotient condition. 

We mention first that A’ (x) defined in Eq. (15.40) obeys the property 


Aly) = D(Cye)A(e)D' (Cyc), (16.95) 


where D(Cy,) is given by Eq. (15.7) but the RHS is path-independent as is 
shown in Problem 15.1 on p. 352. 
It also satisfies 


e 1. . 
A (x) x AF (x) = wea” (a) (16.96) 
as a consequence of the formula 
NO JH Jh pme Ene Ce SNR Ie (16.97) 
mEZI 


which recovers the completeness condition (15.25) for n = 0. 
Given Eqs. (16.95) and (16.96), we have 


Ntr [Ade +1] «Ntr [BA(x)| = Ntr [Dt (Cyx)AD(Cyx)BA(2) ; 


(16.98) 


where y = x +n. Equation (16.98) is simply a matrix analog of the extension of 
Eq. (16.23) for the case when y does not coincide with x. 
Noting that 


U,,(x) = Ntr [Č A)| (16.99) 
and applying Eq. (16.98) several times, we obtain 
U(Cyz) = Ntr [Dt (Cya) U (Cpe) A(a)] (16.100) 


with U(Cyc) = Jc, Um- This is a lattice analog of Eq. (16.57). 


Under the gauge transformation (14.39) the RHS of Eq. (16.100) transforms 
as 


Ntr [Dt (Cyx) U(Cyx) A(a)] Et, Ntr DC) QU (Cya) A A(a)| 
= Ntr [Dt (Cyx) Q D(Cyx) Dt (Cy) U (Cya) A A(a)| 


CE Oly) kU (Cyn) * 2" (ce) (16.101) 


which is a lattice version of Eq. (16.56). 
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For a closed contour, D(Cz,) in Eq. (16.100) is a cnumber and summing over 
x by $`, A(x) = 1, we arrive at 


XC UlCrs) = tr D(C) trU(C). (16.102) 


This reproduces Eq. (15.68) for the Wilson loops in the twisted Eguchi-Kawai 
model after averaging and dividing by the volume factor of L? = N? which 
appears on the LHS owing to Eq. (16.64). 

For an open contour, we obtain analogously 


S UCh t EE Co Na VC), (16.103) 
where Z(Cy0) = JnjaD'(Cyo) is a lattice analog of the c-number phase fac- 
tor (16.62) (cf. Eq. (15.60)). Equation (16.103) is a lattice analog of Eq. (16.67). 
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The continuum noncommutative gauge theory with rational values of 
the dimensionless noncommutativity parameter © defined in Eq. (16.91) 
has an interesting property known as Morita equivalence [Sch98].* We 
shall describe it for the lattice regularization associated with the simplest 
twist (16.87), assuming that the ratio m/n = p is an integer. 

Then the noncommutative Ug(1) gauge theory on an m? periodic lattice 
is equivalent to ordinary U(p) Yang-Mills theory with p = p%/? on a 
smaller n? = (m/p)? lattice with twisted boundary conditions and the 
coupling g? = A/p (where À is the coupling of the Ug(1) gauge theory). 

In the previous section we have discussed the equivalence of the twisted 
Eguchi-Kawai model (with the quotient condition in general) with N = 
(mn)4/? and the noncommutative Ug(1) gauge theory on T¢,. Both theo- 
ries have the same m? degrees of freedom, which are described either by 
the (constraint) N x N matrix (16.82) or the lattice field (16.83). 

In the matrix language, the noncommutativity emerges since 


BA ae a (16.104) 


as it follows from the general Eq. (15.26) for the given simplest twist. 
In the noncommutative language, this noncommutativity resides in the 
star product 


eetiken/l e2tigex/l = eat (k+q)ex/€ e2tikegn/m (16.105) 


as follows from the definition (16.85). 


* It is often defined in a broader sense relating the values of ©,» in two equivalent 
noncommutative theories (see the review [KS00] and references therein). 
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When m = pn, a third equivalent model exists where the same dynam- 
ical degrees of freedom are described by a p x p matrix-valued field Us (z) 
on an nf lattice, the sites of which are denoted by Žž. 

Let us introduce p x p twist eaters [,, obeying the Weyl—’t Hooft com- 
mutation relation 


Ply = Zoi, Zu = er? (16.106) 
and p is also assumed to be odd. The integers p and p play, respectively, 


the same role as L and N above. 
A solution to Eq. (16.81) can then be represented as 


Os) te aoe Se re) (16.107) 


keZ¢, 


Here we have introduced a basis on gl(p;C) given by the formulas similar 
to Eq. (15.22): 


Je = [Bir oP aieh, (16.108) 
m 


where k € ZS. They obey, in particular, 
JyJy = Serge?™ha/P (mod p). (16.109) 


The action of the third model is just the ordinary Wilson lattice action 


co z Da E = tt) TETE + av), + af)O,(@)), 
weTd HAV 
(16.110) 
while the coupling constant g? = A/p. The field U,() is quasi-periodic 
on T? and obeys the twisted boundary conditions 


U.(é+ and) = THU, T, (16.111) 
since 
Dd), = Jere, (16.112) 


It is of the type of Eq. (15.78) with Q, = T}. Therefore, Za € Z(p) in 
Eq. (16.106) represents the non-Abelian ’t Hooft flux. 
The number of degrees of freedom of the third model is np? = mt for 
p = p*/? and coincides with those in the other two equivalent models. 
For n = 1 when p= m and p= N, the third model lives on a unit hy- 
percube with twisted boundary conditions and coincides with the twisted 
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Eguchi-Kawai model as is shown in Problem 15.6 on p. 366. There- 
fore, the derivation of noncommutative gauge theories from the twisted 
Eguchi-Kawai model is the simplest example of Morita equivalence. 

In the continuum limit (N — oo) when the twisted Eguchi-Kawai 
model is formulated via operators, the noncommutative Ug(1) gauge the- 
ory lives on T? with period £ and is Morita equivalent at the rational 
value of O,, to the ordinary U(p) gauge theory on a smaller torus T? 
with twisted boundary conditions and period ¢ = ¢ /p. Its coupling con- 
stant is given by g? = A/p. This twisted torus is precisely the one which 
first appeared in Eq. (16.75) since 4, = 1/R,. 

The lattice regularization makes these results rigorous. An arbitrary 
rational value of O, can be obtained for the most general twist described 
in Problem 15.3 on p. 354. And vice versa, a continuum noncommutative 
theory with an arbitrary irrational value of the ©,,, can be obtained start- 
ing from the ordinary Yang-Mills theory on a twisted torus as p — œ or, 
equivalently, the (constraint) twisted Eguchi-Kawai model as N — oo. 


Remark on constraint TEK 


The results of this section show that ordinary Yang-Mills theory on a 
twisted torus (i.e. with the ’t Hooft flux) can be represented as the twisted 
Eguchi-Kawai model with constraint matrices. This fact was not known 
in the 1980s. 


Remark on fundamental matter 


The results of this and the previous sections can be extended [AMN00a] 
to the presence of matter. Let y(x) be a scalar matter field in the funda- 
mental representation of Ug(1). The matter part of the action is 


Smat = — > ¢*(a + ad) xU,(2) x p(s) + M? X (eola) 
i i (16.113) 
and is invariant under the star gauge transformation 
yla) = Aa)xpla), pe) E5 paw) (16.114) 


simultaneously with that (16.90) for U(x). Equation (16.114) is similar 
to Eq. (16.53) in the continuum. 

At a rational value of ©, the action (16.113) on a torus is Morita equiv- 
alent to 


Smat = — >. tr o'(# + afi)U,,(2)9(&) +MY tro o'(@ (4), 
ae j (16.115) 
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where ¢”(%) is a p x p matrix-valued field on a n? lattice which obeys 
the twisted boundary conditions 


o(#+ 0) = Me@r, (16.116) 


similar to Eq. (16.111) for the gauge field. 

The index a of ¢® plays the role of color, while b plays the role of 
flavor (labeling species). The color symmetry is local, while the flavor 
symmetry is global. In particular, the model (16.115) reduces for n = 1 
to the twisted Eguchi-Kawai model with fundamental matter [Das83], the 
action of which is given by Eq. (15.117). 

The continuum limit of the above formulas is obvious. The continuum 
Ug(1) gauge theory with fundamental matter (noncommutative QED) is 
reproduced as N — oo. For 0 — oo it is equivalent to large-N QCD 
on R¢ in the Veneziano limit when the number of flavors of fundamental 
matter is proportional to the number of colors so the matter survives in 
the large-N limit. This makes the results of Sect. 16.4 rigorous since they 
are now obtained with regularization. 


Remark on classical solutions 


Noncommutative theories admit a whole zoo of classical solutions: in- 
stantons [NS98], solitons [GMS00], monopoles [GN00]. Some of them, 
such as instantons in the noncommutative Ug(1) gauge theory or soli- 
tons in a four-dimensional noncommutative scalar theory, are new in the 
sense that they do not exist in ordinary cases. Some of them, such as 
monopoles in the noncommutative Ug(1) gauge theory, are counterparts 
of the known solutions, which are usually associated with an infinite ac- 
tion. Now they become essential since turning on 0 regularizes tension of 
the Dirac string. More on these classical solutions can be found in the 
reviews [Nek00, Har01]. 

It is intriguing whether or not these classical solutions in noncommuta- 
tive gauge theories can give us a new insight into the problems of large-N 


QCD. 


Bibliography to Part 4 


Reference guide 


There are no books on the reduced models. The existing reviews include 
those by Migdal [Mig83] and Das [Das87]. I would recommend to read 
the well-written original papers [GK82, GO83b] as well as the others 
cited in the text. A modern survey of the twist-eating solutions is given 
by Gonzalez-Arroyo [Gon98]. 

The reduced models were discovered by Eguchi and Kawai [EK82]. 
The quenched Eguchi-Kawai model was introduced by Bhanot, Heller 
and Neuberger [BHN82] and elaborated in [Par82, GK82, DW82, Mig82]. 
The twisted Eguchi-Kawai model is constructed by Gonzalez-Arroyo and 
Okawa [GO83a, GO83b] for the Yang-Mills theory and by Eguchi and 
Nakayama [EN83] for scalar fields. 

The literature on noncommutative theories is vast. A mathematical 
background is described in the books by Connes [Con94], Landi [Lan97], 
and Madore [Mad99a]. The Weyl transformation is presented in the 
books by Weyl [Wey31] and Wong [Won98]. The properties of the star 
product are considered in [BFF78]. Its relation to the large-N limit is 
discussed in the review [Ran92] and the original papers cited therein. 
Some recent reviews on noncommutative theories and their applications 
are [Mad99b, KS00, DNO1], which contain a comprehensive list of refer- 
ences. The classical solutions in noncommutative theories are discussed 
in the lectures by Nekrasov [Nek00] and Harvey [Har01]. 

The recent interest in noncommutative gauge theories came from 
string theory [SW99]. Their relation to the twisted reduced models was 
pointed out in [AII00]. Its extension to the original toroidal construction 
of [CDS98] was given in [AMN99]. The Wilson loops in noncommutative 
gauge theories are constructed in [IIK00]. The lattice regularization of 
noncommutative gauge theories is described in [AMNOOb]. The issue of 
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the UV/IR mixing in noncommutative quantum field theories is discussed 
in the paper [MRS99]. Subtleties with renormalization of noncommuta- 
tive field theories are discussed in [CR00]. 

Some other papers on noncommutative quantum field theories are cited 
in the text. 
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